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1. Introduction

In this work, we investigate linear summation formulas of generalized Tribonacci numbers. Some sum-
ming formulas of the Pell and Pell-Lucas numbers are well known and given in [8 [], see also [6]. For linear

sums of Fibonacci, Tribonacci, Tetranacci, Pentanacci and Hexanacci numbers, see [120], BII2], [T7 26],
18], and [19] respectively.

First, in this section, we present some background about generalized Tribonacci numbers. The general-

ized Tribonacci sequence {W,,(Wo, W1, Wa; 1, s,t) }n>0 (or shortly {Wy,},>0) is defined as follows:
(11) Wo=rWp_1+sW,_o+tW,_3, Wo=a, Wiy =bWs=¢, n>3

where Wy, W1, W5 are arbitrary complex numbers and 7, s,t are real numbers. The generalized Tribonacci

sequence has been studied by many authors, see for example [NZ2BIATATTTITATIRTIDADIIDAD].

The sequence {W,, },,>0 can be extended to negative subscripts by defining
S r 1
W_, = _wa(nfl) - ;Wf(an) + gwf(n73)

for n =1,2,3, ... when t # 0. Therefore, recurrence (LLI) holds for all integer n.
1
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Ifwesetr=s=t=1and Wy =0,W; =1, W5 =1 then {W,} is the well-known Tribonacci sequence
and if weset r =s=t¢t=1and Wy = 3,W; = 1,Ws = 3 then {W,} is the well-known Tribonacci-Lucas
sequence.

In fact, the generalized Tribonacci sequence is the generalization of the well-known sequences like Tri-
bonacci, Tribonacci-Lucas, Padovan (Cordonnier), Perrin, Padovan-Perrin, Narayana, third order Jacobsthal
and third order Jacobsthal-Lucas. In literature, for example, the following names and notations (see Table

1) are used for the special case of r, s, ¢t and initial values.

Table 1 A few special case of generalized Tribonacci sequences.

Sequences (Numbers)

Notation

OEIS [0

Tribonacci
Tribonacci-Lucas
third order Pell
third order Pell-Lucas

third order modified Pell

Padovan (Cordonnier)

{T,,} = {W,(0,1,1;1,1,1)}
(K.} = {W,(3,1,3;1,1,1)}
(PP} = {W,(0,1,2;2,1,1)}
{QP) = (W,(3,2,6;2,1,1)}
(B} = {W,(0,1,1;2,1,1)}
(P} = {W,(1,1,1;0,1,1)}

A000073, A057597
A001644, A073145
A077939, A0O77978
A276225, A276228
A077997, A078049
A000931

Perrin (Padovan-Lucas) A001608, A078712

} A000931, A176971

Padovan-Perrin
Pell-Padovan
Pell-Perrin

{En} = {W,(3,0,2;0,1,1)}
{S.} = {W,(0,0,1;0,1,1)

{R,} ={W,(1,1,1;0,2,1)} A066983, A128587
{Cn} ={W,.(3,0,2;0,2,1)} -
{Qn}={W,(1,1,1;0,1,2)
{Dn} ={W,(3,0,2;0,1,2)}
( )

Jacobsthal-Padovan } A159284
Jacobsthal-Perrin (-Lucas) A072328
Narayana {N,} ={W,(0,1,1;1,0,1)} A078012

third order Jacobsthal (78} = {W,(0,1,1;1,1,2)} A077947
third order Jacobsthal-Lucas  {j$} = {W,(2,1,5;1,1,2)} A226308

Note that the sequence {C),} is’t in the database of |http://oeis.org [I6], yet.

2. Sum formulas of Generalized Tribonacci Numbers with Positive Subscripts

The following Theorem presents some linear summing formulas of generalized Tribonacci numbers with

positive subscripts.

THEOREM 2.1. For n > 0, we have the following formulas:

(a): (Sum of the generalized Tribonacci numbers) If r + s+t — 1 # 0, then

iW Wypes+ (1 =) Whio+ (1 =7 —8)Wpp1 —Wa+ (r— 1)W1+ (r+s—1)W
k= )

P r+s+t—1
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(b): If2s+2rt+1? —s2+t2—1=(r+s+t—1)(r—s+t+1)#0 then

(—s+ 1)Wapio + (t +78)Wapg1 + (82 + 1) Wap + (=1 + 5)Wa

n (=t —7rs)Wi + (=14 72 — s2 +rt +25)Wp
W =
kZ:O 2k (r+s+t—1)(r—s+t+1)
and
(’F =+ t)WQnJrQ =+ (S — 52 =+ t2 + Tt)W2n+1 + (t — St)Wgn =+ (—T — t)WQ
" w +(=1+s+7% +rt)Wy + (=t + st)W
kz_o k1 = (r—s+t+1)(r+s+t—1)

(c): If r+t#£0As=1 then

> Wy =
k=0

1
Tt (Want1 + tWa, — W1 +1Wo)

and
" 1
Z Wagt1 = p—— (Wanqo + tWapgp1 — Wo +1rW7).
k=0

Note that (c) is a special case of (b).

Proof.

(a): Using the recurrence relation
Wp =1Wh1 + sWy_o +tW,_3

ie.
tWhp_z =W, —rWy_1 —sW,_2

we obtain

tWQ = W3 — TWQ — SW1
th = W4 — TWg — SW2
tWQ = W5 — TW4 — SW3
th,1 = Wn+2 - TWnJrl - SWn
th = Wn+3 — TWn+2 — SWn+1.

If we add the equations by side by, we get

iW Wypes+ (1 =) Whio+ (1 =7 —8)Wpp1 —Wa+ (r— 1)W1+ (r+s—1)W
k= )

— r+s+t—1
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(b) and (c): Using the recurrence relation

Wp =1Wi1 + sWy_o +tWy_3

ie.
TWho1 =W, — sWy_o —tW,,_3
we obtain
rWs = Wy —sWy —tW;
rWs = Wg—sWy —tWs
™Wont1 = Wapgo — sWoy —tWoy, 1.
™Wanys = Wonga — sWapgo — tWani

Now, if we add the above equations by side by, we get

(2.1) r(=W1+ Z Wakt1) = Wango — Wa—Wo+ Z Way) — s(—=Wo + Z War) —t(=Wapq1 + Z Wokt1)-
k=0 k=0 k=0 k=0

Similarly, using the recurrence relation
Wp=1Who1 +sWy_o +tWy_3

ie.
TWho1 =W, —sWy_o —tW,_3

we write the following obvious equations;

TWQ = W3 - SW1 - tW()
7“W4 = W5 — SW3 — th
TWG = W7 - SW5 - tW4
TWap = Wappr — sWap 1 —tWay, o
Wanto = Wapyz — sWapuq1 — tWa,.

Now, if we add the above equations by side by, we obtain

(2.2) r(—Wo + Z Wag) = (Wi + Z Wakt1) — s(=Wapg1 + Z Wakt1) — t(=Wap, + Z Wag).
k=0 k=0 k=0 k=0

Then, solving the system (2.1])-([22), the required results of (b) and (c) follow.

Taking r = s =t = 1 in Theorem 2] (a) and (b) (or (c)), we obtain the following Proposition.

PROPOSITION 2.2. If r =s =1t =1 then for n > 0 we have the following formulas:
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(@) oWk = %(Wn+3 = Wi = W2 + Wo).
(b): >p_o Wak = 3(Wans1 4+ Wan — Wi + W),
(©): Yio Waks1 = 2 (Wanga + Wapgr — Wa + Wh).

From the above Proposition, we have the following Corollary which gives linear sum formulas of Tri-

bonacci numbers (take W,, = T,, with Ty = 0,71 =1,T> = 1).

COROLLARY 2.3. Forn > 0, Tribonacci numbers have the following properties.
(@): Yo Tr = 5(Tnys — Tnya — 1).
(b): Sop_o ok = 5(Tont1 + Ton — 1).
(c): ZZ:o Topy1 = %(T2n+2 + Tont1).

Taking W,, = K,, with Ky = 3, K1 = 1, K5 = 3 in the above Proposition, we have the following Corollary

which presents linear sum formulas of Tribonacci-Lucas numbers.

COROLLARY 2.4. Forn > 0, Tribonacci-Lucas numbers have the following properties.
(a): Yop_o Kr = 5(Knys — Kny1).
(b): > o Kok = 3(Kont1 + Kon + 2).
(€): >p—o Kokt = %(K2n+2 + Kont1 — 2).

Taking r = 2,s = 1,t = 1 in Theorem [Z1] (a) and (b) (or (c)), we obtain the following Proposition.

PROPOSITION 2.5. Ifr=2,s=1,t =1 then for n > 0 we have the following formulas:
(@): Yor_ oWk =3 Wiz — Wago — 2Wop1 — Wa + Wi + 2W0) .
(b): Yieo Wak = 3 (Wani1 + Wap — Wi +2W)) .
(©): Yo Wakt1 = 5 (Waniz + Wany1 — Wa + 2W71) .

From the last Proposition, we have the following Corollary which gives linear sum formulas of third-order

Pell numbers (take W, = P\¥ with P{*) =0, P{¥ = 1, P{*) = 2).

COROLLARY 2.6. Forn > 0, third-order Pell numbers have the following properties:
(@): Yo B = n+1
3) 3
(b): Xi oPék = (P +P§ ),
(c): Y=o 2k+1 = L(Pia + Pok)-

%(P P®, —2P%, —1).
ip
3

Taking W,, = 5{0’) with QE)B) = 3,Q§3) = 2,@&3) = 6 in the last Proposition, we have the following

Corollary which presents linear sum formulas of third-order Pell-Lucas numbers.

COROLLARY 2.7. Forn > 0, third-order Pell-Lucas numbers have the following properties:

(a): Yo QY = 1Q%); - Q%) 200, +2).
(b): 7% = 1P, + Q) +4).



YUKSEL SOYKAN

(©): o Q2k+1 = %(Q2n+2 + Q2n+1 2).

From the last Proposition, we have the following Corollary which gives linear sum formulas of third-order

modified Pell numbers (take W, = E{¥ with B =0, B =1, E( = 1).

COROLLARY 2.8. Forn > 0, third-order modified Pell numbers have the following properties:
n 3 3 3
(a): 325 oE( )= %( n+3 ( ) - 2E7(z—|21)
3 3) 3
(b): Sojicy Bsp) = 5Byl + 2

3) 3
(©): im0 E§k+1 = %(Eén)w + B+ 1),
Taking r = 0,s = 1,t = 1 in Theorem [Z1] (a) and (b) (or (c)), we obtain the following Proposition.

PROPOSITION 2.9. Ifr=0,s=1,t =1 then for n > 0 we have the following formulas:
(@) Do Wi = Wiys + Wiypo — Wy — Wi
(b): > p_o War = Wapq1 + Wa, — WAL
(C): ZZ:O Woks+1 = Waopgo + Wopni1 — Wo.

From the last Proposition, we have the following Corollary which gives linear sum formulas of Padovan

numbers (take W,, = P, with Py =1,P=1,P, =1).

COROLLARY 2.10. For n > 0, Padovan numbers have the following properties.
(a): ZZ:O Pk = Pn+3 + Pn+2 — 2.
(b): ZZ:O Por = Popp1 + Pop, — 1.
(C): ZZ:O Poyy1 = Popyo+ Pop1 — 1.

Taking W,, = E,, with Ey = 3, F5 = 0, E; = 2 in the last Proposition, we have the following Corollary

which presents linear sum formulas of Perrin numbers.

COROLLARY 2.11. For n > 0, Perrin numbers have the following properties.
(@) Xp—o Bk = Ents + Epg2 — 2.
(b): >%_o Eor = Eony1 + Eoy.
(C): ZZ:O Eoxv1 = Eopqo+ Eopy1 — 2.

Taking W,, = S, with Sy = 0,52 = 0,52 = 1 in the last Proposition, we have the following Corollary

which gives linear sum formulas of Padovan-Perrin numbers.

COROLLARY 2.12. For n > 0, Padovan-Perrin numbers have the following properties.
(a): ZZ:O Sk = Sn+3 + Sn+2 — 1.
(b): Xoj—o S2k = S2n+1 + S2u.
(e): >k S2kt1 = Sant2 + Sony1 — L.
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If r=0,s=2,t =1then (r—s+t+1) =0 so we can’t use Theorem 2] (b). In other words, the
method of the proof Theorem 211 (b) can’t be used to find Y )_, Wa, and Y_)_, Wait1. Therefore we need

another method to find them which is given in the following Theorem.

THEOREM 2.13. Ifr=0,s =2,t =1 then for n > 0 we have the following formulas:
(@): Yo Wi =3 Wigs + Wyga — Wygr — Wa — Wi + W) .
(b): >i_o War = Wopgr + (Wo — Wi — Wo) n+ Wy — Wi
(©): Yo Wars1 = 5 (Wangs + Wango — Wapgr +2n (=W + Wi + Wy) — W + Wy — W)

Proof.
(a): Taking r =0,s =2,t =1 in Theorem 2] (a) we obtain (a).

(b) and (c): Using the recurrence relation
Wy =2Wy_2 + Wy_3

we obtain

0
S Wa = W
k=0

1
Z Wag
k=0

2
> Wk
k=0

Wo + Wo = W3 + Wy — 2W,

Wo 4+ Wo 4+ Wy = W5 4 2Wy — 3W1 — W)y

ZW% = Waopg1 + (Wo =Wy — Wy)n+ Wy — Wi
k=0
This result can be also proved by mathematical induction. Note that from (a) we get
n 1 n
Z Wakt1 = 3 (Wants + Wanyo + Wapgr — Wa = Wi + W) — Z Wak.
k=0 k=0

Now, (c) follows from the last equation.

From the above Theorem we have the following Corollary which gives sum formulas of Pell-Padovan

numbers (take W,, = R,, with Ry =1,R; =1, Ry = 1).

COROLLARY 2.14. For n > 0, Pell-Padovan numbers have the following property:
(@): >p_o Rk =2 (Ruys+ Rnyz — Rny1 — 1)
(b): >k Rok = Rani1 —n.
(€): Yr_o Rokt1 = 3 (Rants + Rangz — Rong1 +2n— 1)

Taking W,, = C,, with Cy = 3,C7; = 0,C = 2 in the last Theorem, we have the following Corollary

which presents sum formulas of Pell-Perrin numbers.
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COROLLARY 2.15. For n > 0, Pell-Perrin numbers have the following property:
(@) 3o Crk = % (Crys + Cryz = Crpr +1).
(b): ZZ:O OQk = O2n+1 —n+3.
(c): ZZ:O Cogq1 = % (Conts + Conga — Copng1 +2n—5).

Taking r = 0, s = 1,t = 2 in Theorem [Z1] (a) and (b) (or (c)), we obtain the following Proposition.

PROPOSITION 2.16. If r =0,s =1,t = 2 then for n > 0 we have the following formulas:
(a): ZZ:o Wi = % (Whgs + Whgo — Wo —W7).
(b): >i o War = % (Want1 + 2Way, — W1).
(©): Yoo Waks1 = 5 (Wanio 4+ 2Wappr — Wa).

Taking W,, = Q,, with Qo = 1,Q1 = 1,Q2 = 1 in the last Proposition, we have the following Corollary

which presents linear sum formulas of Jacobsthal-Padovan numbers.

COROLLARY 2.17. For n > 0, Jacobsthal-Padovan numbers have the following properties.
(a): Do @k = % (Qn+3 + Quy2 —2).
(b): ZZ:O Q2r = % (Qan+t1 +2Q2, — 1)
(€): Yor_oQar+1 = 5 (Q2nt2 + 2Q2p41 — 1)

From the last Proposition, we have the following Corollary which gives linear sum formulas of Jacobsthal-

Perrin numbers (take W,, = D,, with Dy = 3, D1 = 0, Dy = 2).

COROLLARY 2.18. For n > 0, Jacobsthal-Perrin numbers have the following properties.
(@): Y40 Dk =3 (Dnts+ Dpya —2).
(b): > p_o Dok = 3 (Dant1 +2D2y) .
(e): > i_oDapt1 = % (Dant2 +2Dopi1 — 2) .

Taking r = 1,5 = 0,t = 1 in Theorem [21] (a) and (c), we obtain the following Proposition.

PROPOSITION 2.19. Ifr =1,s=0,t =1 then for n > 0 we have the following formulas:
(a): ZZ:O Wk = Wn+3 — Wg.
(b): > p_o Wak = 3(Waniz + Wang1 + 2Wap — Wa — Wi + W),
(C): ZZ:O W2k+1 = %(2W2n+2 + 2W2n+1 + Wo,, — 2Wo + W4 — Wo)

From the last Proposition, we have the following Corollary which presents linear sum formulas of

Narayana numbers (take W,, = N,, with Ny =0, N; =1, Ny = 1).

COROLLARY 2.20. For n > 0, Narayana numbers have the following properties.

(a): >p_o Nk = Npys — 1.
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(b): Yo Nak = 3 (Nanga + Nong1 + 2Nap, — 2).
(€): >or_o Nows1 = £(2Nans2 + 2Nopi1 + Nop — 1).

Taking r = 1,s = 1,t = 2 in Theorem [2Z1] (a) and (c), we obtain the following Proposition.

ProroSITION 2.21. Ifr =1,s =1,t = 2 then for n > 0 we have the following formulas:
(@): Yop_o Wi = $(Ways — Wigr — Wa + Wo).
(b): >p_o Wak = 3(Wani1 + 2Way,, — Wi + Wo).
(C): ZZ:O Wokt1 = %(W2n+2 + 2Wopnt+1 — Wa + Wl).

Taking W,, = () with Jég) = 0, J(?’) =1 J2(3) 1 in the last Proposition, we have the following

n

Corollary which presents linear sum formulas of third order Jacobsthal numbers.

COROLLARY 2.22. For n > 0, third order Jacobsthal numbers have the following properties.

n 3 3
(a): Sp o Y =18, %), —).
(b)' ZZ 0 (3) = J2(n+1 + 2J2(i) - 1)'

g
3
3(

3 3 3
(©): iy Jékﬂ = LD, + 2050 ).

From the last Proposition, we have the following Corollary which gives linear sum formulas of third

order Jacobsthal-Lucas numbers (take W,, = j,, with j(g ) =9 j;g) =1 3(3) =5).

COROLLARY 2.23. Forn > 0, third order Jacobsthal-Lucas numbers have the following properties.
3
(2): Sy = éum it = 3)
3 3
(b): > OJ( = %( 2n+1 +2J( )+ 1).
3 3
(c): Yo 0J2k+1 = %(Jén)w + 2]£n)+1 —4).

3. Sum formulas of Generalized Tribonacci Numbers with Negative Subscripts

The following Theorem presents some linear summing formulas (identities) of generalized Tribonacci

numbers with negative subscripts.

THEOREM 3.1. For n > 1, we have the following formulas:
(a): (Sum of the generalized Tribonacci numbers with negative indices) If r + s+t —1# 0, then

(r+s+t)W_p1—(s+t)W_po —tW_p_ s+ Wo+(1—r)W1 4+ (1—1—35W

S
— r+s+t—1

(b): If r+s+t—1)(r—s+t+1)#0 then

—(T + t)W,QHJrl + (T2 +7rt+s— 1)W,2n + (St - t)W,2n71
n W +(1—8)Wo + (t+7rs)Wi + (1 —rt — 25 — r2 + %)W)
;; —2 (rts+t—1)(r—s+t+1)
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and
(s = 1)W_gpi1 — (t+7r8)W_g, — (2 +rt)W_o, 1
n +(r+ ) Wa+ (1 =12 —rt — )Wy + (t — st)Wp
;W_%H: (r+s+t—1)(r—s+t+1)

() If(r+s+t—1)(r—s+t+1)#0Ar+t=0As#1 then

= —W_gp —tW_gp_1 +Wa +tW1 + (1 — s)Wy
Z Wz = s_1
k=1

and

- 1
Z W_ok41 = T1 (—W_opt1 — tW_op, + Wi +tWp).
k=1

Note that (c) is a special case of (b).

Proof.

(a): Using the recurrence relation

1
anJrB = TanJrQ + 5W7n+1 +tW_, = W_, = _iw—(n—l) - %W—(n—Z) + ?W—(n—3)

i.e.
tW_, = anJrB - Tan+2 - SanJrl
or
1 r s
an = _anJrB - _W7n+2 - _anJrl
t t t
we obtain

tw_, = W—n+3 - rW—n+2 - SW—n-i—l
thnJrl = W7n+4 - TanJrB - SanJrQ
tW—n-{-Z = W—n+5 - rW—n+4 - SW—n+3

tW_o = Wi—rxWy—sxW_

tW,l = WQ—T’XW1—SXWO.

If we add the above equations by side by, we get

—(’I“an71 + S(W7n71 + anfz) + t(W7n71 +W_n_o+ anfg)

n —Wo+ (r — 1)W1 + (r +s — 1)Wpy)

S
Pt r+s+t—1
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(b) and (c): Using the recurrence relation

W_pngs=rW_pnio+sW_pi1 +tW_,

i.e.
SW—n—i—l = W—n+3 - TW—n+2 —tW_,
we obtain
SW_opy1 = Wiooniz —1W_ognio —tW_g,
sW_opnys = Wioonis —1W_onpa —tW_opnqo
SW_3 = W_1 — T‘W_2 — tW_4
SW71 = W1 — TWQ — tW,Q.

If we add the equations by side by, we get

(3.1) s Z W_okt1 = (—W_opnp1 + W1 + Z W_gkq1) = r(=W_gn + Wo + Z W_ap) — t(z W_ay).
k=1 k=1 k=1 k=1

Similarly, using the recurrence relation
W—n+3 = TW—n+2 + SW—n-i—l +tW_,

ie.
SW7n+1 = anJrg - TW7n+2 - tW,n

we obtain

sW_on = Woonpo—rWoonp1 —tW 9,1

SW_ont2a = Wooppa —rWoopiz —tW_ 2,1
SW_6 = W_4 — TW_5 — tW_7
SW74 = ng - TW73 - tW75
SW72 = W() - TW,1 - tW,g.

If we add the above equations by side by, we get

s Z W_gp = (=W_op + Wo + Z W_ay) — T(Z W_gpy1) —t(W_gpn—1 —W_1 + Z W_ok+1).
k=1 k=1 k=1 k=1

Since

1
Woi= (_¥WO -+t ¥W2)-
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it follows that

(3.2) s Z W_or = (—W_gn+Wo+ Z W_ay) — T(Z W_ak11)
k=1 k=1 k=1

S r 1 -
—t(W_gp—1 — (-gWO - ¥W1 + ¥W2) + Z W_gk41)-
k=1

Then, solving system (BI)-(32) the required results of (b) and (c) follow.
Note that (c) of the above theorem can be written as follows: If r +¢=0A s # 1 then
—W72n + ’I”W,anl + WQ — ’I”Wl + (1 - S)Wo

;Wﬁzk: s—1

- —W_on +1W_opn1 +Wo —rWi + (1 —5)Wp
Z Woak = s—1 '
k=1

Next, we present several sum formulas (identities).

Taking r = s =t = 1 in Theorem [3] (a) and (b), we obtain the following Proposition.

and

PROPOSITION 3.2. If r =s=1t =1 then for n > 1 we have the following formulas:
(a): ZZ:l W_k = % (—3W_n_1 - 2W_n_2 - W_n_3 + W2 - Wo) .
(b): > p_  Weop = 2 (—W_gpni1 + Wegy + Wi — Wo).
(©): Yo Weoopgr = 2 (—Weon — Wegnoy + Wa — Wh).
From the above Proposition, we have the following Corollary which gives linear sum formulas of Tri-

bonacci numbers (take W, = T,, with Tp = 0,71 =1,T> = 1).

COROLLARY 3.3. Forn > 1, Tribonacci numbers have the following properties.
(a): ZZ:l T = %(—3T_n_1 2T o —T_,_3+ 1)
(b): >iy Took = %(_T72n+1 +T 2, +1).
(©): Yp g Toopr1 = 5(—T9p — T9p1).
Taking W,, = K,, with Ky = 3, K1 = 1, K5 = 3 in the above Proposition, we have the following Corollary
which gives linear sum formulas of Tribonacci-Lucas numbers.
COROLLARY 3.4. Forn > 1, Tribonacci-Lucas numbers have the following properties:
(@): Yp K p=2(-3K_n1—-2K_n_5—K_,,_3).

(
(b): ZZ:1 K_o = %(_K—2n+1 + K_o, —2).
(€): Yr i Koopp1=3(—K_2n — K_2p1+2).

Taking r = 2,s = 1,t = 1 in Theorem B (a) and (b), we obtain the following Proposition.

PROPOSITION 3.5. Ifr=2,s=1,t =1 then for n > 1 we have the following formulas:

(@): Sp  Wep =3 (—AW_ 1 —2W_ s — W_pg + Wo — Wy — 2Wp).
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(b): > Weook = 3 (—Wegng1 + 2W_o, + W1 — 2W0) .
(€): Sop g Weoopgr = 3 (—Wean — Wegpy + Wa — 2W71).
From the last Proposition, we have the following Corollary which gives linear sum formulas of third-order

Pell numbers (take W,, = P with P(?’) 0, P(?’) 1, P2(3) =2).

COROLLARY 3.6. Forn > 1, third-order Pell numbers have the following properties

(a) Zk 1 = %( 4P(?;z 1 P(B) _PSB)—3 + 1)'
(b): Y7, pg?gk = 1P +2P%) +1).

n 3 3 3
(c): Zk:l P£2)k+1 = %(_PEQ)n - P£2)n71)'

Taking W,, = QS’) with QO) = 3,Q§3) = 2,@&3) = 6 in the last Proposition, we have the following
Corollary which gives linear sum formulas of third-order Pell-Lucas numbers

COROLLARY 3.7. Forn > 1, third-order Pell-Lucas numbers have the following properties

(: Ty = 340 200 -0, )

(
(b): >y Q 2%k = %(_Q@%nﬂ + 2Q(32n —4).
(c): Zk:l Q(E,2k+1 = %( Q(an Q 3%71 1+ 2).

From the last Proposition, we have the following Corollary which presents linear sum formulas of third-
order modified Pell numbers (take W,, = EY) with E{Y 0, E%B) =1, Eég) =1).

COROLLARY 3.8. Forn > 1, third-order modified Pell numbers have the following properties

(a): S 1E(3) = L(—4E® | —2E® ,_E®) ).
3)

(—
(b) Zk 1 2k = %( E(32)n+1 + 2E—2n )
(c): Zk 1 E(32k+1 = %( E(—32)n E(—32)n—1 -1).

Taking r = 0,s = 1,t = 1 in Theorem 3] (a) and (b), we obtain the following Proposition

PROPOSITION 3.9. Ifr=0,s=1,t =1 then for n > 1 we have the following formulas

(a): ZZ:I W_p=-2W_, 1—-2W_,_o—W_,_3+ Wy + Wj.

(b): 22:1 W_ok = —W_opt1 + Wi
(e): Dy Weopyr = —Wegn — W_gp_1 + Wa.
Taking W,, = P, with Py = 1,P; = 1, P, = 1 in the last Proposition, we have the following Corollary

which gives linear sum formulas of Padovan numbers
COROLLARY 3.10. For n > 1, Padovan numbers have the following properties

(a): ZZ:l P,=-2P , 1—2P_, >o—P_,_3+2.

(b): ZZ:l P oy =—P o941+ 1.
(¢): i Pokt1=—P oy —P oy 1 +1.
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From the last Proposition, we have the following Corollary which presents linear sum formulas of Perrin

numbers (take W,, = E,, with Ey = 3, E =0, E; = 2).

COROLLARY 3.11. For n > 1, Perrin numbers have the following properties.
(a): Zzzl E_,.=-2F_, 1—-2FE_,,_o—FE_,_3+2.

(b): 2221 E_op = —E_on41.
(¢): i Eopy1=—FE_ o —E_ 9,1 +2.

Taking W,, = S, with Sy = 0,57 = 0,55 = 1 in the last Proposition, we have the following Corollary

which gives linear sum formulas of Padovan-Perrin numbers.

COROLLARY 3.12. For n > 1, Padovan-Perrin numbers have the following properties.
(a): ZZ:l S_L=-25_,_1—-25_,2—S_,_3+1.

(b): ZZ:l S_op = =5 _ont1.
(e): >y S—okt1=—S_9n —S_op_1+1L

Ifr=0,s=2t=1then (r+s+t—1)(r—s+t+1) =0 so we can’t use Theorem B (b) and (c).
In other words, the method of the proof Theorem B.] (b) and (c) can’t be used to find >}, Wai and

ZZ:O Wak+1. Therefore we need another method to find them which is given in the following Theorem.

THEOREM 3.13. Ifr=0,s =2,t =1 then for n > 1 we have the following formulas:
(@) Sp  Wep =3 (-3W_po1 —3W_p o — Wz + Wo+ W1 — Wp).
(b): Y Weoop = —W_gni1 + Wegpn + (Wh — Wo) + (We — Wy — Wo)n.
(©): Dop g Weopgr = 3(Weoony1 — 3W_on — Weono1 + (W — W1 + Wo) + 2(=Wa + W1 + Wo)n).

Proof.
(a): Taking r =0,s =2,t =1 in Theorem B.1] (a) we obtain (a).
(b) and (c): Proof can be done as in the proof of Theorem 213 Induction also can be used for the
proof.
From the last Theorem, we have the following Corollary which gives sum formula of Pell-Padovan

numbers (take W,, = R, with Ry =1,R=1,Ry = 1).

COROLLARY 3.14. For n > 1, Pell-Padovan numbers have the following property:
(a): Zzzl R_. = % (—3R_n_1 —3R_,—2o—R_,,_3+ 1) .
(b): >4y R_or=—R_2p41+ R_2, —n.
(¢): >y Rookt1 = %(R72n+1 —3R_3, — R_gp_1+ 1+ 2n).
Taking W,, = C,, with Cy = 3,C = 0,5 = 2 in the last Theorem, we have the following Corollary which

gives sum formulas of Pell-Perrin numbers.
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COROLLARY 3.15. For n > 1, Pell-Perrin numbers have the following property:
(a): ZZ:l C_k = % (—3C_n_1 — 3C_n_2 - C_n_3 - 1)
(b): 22:1 C_op = —072n+1 +C_9,—3—n
(e): > 1 Coopyr = %(072n+1 —3C_2p, —C_9p—1 +5+2n)

Taking r = 0,s = 1,t = 2 in Theorem B (a) and (b), we obtain the following Proposition.

PROPOSITION 3.16. If r =0,s =1,t = 2 then for n > 1 we have the following formulas:
(a): ZZ:l W_i = % (—3W_n_1 —3W_ o —2W_, 3+ Wy+ Wl) .
(b): Yy Weook = 2 (—Wegny1 + W1).
(€): Ypy Weopir = 5 (—Weoop —2W_gp_1 + Wa).

From the last Proposition, we have the following Corollary which gives linear sum formulas of Jacobsthal-

Padovan numbers (take W,, = @, with Qo =1,Q1 =1,Q2 = 1).

COROLLARY 3.17. For n > 1, Jacobsthal-Padovan numbers have the following properties.
(a): ZZ:l Q*k = % (_3Q7n71 - 3Q7n72 - 2@77173 + 2) .
(b): > i1 Q ok = % (—Q—2n41+1).
(C): ZZ:I Q—2k+1 = % (_Q—Qn - 2@—271—1 + 1) .

Taking W,, = D,, with Dy = 3, D1 = 0, D3 = 2 in the last Proposition, we have the following Corollary

which gives linear sum formulas of Jacobsthal-Perrin numbers.

COROLLARY 3.18. For n > 1, Jacobsthal-Perrin numbers have the following properties.
(@): Y Doy =2(-3D_p_1—3D_p_2—2D_p,_3+2).
(b): 35—y D2k = 5 D21
(¢): >y D_opy1 = % (—D—9n, —2D_2,-1 +2).

Taking r = 1,5 = 0,t = 1 in Theorem B.I] we obtain the following Proposition.

PROPOSITION 3.19. Ifr=1,s=0,t =1 then for n > 1 we have the following formulas:
(a): ZZ:l W eg==2W_, 1—-—W_, o—W_,_ 3+ Ws.
(b): ZZ:l W_or = % (—2W72n+1 +W_ o —W_on_1+Wo+W; — Wo) .
(e): >y Weoogqr = % (—W_ony1 — W_gy —2W_g,1 + 2W5 — W1 + W)

From the above Proposition, we have the following Corollary which gives linear sum formulas of Narayana

numbers (take W,, = N,, with Ny =0, Ny =1, Ny = 1).

COROLLARY 3.20. Forn > 1, Narayana numbers have the following properties.

(a): ZZ:I N,k = —2N,n,1 — N,n,Q — N,n,3 + 1.
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(b): ZZ:l N_g = % (_2N—2n+1 +N_2pn —N_op_1 + 2) .
(€): >p_i Nookt1 =35 (—N_on+1 — N_oy —2N_35, 1 +1).

Taking r = 1,s = 1, = 2 in Theorem [3.I] we obtain the following Proposition.

ProroSITION 3.21. Ifr =1,s =1,t = 2 then for n > 1 we have the following formulas:
(@): Sp Wep = 2(—4W_py —3W_o — 2W_,,_3 + Wa — Wp).
(b): Y Weook = 2 (—Wegni1 + Wegp + Wi — Wo) .
(©): Yoy Weookg1 = 5 (—Weoop — 2W_gn_1 + Wo — W1).

Taking W,, = J, with Jy = 0,J; = 1,Jo = 1 in the last Proposition, we have the following Corollary

which gives linear sum formulas of third order Jacobsthal numbers.

COROLLARY 3.22. For n > 1, third order Jacobsthal numbers have the following properties.
(a): S, J<3 =1(-47%_ 3%, 27, +1).
3 3
(b): Zk 1 2k = %(_J£3n+1 "‘J( ) +1).
(c): 2oh 1J(32k+1 = %(_J(g) _2J( 2)71 1)-

From the last Proposition, we have the following Corollary which gives linear sum formulas of third

order Jacobsthal-Lucas numbers (take W,, = j7(13) with j(?’) 2 ]£3) =1 ]53) 5).

COROLLARY 3.23. For n > 1, third order Jacobsthal-Lucas numbers have the following properties.

(a): Yo i) = 1(—4®_ —35%) _, —25¢) , +3).
(b): Zk 172 21@:%(—1'732)7#1 ‘|‘J(3) -1).

. 3 3
(e): Sp_ i = 29, — 2%, + ).
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