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p-ADIC ANALOGUES OF HYPERGEOMETRIC IDENTITIES
AND THEIR APPLICATIONS

CHEN WANG AND ZHI-WEI SUN

ABSTRACT. In this paper, we confirm several conjectures posed by Sun recently. For example,
we prove that for any odd prime p we have

ISA _ J4? =2p (modp®)  ifp=a®+2y° (2,y € Z),
pa) 70 (mod p?) if p=5,7 (mod 8),

where A, =31, (”;:k)z (2)2 are the Apéry numbers.

1. INTRODUCTION

For n € N={0,1,2,...} the truncated hypergeometric series ,1 F, are defined by

r+1Fr[ 51 67“ Z}n—;(ﬂl)k(ﬁrhc k“

where «q,...,a., B1,..., 0,2 € C and

k—1

[[e+s). k=1,
()p = j=0

1 if k=0,

denotes the so-called Pochhammer’s symbol. Clearly, the truncated hypergeometric series is
the sum of the first finite terms of the corresponding hypergeometric series. In the past decades,
the arithmetic properties of the truncated hypergeometric series have been widely studied (cf.

[T, 4 17, 18, 9, 10} 11}, 12} 13} 14, 15, 16} 17, 20, 21, 24 26, 27, 28, 29]).

The well-known Apéry numbers given by

YRR men-nn

were first introduced by Apéry to prove the irrationality of ¢(3) = Yo7 1/n® (see [2, [19]).
In 2012, Sun [22] studied the sums involving Apéry numbers systematically and posed some

2010 Mathematics Subject Classification. Primary 33C20, 11B75; Secondary 11B65, 05A10, 33E50.
Key words and phrases. Congruences, hypergeometric series, p-adic Gamma function, binomial coefficients.
This work was supported by the National Natural Science Foundation of China (grant no. 11971222).

1


http://arxiv.org/abs/1910.06856v3

2 CHEN WANG AND ZHI-WEI SUN

conjectures; for example, he conjectured that for any odd prime p we have

ZA 122 =2 (modp?)  ifp=1®+2° (2,y € L), (11)
"7 10 (mod p?) if p=>5,7 (mod 8). ’

Note that the above conjecture was also collected in [25, Conjecture 55]. We now state our
first theorem.

Theorem 1.1. For any odd prime p, (ILT]) holds.
Remark 1.1. In [22], Sun proved that (1)) holds modulo p.

Recently, Sun [25, Conjectures 35 and 36] proposed a series of congruences involving the
following polynomial in x:

sewer s (7)(0)

where ¢ € {£1} and n,l,m € ZT = {1,2,3,...}. He conjectured that the polynomial

i:zésk%H?”Z( ) (x_j) (1.2)

is integer-valued, here we say a polynomial P(z) € Q[z] is integer-valued if P(m) € Z for all
m € Z. If e =1 and m = 2, he even conjectured that the polynomial

n—1

21_1 Z%HQHZ( )(x_j) (1.3)

is integer-valued. Sun also posed some conjectures when n take prime value. Let us consider
the case that [ = 1,m > 3 and n = p is an odd prime. Exchanging the summation order and
replacing £ — j with £ we obtain

p—1 k r—1 p—1 o mp—1=j r—1\"
Zak2k+1z< ) ( ) :Zaj( ) Zak(2k+2j+1)( . )
k=0 j= —J =0 J k=0
Denote by (—x), the least nonnegative residue of —z modulo p. Clearly,

(-jl’)zo (mod p) for j e {(—z),+1,....p—1}

and

(x;l)z() (mod p) for ke{p—(-z),,...,p—1}.
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Therefore by noting that p—1—j > p —1— (—x), for any j € {0,...,a} we have

GG =5 () Eraenn(lY)

=0 k=0
=(1—2)%; + 2%y (mod p™),

p—1 k
2k + 1))
0

k=0 Jj=

where
l—2 1+52 1—2 - 1-2 m
2 ::m+lFm[ 1—_m2 1 1 (_1) €:|
2 p—l
X mEm—1 voro (=1)"e
1 --- 1
p—1
and
Z2::m—i-1F’m o 1—55 Lo ( l)mE
z 1 --- 1
L p—1
< B l-z 1-2 -+ 1—-x (—1)™e
1 1
p—1

In view of the above we only need to consider the congruences concerning the truncated ,,, 1 F;,

and ,, F},,_1 hypergeometric series. This is the motivation of the remaining part of this paper.
Our results involve the Morita’s p-adic gamma function I'y (cf. [I8]) which is the p-adic

analogue of the classic gamma function I'. For n € N define I',(0) := 1 and for n > 1

Ly(n) = (-1)" I
1<k<n
pik
As we all know, the definition of I, can be extended to Z, since N is a dense subset of Z, with
respect to p-adic norm, where Z, denotes the ring of p-adic integers. It follows that

(1.5)

T(z+1) {—x, if ptz,

() -1, if p | x.

For more properties of p-adic gamma functions, one may consult [13] 14}, 17, 18].
We now state our second theorem.

Theorem 1.2. For any odd prime p and o € Zy ={x € Z, | pf x}. Let s = (a + (—a)p)/p
and

I, (4T, (52)

2 2

) = T,(1+ a)T,(1 — )b, (50)%
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Then the following congruence holds modulo p?,

(2hp(0‘)v if (—a), is odd and (—a), < %;
ale 143 aal ] _ (2 = 3s)phy(a), if (—a), is odd and (—ay), > 2,
ak3 5 11 o1 sphy(a), if (—a), is even and (—a), < 1’%1’
-3 2 2h
(s —3s 2)29 p(a)’ if (—a), is even and (—a), > 1’%1
\

Remark 1.2. In 2017, He [9] studied the congruences modulo p? for primes p > 5 and « =
1/2,1/3,1/4.

In [I4], Mao and Pan obtained a number of congruences modulo p* involving truncated
hypergeometric identities and p-adic gamma functions. For instance, as a corollary, they
proved that for any odd prime p and «, § € Z, with (—a), < (=8), < (p+ (—a), —1)/2 and
(a—B+1)p1 #0 (mod p?)

a 1+2 « I5; ‘ } _ L(a—B+1) 2
F: o 2 —1 = —(a+(—a)y) - mod p“).
4 3|i 5 1 o — B_'_l p_l ( < >p) Fp(l +O{)Fp(1 _ /6) ( )
Letting 8 = « in the above congruence we get that
a 1+5 a « a+(=a), 2
4F3{ o 2 — 1] = (mod p®). (1.6)
2 L1 p—1 1+ a)ly(1—a)

Our next theorem says that (L) is also valid for modulo p3.
Theorem 1.3. Let p be an odd prime and « € Z;. Then we have

_ o+ <_O‘>p 3
- 1] STt ani_a ol

a 1+35 a «

4F3|i a
a” 1

Remark 1.3. Note that the cases @« = 1/d and p = 1 (mod d) with d = 2,3,4 were first
conjectured by van Hamme [2§] and confirmed by Swisher [26].

The proofs of Theorems and [I.3] depend on the local-global theorem for p-adic super-
congruences established by Pan, Tauraso and Wang [17]. Here we illustrate the local-global
theorem briefly (the reader may refer to [17, Theorem 1.1] for details). For any prime p > (T;I)
the local-global theorem says that if a congruence modulo p” holds over some r admissible hy-
perplanes of Z7, then it also holds over the whole Zj. In view of this, to show our theorems,
we only need to prove them ‘locally’.

The organization of this paper is as follows. In the next section, we shall prove Theorem
LI We will prove Theorems and in Section 3. In Section 4, we shall confirm some
conjectures of Sun in [25, Conjectures 35 and 36] as applications of Theorems and [[.3] In

the last section, we will prove more conjectures of Z.-W. Sun by some known results.
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2. PROOF OF THEOREM [I.1]
In order to show Theorem [L.T] we need the following lemmas.
Lemma 2.1. [0, (2.5)] We have the following identity
kk+ikk+j_§ s\ (s\ [i+5\ (k\ (k+s
i i j i ) B TAV s s s )
s=max{1,j }
The following identity can be verified by induction on j.
Lemma 2.2. For j € N we have

() ()5 - i

s=j

Lemma 2.3. [3, Theorem 3.5.5] Ifa+b=1 and e+ f = 2c+ 1, then we have
SAENE w(e)(f)
T oe f 22710((a + €)/2)L((a + f)/2)L((0+€)/2)L((0+ [)/2)

The classical gamma function has the following Gauss multiplication formula [I8, Page 371].

Lemma 2.4. For z € C and m > 2 we have

H r (z + i) = (2m)m=D/2p 1=2m2)/2 T (1 ).
0<j<m m

In fact, we prove the following result.

Theorem 2.1. For any odd prime p we have

a2 IR o) 7p=13 (mods)
|0 (mod p?) ifp=57 (modS8).

Remark 2.1. (a) Here we illustrate that Theorem 2.1] implies Theorem [[L1l By [16] and [23],
if p=1,3 (mod 8) and p = z? + 2y* (x,y € Z) we have

11 3
2 4 4
4F3|: 1 1

1] =42* —2p (mod p?).
p—1

3 (mod 8)

], =) n)

Combining the above, for p = 1,3 (mod 8) we have

4 —2p = — (%1) r, (%)2rp (2)2 (mod p?).

From [17] we have for p =

1

1,
11 3

2 4 4
4F3|: 1 1
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Thus Theorem [I.1] holds.
(b) In [25, Conjecture 55|, Sun also conjectured that if prime p > 3 and p = 1,3 (mod 8),

then
p—1 1
Z A = 3F {2
k=0

Actually, Theorem 2.I] implies that (2.1 holds modulo p?.

|l L

3
4
1

1] (mod p?). (2.1)

Proof of Theorem[2.1l By Lemma 2.1] it is easy to see that
3 5 i (k ”) ¢ )
k=0 k=0 j=0
2 27 k+s
s

1

() ( §h (’”3)(‘2)
() ()00

where in the last step we use the following identity which could be checked by induction on n:

()00

Note that for s € {0,...,p — 1} we have ord,(2s+ 1) < 1 and

()0 = meas

Therefore, by Lemma we have
p—1 p—1 min{p—1,25} 2 /-
s\ (27 (=1)°
A, =
yey 2 () (e
(-1)/2 2 (1)
» 5 2 () ()i £ S0 (st

j=(p+1)/2 s=j

M1 OM
||M&3 ||M&3 ||

HO

@u

=0 s

,_.

n—

e
I

(p—1)/2 (2J)2

2 G Y > ZQ)() i

Jj=0 J=(p+1)/2 s=j
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J,o £ B win

j=(p+1)/2 s=j

1
3
4

ENTC NI

1
It is easy to see that ord,(2s+ 1) = 0 and

(£))-()(2)=0 s

provided that s,j € {(p+1)/2,...,p — 1}. Hence we have
p—1 1101
ZAkzp~3F2{2 3 2
P 14

Clearly, at most one of (—3/4), and (—5/4), is smaller than (p —1)/2. Thus for £ < (p—1)/2
we have

1} (mod p?).
(p—1)/2

P
W@, 6,
By Lemmas 2.3 and 2.4 and noting that ((1 +p)/2)e((1—p)/2)r. = (1/2)? (mod p?) we further
get that

a0 =

p—1 1
Z A =p - 355 [2
=0

1
- F[— T3
4 4

(
I (SIS :
PPETERITETE) 2
= — (mod p?)
D2 T (52)T (52T (52)
If p=1 (mod 8). In this case, we have
F(%) — FP (%) ‘(_1)(])—1)/4 I g _ FID (g ( 1)(p—1)/4
) T, (52) F(52) T, (52)
I (%) — FI” (%) . (_ )(;n—l)/4 r (% _ FID (%) ( 1)(p—1)/4
D(52) T (52) r(52) § 0 (52)
It follows that
o AL OLELE
2 R, BT, (BT, ()
_nenLd o
Ly (3) Ty (3)
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It is known that
Dy ()01 — 2) = (—1) 2
for z € Z,, (ct. [18]). Thus

Therefore
p—1 1 2 3 2 )
kZ:OAk =-T, (5) r, (5) (mod p®).
If p=3 (mod 8). Similarly, we arrive at
FS(%) _ FP (%)2 . (_1)(p+1)/4’ F7 %2 _ Fp7 22 ( 1)(p+1)/4’
D7) BT (550) I (=2) L (52
r (%) — FP (%) . (_1)(p+1)/4 I (g _ FID (g ( 1)(p+l)/4
3 2 ) 7—2 7—2
L (%) L, (5% M=) I (52)

Thus we also obtain that

S nLELY
2 A=y (el

However, in this case we have

1 3 1 3 1
Ly <_) r (_) (—1)2--5)/8-Gr-1/8 _ _p <_) r <_) ,
Ly (3) Ly () 8 8 8 3

It follows that
p—1 1 2 3 2
Ar=T, 1= T, | = d p?).
S () (Y
The remaining cases can be proved similarly. The proof of Theorem 2.1] is now complete. [J

3. PROOFs oF THEOREMS [[.2] AND [L.3]
Theorem [1.2] is actually a p-aidc analogue of the following 4F3 identity.
Lemma 3.1. [3, Page 182, 25(a)] For any «, 8,7 € C we have

a 1+% I6; v
4 F5 %2 I ta_p 1+a—7' 1}
Tl4+a-BT(1l+a—-yI (52T (H*-8-19) )
T +a)l(1+a—B -0 (22 - 3)r(Ee — ) :

The following lemma gives the well-known Euler’s reflection formula and its p-adic analogue.
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Lemma 3.2. [18 Pages 369-371] For any z € C,
T

-z = : 2
(1= 2) = = (32)
The above formula has a p-adic analogue as follows

Lp(2)Fp(1 = 2) = (=P~ (3.3)

for z € Zy,.

Proof of Theorem[I.2 Here we just give the detailed proof of the first case where (—a), is odd
2p+1

and (—a), < *—, since the proofs of other cases are similar.

Let a = (—a),. Now we assume that a is even and a < @. Set
—a+x 14+=%2 —a+ —a+z
\I](l’,y,Z) ::4F3|i —a+:g Y

1
5 l+z—y 14+2x—2 L_l
2Fp(1 +x— y)rp(l +x— Z)Fp (1—a+:c) Fp (1+3a+m—2y—2z)

2 2

ILl—a+2),(1+a+z—y—2)TI, (7”“*;_29) r, (1+a+2:£—2z) :

It is easy to see that

Q 1+% a «
4F3[ a 11

1] = 2¢,(a) (mod p*)

is equivalent to
U (sp,sp,sp) =0 (mod p?), (3.4)

where s = (a+a)/p. For p = 3,5 we can verify ([34) for any 1 < o < p* numerically. Now we
assume that p > 7. In view of the local-global theorem from [I7], we only need to show that

U(rp, sp,tp) =0 (mod p°) (3.5)
provided that r,s,t € Z, and at least one of r, s,t is zero. We first show that
W(0,sp,tp) =0 (3.6)

for each s,t € Z,. In fact, we may assume that sp,tp, (s +t)p € Q \ Z (since any = € ZNZ,
can be approximated by a sequence of p-adic integers {z,, }m>0 in (Q\ Z) NZ,). By B.1]) we
have

—a 1+ —a+sp —a+1ip
A
= 1—sp 1-—1ip _—
L —a+z 1+=%2 —a4+sp —a+tp
F(l —Sp) P(]_ —tp) F (1+3a—gsp—2tp) ' F(I_C;_Z)

O (E522) T (EE2) T(+a-sp—tp) =BT -at2)
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Since a is odd and a < (2p+ 1)/3, by ([L3) we have

a—1

I'(1 - sp) - 1 oo [y(1—sp)
_ = - e —1 2
I (1+a2—28p) |:| j 4 sp ( )

a—1

2
F(11+:—t21t)p) - : : :(_1)(151 Ll
=D R VR

r ( 1+3a—§sp—2tp )

— sp)

Fp ( T (I1+a—2sp) 2sp)

— tp)

Fp ( 1+3a—§sp—2tp )

2 1
— tp) = (—1)"2
T +asp—tp) =[Ja+i-sp—tp)=(-1)" T

In light of ([B:2]) we obtain

s(1+a—sp—tp)

r l1—a+z r l+a—2z _ 7:_
2 2 sin T =—5==

™

a+z?

Nl—a+2)I(a—2) =

Furthermore,
r ( 1—t2z+z ) ' r

sinm(l—a+2)

sinm(l —a+ z)

lim —————— =lim

(
—=0(1—a+2) =0T 1— otz

Sin =22

o1 I'p(a) cos7r(a— 1) 2l (a)
[(3%)  cosm’g Lp(5%)
Noting (3.3) we have
o) _ gy 20 ()
Pp(lTa) Ip(1—a)
By the above we arrive at
—a 1+5* —a+sp —a+t
R FE et —ati
2 sp tp p—1
_D(l—sp)  T(1—tp) T (Fg2=2)  or, (59
r, (7”“2_28”) r, (7”“2_2”’) Iy(1+a—sp—tp) Ty(l—a)

Thus (B.6) is concluded.
Now we turn to show

U(rp,0,tp) =0
for any r,t € Z,. Also, we may assume that rp,tp,rp —
—a+rp 1+ =2 —qa —a+tp
4F3 —a+7"p

1+7rp 1—|—7’p—tpp )

tp € Q\ Z. By (B1) we have

(3.7)
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plmatre 14— —a —atip

o =5 ldrp l+rp—tp

_ TQ+rp)  TA+rp—tp) T (i) p (Ui g
P(l—a+rp) T(l+a+rp—tp) T (HSte) T (Lt _yg)
D04 Tt T (E5) T (B )

Ip(l—a+rp) Tp,(1+a+rp—tp) Jrp-T,(H%2) T, (HL2 —p)
(

Thus (B8.7) holds. Symmetrically, we also have ¥(rp, sp,0) = 0 for any r, s € Z,. The proof of
the first case is now complete. O

Remark 3.1. Set

= —a+z 1+=5% —a+y —a+z
Pyl _a2+x' l+z—-—y 14+2—2 ! p—1
~ flay,2) - U142 — y)Ty(1 4z — 2)T, (lmske) T, (Alate—2-22)
Ip(l—a+a)l(l+a+z—y— 20, (FL=2) T, (brete=2z)
where
2p+x =2y — 22, ais odd and a > 22t
flx,y,2) =¢% a is even and a < pTH,

p+x—2y — 2z

x - 5 ,

To obtain the remaining cases we only need to show the following result whose proof is left to
the reader as an excercise:

a is even and a > ’%1.

®(rp, sp,tp) = 0
provided 7, s,t € Z, and at least one of 7, s, is zero.
We now consider the p-adic analogue of the following identity due to Whipple.
Lemma 3.3. [30, (5.1)] For any «, 5,7 € C we have

F{O‘ - 3 v }:r(1+a—ﬁ)F(1+a—7)
al'3 @ 1+a-f l+a—y Frl+a)T(1+a—-p5—7)

_ 1]
p—1

Proof of Theorem|[L.3 Let a = (—a),. Set

et 1+ —at+y —a+tz
Q(x’yvz)’—‘*&{ =t 14—y l+z—2z
D4z —y1+z—2)
L(l—a+2),(1+a+z—y—2)
Similarly as in the proof of Theorem [[.2] it suffices to show that

Q(rp, sp,tp) =0 (mod p*) (3.8)

_:L'-
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provided r, s,t € Z, and at least one of , s, is zero. Again, we may assume p > 7.
We first consider the case r = 0. Also, assume that sp,tp, (s +t)p € Q\ Z. By Lemma [3.3]
we find that

—a 14+ —a+sp —a+t
F 3 P P

2
I'(1 = sp)I'(1 = tp)
" T(1—a)(14+a—sp—tp)
Since a € Zy we have a —1 € {1,...,p — 2}. By (82) we know that for any nonnegative
integer n, 1/I'(—n)=0. Thus we obtain (0, sp, tp) = 0.
Below we consider the case s = 0. Assume that rp, (r — t)p € Q \ Z. With the help of
Lemma we arrive at

—a 1+3 —a+sp —a+tp‘_1}

1—sp 1—tp‘_1]p_1:4F3[ = l—sp 1—1tp

7 |:—a+7”p 14+ =52  —q —a+tp ) 1}
4473 —a+7rp -
— 14+rp 14rp—tp pe1
_ —atrp _ _
) a-+rp 1—|—_a2 ' a a—+tp 1
- +rp 1+rp—tip

L1 +rp)I'(1 +rp — tp)
'l—a+rp)(1+a+rp—tp)

By (L3 we have
. I'(1+rp) _ (—1)rp- I,(1+7rp)
(1—a-+rp) I,(1—a+rp)
and
F(l+rp—tp) (—1). I,(1+7rp—tp)
T(l+a+rp—tp) T,(1+a+rp—tip)

Thus we obtain Q(rp,0,tp) = 0. Symmetrically, we have Q(rp, sp,0) = 0. Combining the
above we get (B.8)). The proof of Theorem [[.3]is now complete. O

4. APPLICATIONS OF THEOREMS AND [I.3]

In [25, Conjecture 35|, Sun posed many interesting conjectures, such as (L2) and (L.3).
These two congruences look very challenging and cannot be solved by the method in this
paper. Fortunately, our method can be used to solve several other conjectures. Here we list
the conjectures that we shall prove in this section.

Conjecture 4.1. [25, Conjecture 35] (i) Let p > 3 be a prime. For any x € Z, with 3x # 1,2
(mod p) we have

Sevrern Y (7) (171 =0 et W)

k=0 §=0
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For any © € Z, with v = 1/3 (mod p), we have

pz; K2k + 1) ]f%(_jx)s(ij)gzw% (mod p?). (4.2)

(ii) Let p be an odd prime. If p %5 (mod 8), then

% k(2K + 1) i( 1/4) ( 3/4) =p® (mod p°). (4.3)

k=0 J
If p=>5,7 (mod 8), then

g(% + 1)2; (—2/2)3@1_/3)3 ~ 0 (mod ). w

Theorem 4.1. Conjecture[{.1] is true.

Remark 4.1. (a) In fact, we could evaluate the sums in (4.I)) and ([#2) modulo p?, however,
we shall not list them here since the mod p? results are very complicated.
(b) Sun also conjectured that for any odd prime p =2 (mod 3),

pi(zk +1) zk: <_1./3)3<;2/3.)3 =0 (mod p%).

k=0 j=0 J —J

Via a similar discussion as the one in the proof of Theorem 1], one may find that it suffices
to evaluate ) 3
p— 3
-1/3 Z -2 / 3
k=0 k=

To show Theorem K1l we need the following known results.

modulo p?.

Lemma 4.1. [I7, Theorem 5.1] Suppose that p is an odd prime and o € Ly. Let s =

(@ + (=a),)/p, and

I,(1+ 3a)l(1 - 2a)
(1 + )1 — a)T,(1 — 2a)?

Then the following congruence holds modulo p?,

gpla) =

(291,(@) if (—a), is even and (—a), < 2p/3,
Yoo p(2 — 35)gp() if (—a), is even and (—a), > 2p/3,
3F2[ 11 1} bt = psgp(a) if (—a), is odd and (—a), < p/3,

ps(1 — 3s)gp(a)
\ 2

if (—a), is odd and (—a), > p/3.
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Lemma 4.2. [17, Corollary 8.1] Let p be an odd prime. If p=1,3 (mod 8), then

1\, /3)\?
— 1] . =-T, (g) Fp(é) (mod p?).
If prime p = 5,7 (mod 8), then

Bon() B (R)
—1} =— T,z ) Tyl = (mod p°).
.64 "\8) "\38

Proof of Theorem[{.1] Recall that in Section 1, we obtained that

:i::a’f(% +1) i (‘jf’f)g(i : ;)3 =(1—-2)X; +2% (mod p?), (4.5)

11 1
3 2 2
3F2{ 11

1 1

3Fy [2

— ol
=N

7=0
where ~
21::3F2x T :)3_)S _4F31—93 1%;;? l—2 1—2x .
1 1 1 1
p—1 2 p—1
and
22::3F21—1’ l—2 1—2x . ‘4F3x 11—5 T ZE_g
1 1 11
p-1 2 p-1

(i) Denote (—x), by a. We first consider (4.I]). Here we only prove the case that a is even
since the other case can be confirmed similarly. If a is even, then (z — 1), = p—1—a is even.
Obviously, (41) holds if p | a. So we assume that 3x # 0,1,2 (mod p). Below we divide this
case into three subcases.

Case 1. (p+1)/3 <a < 2p/3.

In this case, p/3 —1 < (x — 1), < (2p —4)/3. Since 3z # 1,2 (mod p) and p > 3, we know
that (x — 1), # (p—2)/3,(p—1)/3,p/3. Thus (p+1)/3 < (z—1), < (2p —4)/3. Then (@)
follows from Theorem [[.2] and Lemma A.11

Case 2. a < (p+1)/3.

Now (z — 1), > (2p —4)/3. Since 3z # 0,1,2 (mod p) we have (z — 1), # (2p —3)/3, (2p —
2)/3,(2p —1)/3, and then (z — 1), > 2p/3. Then (41 follows again.

Case 3. a > 2p/3.
Clearly, (z—1), < p/3—1. Then (1)) follows from Theorem [[.2] and Lemma [4.T]immediately.

Now we turn to (L2). We first assume that p = 1 (mod 6). In this case a = (p — 1)/3 is
even and (x — 1), =p—1—a = (2p —2)/3. Thus by Theorem [[2 and Lemma (.1 we have

(1-2)2;, =0 (mod p?)

and

r, (1+52) T, (1- 2221, (B2) T, ()

L2 —2)0y(2)T, (1 - 1_Tx>2 U1+ 2)0p(1 —2)T (1_750)2

xXy =2x(x + a) -
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11—z 1+x 3r—1 3— 3z
e () () (M) (57)
p—1 —1
:(x—|—a)(—1)2(3 ) ::c+a::c+pT.
Thus ([2) follows from the fact that (5) =1 for p=1 (mod 6).
Below we suppose that p =5 (mod 6). Nowa = (2p—1)/3isodd and (x—1), =p—1—a =
(p —2)/3. Also, by Theorem [[.2] and Lemma 1] we obtain

15

(1-2)%; =0 (mod p?)
and

L (145591, (1= 252) 1 (59 T, (5)

2

(2 — )T, (2)T, (1 — 52) T, (1 4+ 2)T, (1 — o)L, (552)°

11—z 1+z 3z —1 3—3x

:(p—ot—x)(—l)p%2 =+ —p—l.

x¥e =22(1 —x + (x — 1),) -

N—

Noting that (2) = —1 provided p =5 (mod 6), ({£2) is concluded.

(ii) We now consider ([A3]). We just prove the case p =1 (mod 8) since the remaining cases
are very similar. In this case, by Theorem and Lemma [4L.J] we obtain that

PIUR [ L e L LG
p—1 Ly (%) Iy (%) Iy (%) p—1 Ly (E) Ly (i) Ly (g)
1 9 1 1 C.(3\T. (L
4F3{4 P 1} Eg' 5y 8)3p o
8 p—1 FP(Z)FP(Z)Fp(g)
3 11 3 3 15p2 L. (T, (=2
4F3{4 § 411 411 1} - _ 127 :(8) f( 8)1 .
8 p—1 Iy (Z)FP(Z)FP(g)

Then by (B3) and (4.5]) we deduce that

p—1 k

D (DA2E+1) ) (_1/4)3(;?:/?)3 = 2 T+ i p?=p* (mod p’).

k=0 §=0 J

This proves (43).
Below we turn to show (£4). By (£5) we have

P

sy (V) ()

J
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11 1 1 5 1 1 3
53F2[2 i i—l] -4F3{2 i i i—l} (mod p?)
p—1 4 p—1
By Theorem [[.3] we know that
1 5 1 1
aF3(2 1 2 21 -1 =0 (mod p)
I
p—1

Combining the above, ([@4]) follows immediately.
The proof of Theorem [4.1] is now complete.

5. SOME MORE SOLVABLE CONJECTURES

In the previous two sections, we established p-adic analogues of two hypergeometric identities
and used them to solve some congruences conjectured by Sun. In fact, in [25], there are some
more conjectures can be solved by some known results. Here we give a collection of them.

Conjecture 5.1. [25, Conjecture 36] (i) For each prime p > 3, we have

Sy (V) ()

k=0

Il
o

(mod p?).

(ii) Let p be an odd prime. If p =3 (mod 4), then

S0 ()6

k=0 §=0

p—1 k 5
> (2k+1) < 1/2) <k1/2.)

k=0 7=0 J
If p=>5 (mod 6), then

e () ()

k=0

0 (mod p?),

and

0 (mod p?).

B
Il
o

(mod p?).

Theorem 5.1. Conjecture [51) is true.
Proof. We first illustrate that (5.3]) holds. By (I4)), we know that

S (7 ()

k=0 §=0

(5.1)

(5.4)
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1 5 1 1 1 1 11 1 1 1 5
= 2 2 2 2 2|_ ) 2 2 2 2 2|_
=¢F5 l % 1111 1} 5F)y [ 1111 1} (mod p’).
p—1 p—1

In [28], van Hamme ever conjectured that for any odd prime p = 3 (mod 4)
1 5 1 1 1 1

2 4 2 2 2 2
6F5[%1111
[

This was confirmed by Liu in [11] by establishing its generalization: For p > 5 with p = 3

(mod 4)
] = Zn () e

Note that Liu conjectured that the above congruence also holds modulo p® which has been
confirmed by Wang [29]. In view of these, (5.3]) holds evidently.

Now we prove (5.I). Assume p =1 (mod 6). It follows that (—1/6), = (p—1)/6 < p/2 and
(—5/6), = (bp — 5)/6 > p/2. Now by [14, Theorem 2.22], we obtain that

113 1 1 1
AT
By (4), it suffices to show that

— 1] =0 (mod p*).
p—1

11 1 1
2 2 2 2
1 1 11

NN

6]_7:")|:2

5 1t 5 5 5
1} =0 (modp) and 5F} [6 2 6 6 6
- 111

12

1] =0 (mod p?).
p—1

= ot

5
6
1

i
i
—

(e[}
= oot

1] =0 (mod p).
p—1
We need the well-known Karlsson-Minton summation formula (cf. [5, Page 18]):

a b1—|—m1 br+mr 1 :07 (55>
b b,

provided that my, mo, ..., m, are nonnegative integers and R(—a) > my + - - -+ m,. By (5.3),
we have

5
6

= oot
= oot

|

1} =0 (mod p)

—_

since (p—1)/2 < (5p — 5)/6.
If p=>5 (mod 6), then we have (—1/6), = (5p—1)/6 > p/2 and (—5/6), = (p—5)/6 < p/2.
Thus by [14, Theorem 2.22] we arrive at

113 1 1 1 5 It 5 5 5
sFy|6 12 6 6 617 =0 (modp*) and 5F,|6 2 & 6 §|1 =0 (mod p).
L1101 2111
p—1 12 p—1
Furthermore, by (5.5) we have
1111 1-5p 1tp lip l4p
6 6 6 6 = 6 6 6 6 —
4F3 |: 1 1 1 1:| - = 4F3 |: 1 1 1 1:| 0 (I'IlOd p)

since (p —5)/2 < (5p — 1)/6. Combining the above (5.1]) holds.



18 CHEN WANG AND ZHI-WEI SUN

(52) can be verified in a similar way as the one in the proof of (5.1). We now consider (5.4]).
Since p = 5 (mod 6), we have (—1/6), = (5p — 1)/5 > 2p/3 and (—5/6), = (p — 5)/6 < p/3.
Then by |14, Theorems 2.17 and 2.20], we obtain

10138 1 1 1 1 1| ] ,
6 12 6 6 6 6 6 =
7Fs P11 HE =0 (mod p°)
L dp—1
and ) )
5 17 5 5 5 5 5
6 6 6 6 6 6 =
7Fs 1_]52 ¢ Pt =0 (mod p).
dp—1

Similarly to the above, by (5.5) we may easily obtain that
1 1 1 1 1 1

6 6 6 6 6 6 =
6F5 IR 1] T 0 (mod p).
By (L4)) we immediately obtain (5.4]).
Now the proof of Theorem [5.1] is complete. O
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