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Rankin-Cohen brackets for Calabi-Yau modular
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Abstract

For any positive integer n, we consider a modular vector field R on a moduli space
T of Calabi-Yau n-folds arising from the Dwork family enhanced with a certain basis
of the n-th algebraic de Rham cohomology. The components of a particular solution
of R, which are provided with definite weights, are called Calabi-Yau modular forms.
Using R we introduce a derivation 2 and the Ramanujan-Serre type derivation 0 on
the space of Calabi-Yau modular forms. We show that they are degree 2 differential
operators and there exists a proper subspace .#? of the space of Calabi-Yau modular
forms which is closed under 0. Employing the derivation &, we define the Rankin-
Cohen brackets for Calabi-Yau modular forms and prove that the subspace generated
by the positive weight elements of .#?2 is closed under the Rankin-Cohen brackets.

1 Introduction

The proof of Fermat’s last theorem led to the celebrated modularity theorem, which states
that elliptic curves over the field of rational numbers Q are related with modular forms.
Elliptic curves are 1-dimensional Calabi-Yau (CY for short) varieties, which makes it
natural to ask whether a similar statement of modularity holds for higher dimensional
CY varieties. This question persuaded mathematicians and theoretical physicists to the
subject of modularity of C'Y manifolds which is one of the considerable present challenges
of the modern algebraic number theory. Some relevant results can be found, for instance,
in [NY13] and the references therein. Noriko Yui in [NY13] divides the modularity of CY
varieties in arithmetic modularity and geometric modularity including (1) the modularity
(automorphy) of Galois representations of CY varieties (or motives) defined over Q or
number fields, (2) the modularity of solutions of Picard-Fuchs differential equations of
families of CY varieties, and mirror maps (mirror moonshine), (3) the modularity of
generating functions of invariants counting certain quantities on CY varieties, and (4) the
modularity of moduli for families of CY varieties. But so far, in a general context, even
there is no unified formulation or statement of the modularity of CY varieties. H. Movasati
in [Mov16] says: ”All the attempts to find an arithmetic modularity for mirror quintics
have failed, and this might be an indication that maybe such varieties need a new kind
of modular forms.” In this way, he introduced CY modular forms which somehow can be
considered as a modern generalization of the classical (quasi-)modular forms theory. The
present work provides some evidences in favor of this generalization; namely, we introduce
the space of CY modular forms .# and furnish it with a Rankin-Cohen algebra structure.
Then we find a proper subspace of .# which is closed under the Rankin-Cohen brackets.
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This can be considered as a generalization of the work of Don Zagier |[Zag94] for the space
of classical (quasi-)modular forms.

In [MN16] we already offered other evidences in defense of the generalization of the
(quasi-)modular forms theory using an algebraic method calling the Gauss-Manin con-
nection in disquise, GMCD for short, which got started by H. Movasati in applying to
elliptic curves [MovI2b] and then was used again by him in [Mov15] for the family of
mirror quintic 3-folds, where he reencountered the so-called Yukawa coupling of Candelas
et al. [COGP91]. More precisely, in [MNI6] we introduced the enhanced moduli space
T = T, of the pairs (X, [a1,a9,...,an, @yt1]), where X is an n-dimensional CY variety
arising from the so-called Dwork family and {1, ag, ..., ay4+1} refers to a basis of the n-th
algebraic de Rham cohomology H (X) which is compatible with the Hodge filtration of
Hlx (X) (see (B.18)) and its intersection form matrix is constant (see (3.19)). We showed
that there exist a unique vector field R = R,,, called modular vector field, and regular
functions Y;, 1 < ¢ < n — 2, satisfying a certain equation involving the Gauss-Manin
connection of the universal family of T (see Theorem B.Iland also [Nik15, Theorem 1.1] in
a more general context). Due to [Mov12b] we can say that the modular vector field R is a
generalization of the vector field Ra introduced by S. Ramanujan in [Ram16] (see (2.1))).
This is because R satisfies a similar equation to the one for Ra taking into account the
Gauss-Manin connection of the universal family of a certain collection of elliptic curves
(see (B:24) and (3.25])). It is known that the triple of Eisenstein series (Esq, Fy4, Eg), where
for j =1,2,3:

(1.1) Faj(q) =1+1b; Zazj 1(k)q* with oy(k) = " d’, (b1, b, bs) = (—24,240, —504),
dlk

gives a solution of the Ramanujan vector field Ra. Note that F5 is a quasi-modular form
and F,, Fg are modular forms. Hence, for n = 1, where T is the enhanced moduli space of
elliptic curves, it was expected that the components of a particular solution of the modular
vector field R could be written in terms of (quasi-)modular forms. This fact was proved
n [MNI6] (see also [Alil7] for similar results); namely, if n = 1,2, then we found the
modular vector fields, respectively, as

t) =ty — tits

ty = —tity — 9(t3 — t3) : 2 142

1.2 Ry : ¢ to =81t (8 —t3) — t3 Ry:<
(1.2) 1 752_%3751(751 3)—t3 2 fy = —2tyts+ 83
BT o fy = —Ataty
where by * in R; we mean * =3-¢q- and in Ry we mean %« = —% - q- a * and furthermore

in Ry we have the polynomial equatlon t3 = 4(t11 —t4). For a complex number 7 with
Im7 > 0, if we set ¢ = €?™7, then we got the following solutions of Ry and Ry respectively:

t1(q) = 1(2603(¢2)05 (%) Frdh) = 2(05(a%) + 03(¢%),
—03(—¢*)03(—4¢°)),

(1.3) ta(q) = %(EQ( 2) Z0Ey(g)), » | t2(i) = 5 (Fae®) +2Ea(a"),

t 0 )7

3(9) = 309 1044 (&) = 3 (g)n® (¢?),
in which n and 6;’s are the classical eta and theta series given as follows:

PR L(ktLy2 o 1p2
(1.4) n(q) = g2 H(l—q 02(q Z gz ) q):1+2Zq2
k=1 k=—o00 k=1



Besides that, these solutions satisfy some interesting enumerative properties. For example,
in the solution of Ry the coefficients of the g-expansion of t; yield the number of integer
solutions of 2243y? = k, and in the solution of Ry the function t;(¢) is the generating func-

tion of the odd divisor function, i.e., 2t;(%) = Y32, 0°(k)q", where 0°(k) = 3 dr @
d is odd
(for more details and more properties see [MN16, §8]). In the case n = 3, R3 is explic-

itly computed in [Mov15] and it is verified that Y; is the Yukawa coupling introduced
in [COGPY91], which predicts the numbers of rational curves of various degrees on the
general quintic three-folds. For n = 4, we computed the modular vector field R4 explic-
itly in [MN16] and we observed that Y? = Y3 is the same as 4-point function presented
in [GMP95], Table 1, d = 4]. In both cases n = 3,4 we found the g-expansions of the
components of a solution of R, in which all coefficients are integers, up to multiplying the
solution components by a constant. Unlike the cases n = 1, 2, here we believe that it is not
possible to write the solution components in terms of modular forms, since the coefficients
of their g-expansions increase very rapidly. This leads us to think to another theory which
generalizes the theory of modular forms. These components of a particular solution of R,
which are called CY modular forms, are adequate candidates of the desired generalization.
In the next paragraphs we give more evidences that convince us to continue with this
generalization.

We know that the Ramanujan vector field Ra is deeply connected with the space of
(quasi-)modular forms M, (M,) for SL(2,Z), since M, = C[Ey4, Eg] (M, = C[E2, E4, Eg])
and the triple (Es, Ey, Eg) is a solution of Ra. Thus, our focus will be held on the properties
of the Ramanujan vector field Ra. In particular, Ra along with the radial vector field
H = 2t16%1 + 4t2% + 61538%3 and the constant vector field F' = _12% forms a copy of
sl3(C) Lie algebra. Our attention in |[Nik20] was dedicated to this property, where we
studied the AMSY-Lie algebra for the mirror CY varieties arising from the Dwork family.
The AMSY-Lie algebra was discussed for the first time in [AMSY16| for non-rigid compact
CY threefolds, and recently in [AV18] it is established for mirror elliptic K3 surfaces (note
that the AMSY-Lie algebra is called Gauss-Manin Lie algebra by authors of [AV1§]). In
[Nik20] we introduced an algebraic group G acting from the right on T (see ([8.36])) and
described its Lie algebra Lie(G) (see (8.37)). We found the canonical basis of Lie(G) (see
B38) and ([3.39)) and observed that it is isomorphic to a Lie subalgebra of the Lie algebra
X(T) of the vector fields on T (see Theorem [3.2]). We defined the AMSY-Lie algebra & as
the Or-module generated by Lie(G) and the modular vector field R in X(T). We stated
the Lie structure of & (see Theorem [3.3]) and observed that dim(®) = dim(T). In this
way, we could prove that the modular vector field R along with two other vector fields H
and F generates a copy of sl3(C) in & C X(T) (see Theorem [34), which is the desired
result (the notations H and F in the whole manuscript are used for the same vector fields
given in Theorem [B.4]).

It is well known that the derivation of a modular form is not necessarily a modular
form. More precisely, for a positive integer r let f € M, be a modular form of weight r
for SL(2,Z). Then f’ € M, 15 is a quasi-modular form of weight r 4+ 2. But the derivation
f' can be corrected using the Ramanujan-Serre derivation df = f' — %TEQ f which yields
Of € M, 2. Besides this, for a given f € M,, it is known that the polynomial relation
rff" — (r + 1)f gives another modular form of weight 27 + 4. R. Rankin in [Ran56]
generalized the latter polynomial relation and described some necessary conditions under
which a polynomial in a given modular form and its derivations is again a modular form.
Then, in [Coh77] H. Cohen, for any non-negative integer k, defined a bilinear operator



Fj (-, -) satisfying the imposed conditions by Rankin and proved that for all f € M,., g € M
one gets Fi(f,g9) € M, g1k For example, the last polynomial relation given above can
be written as rff" — (r +1)f? = FllF2(f, f). Later, Don Zagier in [Zag94] called these
bilinear forms as Rankin-Cohen brackets an denoted by [, i (see (Z6])). Furthermore, he
developed the algebraic theory of Rankin-Cohen algebras, which are briefly described in
Section 21

In the present work we aim to endow the space of CY modular forms with a Rankin-
Cohen algebra structure. We first need to assign the correct weights to the CY modular
forms. In order to do this, we back again to the properties of the Ramanujan vector
field Ra. We know that deg(Es) = 2, deg(F4) = 4, deg(Es) = 6 and these integers
appear as cofficients of the components of the vector field H = 2t18%1 + 4t2% + 6t38%3
which mentioned above. On the other hand, we observe that the vector field H € & can
be written in the form H = 2221 wjtj%, where d = dimT, (t1,t2,...,tq) is a chart of
T and w; € Z=% j = 1,2,...,d (see (B48) and (B50)). These facts lead us to define
deg(t;) == wj, j = 1,2,...,d. Applying these weights, in Proposition Bl we show that
for any positive integer n the modular vector field R is a quasi-homogeneous vector field
of degree 2. We suppose that t;, j =1,2,...,d, is the component of a particular solution
of R associated with the coordinate chart ¢; carrying the same weight, i.e., deg(t;) = w;.
An evidence of the truth of the attached weights are the solution components of R for
n = 1,2, given in (L3]), where the assigned weights of t;’s coincide with the real weights
of the encountered (quasi-)modular forms. Hence, we define the space of CY modular
forms as .# := Clty,ta,t3,...,tq, —————=—] and the subspace .#? of .# as .4* =

tnr2(tnp2—t] )t
Clty, ts, tg, - .., tg, m], where t is a product of a few number of t;’s (see (3.29)));
indeed, .# = .#*[t3]. From now on we call the elements of .#?2 the 2CY modular forms.
Note that in our approach ty plays the same role of the quasi-modular form Fy in the
theory of (quasi-)modular forms, which gives sense to the definition of .#? (recall that
M, = M, [Es)).

The modular vector field R induces a degree 2 differential operator % on .#, but for
odd integers n, except for n = 1, the space of 2CY modular forms .#? is not closed under
the Rankin-Cohen brackets defined by the derivation &, which is our desired result. Hence,
for odd integers n we need to correct two components of R and in general we obtain a new
vector field D (see ([8:59])), which coincides with R if n is an even integer or n = 1. In Lemma
we prove the fundamental result of this paper which gives D is a quasi-homogeneous
vector field of degree 2 in T, and also it implies that D along with H and the constant
vector field % forms a copy of sly(C) (see Corollary B.I)). Thus, D induces a degree 2
differential operator on .# which is denoted by Z. It is not difficult to observe that the
space of 2CY modular forms .#? is not closed under 2, but by excluding the terms which
avoid the derivation of a given 2CY modular form under Z to be again a 2CY modular
form we can define the Ramanujan-Serre type derivation O (see (&3])). In Theorem [4.1]
we state the first main result of this work which affirms that the Ramanujan-Serre type
derivation 0 is a degree 2 differential operator and .#? is closed under 0. Employing
the derivation 2 we define the Rankin-Cohen bracket of the CY modular forms in (£.27).
Finally, in the second main result of the present paper, namely Theorem [.2] we prove
that the space of 2CY modular forms of positive weights is closed under the Rankin-Cohen
brackets of the CY modular forms, and hence we provide this space with a Rankin-Cohen
algebra structure. It is worth to mention that for different examples of 2CY modular
forms of negative weights we used the computer, for n = 1,2, 3,4, and observed that their



Rankin-Cohen brackets is again 2CY modular forms. Thus, we conjecture that the whole
space of the 2CY modular forms .#? is closed under the Rankin-Cohen brackets.

Remark 1.1. The space of CY modular forms .# can have different important subspaces
which will be denoted using upper index in . , namely 47, j > 1, where j increases in the
order that the corresponding subspace appears in the literature. The first of such subspaces
1s the space of 1C'Y modular forms:

1

M= (C[tl,t +2, ],

T tga(teg — 1177
which was studied in the case n = 3, see for instance [AMSY16|], where it refers to the
algebra of the so-called BCOV anomaly equation. In fact, 4" is associated with Os, the
C-algebra of reqular functions on the moduli space S given in [B.5]). The second one is the
space of 2CY modular forms .#* which is under our consideration in the present work.

It would be interesting if one could find the interpretation of the moduli space associated

with 2.

Remark 1.2. Analogous as [CS17, Proposition 5.3.27 and Corollary 5.5.29] we may apply
the Rankin-Cohen brackets for C'Y modular forms to find a Chazy-type equation for the
system of ODE’s presented by the modular vector field R or the vector field D. This research
is in progress and its eventual results will appear in the future works.

This manuscript is organized as follows. In Section 2] we briefly review the relevant def-
initions and facts of [Zag94] which will be used in the rest of the text. Section [Blstarts with
a short summary of [MNI16] and [Nik20] which constructs the foundation of the present
research and also lets us to have a self contained manuscript. After that, we prove that
the modular vector field R is a quasi-homogeneous vector field of degree 2, we define the
vector field D and demonstrate the fundamental lemma. In Section M our main results
are stated and proved. Namely, we define the concepts of: spaces of CY modular forms
and 2CY modular forms, derivation ¥, Ramanujan-Serre type derivation 0 and Rankin-
Cohen brackets of the CY modular forms. The main results are stated in Theorem [£.1] and
Theorem In different examples of this section, for n = 1,2, 3,4, the derivations &, 0
and Rankin-Cohen brackets of a few CY modular forms are explicitly calculated. Section
deals with the final remarks. In this section we state a conjecture which improves our
results.
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sation between Hossein Movasati and Don Zagier. In fact, Hossein Movasati discussed
his perspectives on the modular vector field R and the CY modular forms calculated in
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was shared later with the author and others by H. Movasati. At that moment we did
not succeed in solving the problem, because of the absence of some key points such as
the correct weights of the CY modular forms and etc. After the work [Nik20], the author
could find the missing points of the research and completed the present work. Because of
this, the author would like to thank both of them, in particular he is very grateful to H.
Movasati for his helpful discussions and comments, including his suggestions for unifying
the notations.



2 Rankin-Cohen algebra

In this section we recall the important facts and terminologies of [Zag94] which are nec-
essary to explain the motivations and the methods, and also help to understand bet-
ter further discussions. We start with the initial steps which led to the construction
of the Rankin-Cohen algebras, namely the theory of the (quasi-)modular forms. Let
M, = @,-o M, be the graded algebra of modular forms, where M, := M, (SL(2,Z)) is
the space of modular forms of weight r for SL(2,Z). We know that M, = C[Ey, E¢],
i.e., M, is generated by Eisenstein series Ey, Eg given in (LI]). Note that F4 and Eg are
modular forms of weight 4 and 6, respectively, while Fy is a quasi-modular form of weight

. If we denote the space of quasi-modular forms by M,, then M, = C[E2, E4, Eg]. The
trlple (E9, Ey, Fg) satisfies the system of ordinary differential equations

t = (17 — ta)
O 1 d

. _ 1 _ _ 2wt
(2.1) Ra: ¢ th = 3(tita —t3) , with *’ q@q Iridr and q= e |

| 2
which is known as the Ramanujan relations between Fisenstein series, and from now on We

call it the Ramanugjan vector field. The Ramanujan vector field Ra = ¢} - m +th— 8t2 + t5 - 6t3

together with two vector fields H = 2¢4 a_m+4t2%+6t3a_t3 and F' = —12 8‘?1 forms a copy of
sly(C); this follows from the fact that [Ra, F) = H, [H,Ra] =2Ra, [H,F] = —2F, where
[, ] refers to the Lie bracket of vector fields. We know that if f € M, is a modular form
of weight 7, then f’ is not necessarily a modular form. If instead of the usual derivation,
we use the so-called Ramanujan-Serre derivation O given by

(22) 0f = '~ TokEsf,

then Of is a modular form of weight r + 2. After substituting (t1,t2,t3) by (E1, F2, E3)
in the Ramanujan vector field (2.1I]) we get the following differential operator on M, =
ClEy, Es, E3]:
E2—-E, 0f FEyE,—FEg 0f EyEs— E? Of

12 0FEs 3 OF, 2 OFg’

(23) D:M, = Myys; Df =

which is a degree 2 differential operator, i.e., for any f € J\N/ET,, we get Df € Mr+2. There-
fore, for any f € M, we have

(2.4) f'=Df.
and since ;—g,z = 0, we can express Ramanujan-Serre derivation (2.2]) as follow:

Es 0f E? Of

25) oI = "3 5m 2 ok

from which we get that Ramanujan-Serre derivation df just excludes the terms including
E, that prevent the derivation f’ to be a modular form. Don Zagier [Zag94] in 1994,
based on the works of Rankin [Ran56] and Cohen [Coh77], for any non-negative integer k
introduced the k-th Rankin-Cohen bracket [f, g]x defined as follow:

26)  [foglh= Y (-1) <k e 1) ("”” +j - 1>f(j)g(“ , fEeM, and g € M,

T 1
i+j=k



where f) and ¢\9) refer to the j-th derivation of f and g with respect to the derivation %’
given in (2.1). It was proven by Cohen that [f, g]x € M, 1s12r. Note that the 0-th bracket
is considered as usual multiplication, i.e. [f,glo = fg. We list some algebraic properties
of the Rankin-Cohen bracket below, in which we assume f € M,., g € Mg and h € M;:

(2.7) [f.9lk = (=1)*[g, fle, Yk >0,

(2.8) [[f, 9lo, hlo = [f [g: hlolo,

(2.9) flo=[flo=f, [f;lg=[Lflk=0,VEk>0,

(2.10) [lf,9l1, hlv + [[g, Bl1, f1 + ([P, fl1, 911 = 0,

(2.11) [[f, 9lo, b1 + [[g, Rlo, f11 + ([P, flos g1 = 0,

(2.12) U[f, gl1, ko + sllg, hl1, flo + rllh, fl1, 9]0 = 0,

(2.13) [[f;glo, hl1 = [lg, hl1, flo — ([P, fl1, g]1

(2.14) (r+s+DI[[f, gl1, hlo = rllg, Mo, fl1 — s[[h, flo, gl1,

(2.15) (r+1)(s + 1)[[f, glo, hl2 = =1l + D[S, gl2, ho
+ (r+1)(r + s+ 1)[[g, hl2, flo + (s + 1)(r + s + 1)[[h, f]2, glo

(2.16) (r+s+14+1)(r+s+1+2)[[f gl2,hlo = (r + 1)(s + D[[f, glo, hl2
— (r+1)(r+ s+ 1llg, hlo, fl2 — (s + ) (r + s + D[R, flo, g)2

(2.17) [[f, 9l1, kv = [lg, Plo, fl2 — ([P, flo, 9l2 + [[9, hl2; flo — [[h, fl2, 9o -

Zagier defined a Rankin-Cohen algebra over a field k (of characteristic zero) as a graded
k-vector space M, = @,~, M,, with My = k.1 and dimy M, finite for all 7, together with
bilinear operations |, | : M, ® My — M, s, ok, 7,8,k > 0, which satisfy (2.7)-(ZI7) and
all the other algebraic identities satisfied by the Rankin-Cohen brackets given in (2.6]). A
basic example of RC algebras can be constructed as follow, and for future uses we state it
as a remark.

Remark 2.1. Let M, be a commutative and associative graded algebra with unit over the
field k together with a derivation D : M, — M, o of degree 2. Given f € M, and g € M,
for any positive integer k define the Rankin-Cohen bracket [f, g]p i as follow:

(218)  [alpx= 3 (=1) (’“ e 1) (’“ e 1>f(j)g(“ € Myoron,

1
i+j=k J

where fU) = DIf and ¢9) = Dig are the j-th derivation of f and g with respect to the
derivation D. Then (M., |[-,-]p«) is a Rankin-Cohen algebra which is called the standard
Rankin-Cohen algebra.

For example (M., [-,]p«) and (M, [-,-]a), where D and O are respectively given
in 23) and (2.3)), are standard Rankin-Cohen algebras. On account of (2.4) we have
ok =[]k, k£ >0, and hence (M, [, -]p «) is a Rankin-Cohen subalgebra of (M., [, o),
although M is not closed under D. Note that even though (M., [-,-]g.) and (M, [-, ] «)
are completely different, it is possible to reconstruct (M, [, ]p ) from (M, [, ]s.«) by
hiring (22]). This fact, in a more general version, is given in the following proposition,
and since a part of its proof will be needed, we summarize the proof and for more details

the reader is referred to [Zag94, Proposition 1].



Proposition 2.1. Let M, be a commutative and associative graded k-algebra with My =
k-1 together with a derivation 0 : My — M,yo of degree 2, and let A € My. For any k >0
define brackets [-,-]o .k bY

(k+r—1\(k+s—-1
(2.19) Lf.9loak = Z (—1)]< . >< : >f(j)g(i) € Myysyark
i+j=k J
where f € My, g € M, and f(;) € Myri25, gy € Mst2i are defined recursively as follows
(2.20) fi+1) = 0fGy +3 +r = )AfG-1), 9at+1) = 090 +i(i + s —1)Agi—1),
with initial conditions foy = f, gy = g- Then (M, [-,"]o.a+) is a Rankin-Cohen algebra.

Sketch of proof. The only way is to embed (M., [-,-]s.a,«) into a standard Rankin-
Cohen algebra (R, [, |px) for some larger R, with derivation D. Indeed, it is taken
R, = M[\], := M, ® k[A], where X\ has degree 2, and the derivation D is defined on the
generators of R, as follow

(2.21) D(f) = 0(f) + kAf € Rypo, for any f € My, and D(A\) = A+ \? € Ry,

which can be extended uniquely as a derivation on R,. Then, for any £ > 0 and any
f,g9 € M, we have:

(2.22) [f,9]lp.k = [f,9lo.ak (see the proof of [Zag94], Proposition 1]).

This completes the proof, since M, is obviously closed under the brackets [-, |5 A - O

A Rankin-Cohen algebra (M., [-,-].) is called canonical if its brackets are given as in
Proposition 2.1] for some derivation 9 : M, — M,,12 and some element A € My, i.e.,
[,-Jk = [, ]o.a k- For example, (M, [-,-],) is a canonical Rankin-Cohen algebra with 0 as

L

Ramanujan-Serre derivation and A = 55 Fj.

3 GMCD attached to the Dwork family

In this section we first recall relevant facts and terminologies given in [MN16], Nik20] in
subsections B and B:2] and for more details one is referred to the same references. Then,
we will observe some new important results which will be used in the subsequent section.
In this manuscript for any positive integer n we fix the notation m := "TH if n is odd, and

m = % if n is even.

3.1 Enhanced moduli space and modular vector field R

Let W, for z € P!\ {0,1,00}, be an n-dimensional hypersurface in P"*! given by the
so-called Dwork family:

o2 +2 +2 +2 —
fo(wo, 1,0 Tpy1) i= 22y T 2T 2y 4 ap T — (R 2)xex 12 Ty = 0.

W, represents a family of CY n-folds. The group G := {((o,C1,---,Cnr1) | T2 =
1, ¢oCy-.-Cny1 = 1}, acts canonically on W, as

(CO? Cl) cee ,<n+1).(330,$1, cee 73371-1-1) = (C0$07 (13317 s 7Cn+1xn+1)-



We obtain the variety X = X,, z € P!\ {0,1, 00}, by desingularization of the quotient
space W, /G (for more details see [MN16, §2]). From now on, we call X = X, the mirror
variety which is also a CY n-fold. It is known that dim(H}z (X)) = n + 1 and all Hodge
numbers h¥/, i+ j = n, of X are one.

We denote by S the moduli of the pairs (X, «q), where X is an n-dimensional mirror
variety and g is a holomorphic n-form on X. We know that the family of mirror va-
rieties X, is a one parameter family and the n-form a7 is unique, up to multiplication
by a constant, therefore dim(S) = 2. Analogous to the construction of X, let X, 1, ..,
(t1,tnre) € C2\ {(t""? — tpy2)tniz = 0}, be the mirror variety obtained by the quotient
and desingularization of the CY n-folds given by

(3.1)
n—+2 n+2

e n+2 n+2
ftvtnga (0,21, -+, Tng1) = tppawg

—1—1132 +-- .+$n+1—(n+2)t1$0$1$2 o Tpal = 0.

We fix two n-forms 1 and wy in the families X, and Xy, ¢, ., respectively, such that in the
affine space {xg = 1} are given as follows:

dry Ndza A ... A\dxpiq dry Ndzo A ... ANdxpgq
= , W1 = .
dfz dftl,tn+2

Any element of S is in the form (X, an) where a is a non-zero constant. The pair (X, an)
can be identified by (X, 4,..,w1) as follows:

(3.2) E

(33) (X, am) = (X 100, w1) 5 (t1, tny2) = (@', za”"F2),
— tnto
(3.4) Xty trzsw1) = (Xzs by 177)7 z = tni2 .
1

Hence, (t1,t,42) construct a chart for S; in the other word

1

(t?+2 - tn+2)tn+2

(3.5) S = Spec(Clt1, tn+o2, D,
and the morphism X — S is the universal family of (X,a1). Let V : HJz(X/S) —

QL ® g, Hz (X/S) be the Gauss-Manin connection of the two parameter family of varieties
X/S. We define the n-forms w;, i =1,2,...,n+ 1, as follows

(3.6) w; = (V o )N (w1),
aty
in which % is considered as a vector field on the moduli space S. Then w := {wy,wa, ..., wp+1}

forms a basis of H}i(X) which is compatible with its Hodge filtration, i.e.,
(3.7) wj € Friimiy pnt2=i g — 1.9 n+1,

where F' is the i-th piece of the Hodge filtration of H'z(X). We can write the Gauss-
Manin connection of X/S in the basis w as follow

(3.8) Vw = Bw, with w= ( W1 W2 ... Wpil )tr.

If we denote by BJi, j] the (i,j)-th entry of the Gauss-Manin connection matrix B, then



we obtain:

1

39) Bliil=————— dty.o, 1<i<n,
(3.9) [i, 1] T Dty
.. t1 )
3.10) Blii+1]=dt; — ——~—dtyis, 1<i<n,
- 2, )t S 2, j)ti Tt
(3.11) B+ 1,j) = —20 20, 2t 2T gy L 1<j<n,
b7 —tht2 (n + 2)tn12 (tl —tn2)
_ 2 1 tn+l Mtn-‘ﬂ 1 t
(312) Bt Lo = 20 t2ntDET, | —5 0 +,SZ2+ LLEEP
1" —thyo (n+2)tni2 (tl —tnt2)

where Sa(r, s) is the Stirling number of the second kind defined by

(3.13) Sy (r,s) = %Z(—l)i < j )(s—i)’“,
=0

and the rest of the entries of B are zero. For any &;,& € HJ(X), in the context of the
de Rham cohomology, the intersection form of & and &, denoted by (£1,&2), is given as

1
(€1,&) = @iy /Xﬁl N&a,

which is a non-degenerate (—1)"-symmetric form. We obtain

(314) (wi,wj>:0, ifi+j<n+1,

(3.15) (Wi, wnt1) = (—(n+ 2))”7&267", where ¢, is a constant,
tl - tn+2

(316) <Wj,wn+2_j> = (_1)j_1<w17wn+1>7 for ,] = 17 27 SN+ L.

On account of these relations, we can determine all the rest of (w;,w;)’s in a unique way.
If we set Q0 = Qy := ((wi,wj)),<; j<pyq t0 be the intersection form matrix in the basis w,
then we have o

(3.17) d) = BQ + OB".

For any positive integer n by enhanced moduli space T = T, we mean the moduli
of the pairs (X, [aq, - ,apn,@nt1]), where X is an n-dimensional mirror variety and
{a1,a9,..., anq1} constructs a basis of Hl; (X) satisfying the properties

(3.18) p € Frrlmi\ o=l i — 1 nyn 41,

and

(3.19) (i, aj)li<ijents = Pn.

Here ® = ®,, is the following constant (n + 1) x (n + 1) matrix:

(3.20) d, = ( _O;L gm > if nisodd, and ®,, := J,, 1 if niseven,

10



where by O,k € N, we mean a k x k block of zeros, J; = 1 and

0
1

o o

0 1
0o ... 0
(3.21) Je=| 0|, fork>1

[

1 ... 00
0O ... 00
In [MNI6] the universal family = : X — T together with the global sections «;, i =

1,---,n + 1, of the relative algebraic de Rham cohomology H(X/T) was constructed,
and in its main theorem we observed that:

Theorem 3.1. There exist a unique vector field R = R, € X(T), and unique regular
functions Y; € O1, 1 <i<n—2, such that:

o o1 o 0 -- 0 0 a
o 00 Y, 0 - 0 0 o
00 0 Yy --- 0 0
o3 o3
(3.22) VR , =1 : : N
a’ 00 0 O Yoo O a’
a" o0 o o0 -- 0o -1 "
n+1 00 0 0 ... 0 0 An+1
Y

and Y + oYY = 0.

Here Ot refers to the C-algebra of regular functions on T, and Vg stands for the
algebraic Gauss-Manin connection

V  Hig(X/T) = QF ®r Hig (X/T),

composed with the vector field R € X(T), in which Q% is hired for the @r-module of
differential 1-forms on T. We call R as modular vector field attached to Dwork family.
Moreover, we found that:

w +1, ifnisodd
(3.23) d=d, :=dim(T) =
% +1, if n is even

The above theorem is the key tool of GMCD. In the GMCD viewpoint, the vec-
tor field Ra given in (2], up to multiplying the coordinates by constants (¢i,to,t3) =
(12t1, 12to, %tg), is the unique vector field that satisfies

0 1
(324) VRatt = ( 0 0 >Oé )

where a = (a1 ag )Y

elliptic curves

and V is the Gauss-Manin connection of the universal family of

d_:n xdx

(3.25) y2 = 4(3} _t1)3 — tg(:L' — tl) —1t3, o1 = [ ” ], g = [7], with 27t§ — t% 75 0.
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We can generalize the notion of Ramanujan-Serre derivation (2.5) and Rankin-Cohen
bracket (28] for the modular vector fields R = R,, using an analogous procedure explained
for the Ramanujan vector field Ra, which will be treated in Section [l

Next we are going to present a chart for the moduli space T. In order to do this,
let S = ( 5 )1 <ij<nil be a lower triangular matrix, whose entries are indeterminates
sij, 4> j and s11 = 1. We define

(al Qg ... Op41 )tT:S(wl w2 ... Wptl )tr,

e w

which implies that o forms a basis of Hjy(X) compatible with its Hodge filtration.
We would like that (X, [aq,a2,...,an4+1]) be a member of T, hence it has to satisfy
( (i, o) )1 <ij<ntl = ®, from what we get the following equation

(3.26) SQSY = &.

Using this equation we can express dy := w — d — 2 numbers of parameters s;;’s

in terms of other d — 2 parameters that we fix them as independent parameters. For
simplicity we write the first class of parameters as f,%2,- - , 4, and the second class as
to,t3, ...y tntl, tnts,---,td. We put the independent parameters t¢; inside S according to
the following rule which is not canonical: ¢;’s are written in S from left to right and top
to bottom in the entries (i,j) fori+j <n+2if nis even and i + j < n+ 2 if n is odd.
The position of #;’s inside S can be chosen arbitrarily. For instance, for n = 1,2, 3,4, 5 we
have:

1 0 0 0 0 0

1 0 0 o t 0 0 0 0 ta t3 0 0O 0 0O

10 P ta tz3 0 0 oo 000 t4 ts tg O 0 O
ty i ) 52 52 F ) ty tg t2 O ) t4 E5 t3 P o ’ tg tg  tio t3 O 0
4B ty  l4 i3 oo 52 t1n  ti2 iy &5 i O

E ti3 g is f6 a4 1

Note that we have already used t1,t,12 as coordinate system of S. In particular we find:

(=Dt — .
3.27 ) (n2—i) = ,1<i<m.
(3.27) Sa2-in2-i) = o o <i<m
In this way, t := (¢1,t9, ..., tq) forms a chart for the enhanced moduli space T, and in fact

1
(3.28) T = Spec(Clt1, ta, ..., tq, 1),
tnio(tneo — t772)E
1

(3.29) Or = Clt1, ta, ... ta, 1.

tnio(tneo — t772)E

Here, f is the product of m — 1 independent parameters which are located in the main
diagonal of S. From now on, we alternately use either s;;’s, or t;’s and ;s to refer the
entries of S. If we denote by A the Gauss-Manin connection matrix of the family X/T
written in the basis «, i.e., Va = A«, then we calculate A as follow:

(3.30) A=(dS+S-B)S.

If for any vector field E € X(T) we define the Gauss-Manin connection matriz attached
to E as (n+ 1) x (n + 1) matrix Ag given by:

(3.31) Vea = Agq,

12



then from (3.30) we obtain:
(3.32) Se = AeS — SB(E),

where Sg = dS(E) and & := dz(E) is the derivation of the function x along the vector field
E in T. Note that equalities corresponding to (1,1)-th and (1,2)-th entries of (3:32)) give
us respectively 1 and f,,0, and any #;, 1 < i < d, i # 1,n + 2, corresponds to only one
5ik, 1 < j,k < n+ 1. In the following remarks we recall some useful results deduced from
the proof of Theorem B.1lin [MNT16] §7].

Remark 3.1. We obtain the functions Y;’s given in (3.22)) as follows: if n is odd, then

(3.33) Yi= Yoy = D g R

S(i42)(i+2)
v 3n+3 n322 S%TlnT“

3.34 w1 = (=) cp(n+2)"—r 2 2

(331) = () a4 2 e

and if n is even, then

(3.35) e A
S(i42)(i+2)

Remark 3.2. Let E € X(T). If Vea =0 for any (X, [a1,q2,...,an41]) € T, then E=0.

3.2 AMSY-Lie algebra and sl,(C) Lie algebra

In [Nik20] we observed that for any positive integer n the algebraic group:

(3.36) G =G, :={g e GL(n+1,C)| g is upper triangular and g""®g = ®},
acts on the enhanced moduli space T from the right, and its Lie algebra:

(3.37) Lie(G) = {g € Mat(n + 1,C) | g is upper triangular and g"® + &g =0},

is a d — 1 dimensional Lie algebra with the canonical basis consisting of gqp’s, 1 < a <
m, a <b<2m+41—a, given as follows: if n is odd, then

9ab =1, G(nt+2-v)(n+2—a) = —1,when b < m,
(338) Jab = (gkl)(n+1)x(n+1)7 where Gab = J(n+2—-b)(n+2—a) — 1,when b > m + 1,

and the rest of the entries of gqpare zero.

and if n is even, then:

_ 9ab =1, gntr2-v)(n+2—a) = — 1L
(3-39) Bab = (91) (1) x(n+1)> Such that { and the rest of the entries of gq are zero.

The following theorem was proved in [Nik20].

Theorem 3.2. For any g € Lie(G), there exists a unique vector field Ry € X(T) such that:
(3.40) ARg = g",

i.e., Vr,a = g% a.

13



This theorem yields that the Lie algebra generated by Ry ’s, 1 <a <m, a <b <
2m + 1 —a, in X(T) with the Lie bracket of the vector fields is isomorphic to Lie(G) with
the Lie bracket of the matrices. Hence, we use Lie(G) alternately either as a Lie subalgebra
of X(T) or as a Lie subalgebra of Mat(n + 1,C).

By AMSY-Lie algebra & we mean the Ot-module generated by Lie(G) and the modular
vector field R in X(T). In what follows, (5;? denotes the Kronecker delta, p(n) = 1if n is
an odd integer, and o(n) = 0 if n is an even integer, Y;’s, 1 < j < n — 2, are the functions
given in Theorem Bl and besides them we let Yg = —Y,,_1 := 1. The following theorem
determines the Lie bracket of &, which was demonstrated in [Nik20].

Theorem 3.3. Followings hold:

(3.41) [R,Ry,] =R,

(3.42) [R,Ry,,] = —R,

(3.43) [R,Ry,.] =0, 3<a<m,

(3.44) [R,Rg,,] = () Ry, + U5 (Y) Ry, 1 <a<m, a+1<b<2m+1—a,
where

(3.45) UE(Y) = (14 o(n)dT — 62745 ) Yaor,

(3.46) T(Y) == (1 = 20(n)57" ) Yog1—e -

If n = 1,2, then we see that & is isomorphic to sly(C). In general, for n > 3 we have
a copy of slp(C) as a Lie subalgebra of & which contains the modular vector field R and
we state it in the following theorem from Ref. [Nik20].

Theorem 3.4. Let us define the vector fields H and F as follows:
1. ifn=1, then H:= —Ry,, and F :=R

g127

2. if n =2, then H:= —2Ry,, and F := 2R

g127

3. ifn >3, then H:=Ry,, — Ry, and F:=R

g22 g12°

Then the Lie algebra generated by the vector fields RyH,F in & C X(T) is isomorphic to
slo(C); indeed we get:

[R,F]=H, [H,R]=2R, [H,F]=—2F.

According to Theorem B4l if n = 1,2, then & is isomorphic to sla(C) (see Example
A1), and for n > 3 the Lie subalgebra of & generated by R, H := Ry,, — Ry,; and
F := Ry,, is isomorphic to sl>(C). Employing the equalities corresponding to (1,1)-th
and (1,2)-th entries of ([B.32) for the vector fields Ry ,’s we obtain the diagonal matrix
B(Rg,,) = diag(1,2,...,n 4+ 1) and the null matrices B(Ry,,) =0, for 1 <a<m,a<b <
2m +1—a, b # 1 (see [Nik20), § 4.4]). Due to these facts and again (3.32]), we can find
SRgab ’s, and consequently we obtain Ry ,’s. In particular, knowing that Sy = SRm _SRsn’
we get dt1(H) = t1, dt,42(H) = (n + 2)t,42, and hence

0 0 0 0 0 0 0
2501 3800 0 0 0 0 0
s31 2532 3s33 0 0 0 0
. s41 2542 3s43 4544 0 0 0
SH = :
Stn—1)1  285(n—1)2 3S(n-1)3 4S(n-1)a -+ (M= DsG_1)(n-1) 0 0
0 Sn2 253 3sn4 R (n — 2)sn(n71) (n—1)snn 0
25(n+1)1  3S(n4+1)2  45(n+1)3  OS(nt1)a - NS (p41)(n—1) (m+Dsityn (M +2)S(rt1)(nt1)
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Thus, for an even integer n > 5 we get:

0 0 0 n+ 2 0
3.48 H=t 2t 3t itin 2)t, t )
(3.48) 98, + 25t, Tt +Zw (n+2)t +28tn+2+ 2 gL
1¢n+2
0
3.49 F=_—
(349) F=g.

with ¢3,, = sil ngz = %(t{‘” — tnt2) (see (B:27)), and for an odd integer n > 5

we obtain:

B B o 3 B B B B
(3.50) H=t—— +2tp—— +3ts-— + » witi =+ (14 2ty io s Fta 15— + 2o -

ot Ot Oty | £ t; Otnso dty_1 4oty
i#n+2
B B
51) F= — —fy g
(3.51) oty oty

In the both equations (3.48) and ([B.50)) we have w; = k if t; = sj;, for some 1 < j, k <n+1,
i.e., w; is the number of the column of the entry ¢;. Note that H and F have been computed
explicitly for n = 1,2, 3,4 in Example 41l which are similar to the H and F founded above
for the cases n > 5. Hence, in general we can write H as:

S
52 H=> witi——,
(3.52) ;w 3

where w;’s are non-negative integers.

Remark 3.3. 1. Ifn=1, then w; =1, wy = 2, wg = 3.

If n =2, then w1 =2, wy = 2, wy = 8.

Ifn=3, thenwy =1, wa =2, wg =3, wg =0, ws =5, wg =1, wy = 2.

If n > 4 is an even integer, then wy =1, we = 2, w3 = 3, wpq12 =N+ 2, wy = 0.

S

If n > 5 is an odd integer, then w1 = 1, we = 2, w3 = 3, Wpyo = N + 2, wy_o =
0, Wd—-1 = 1, Wq = 2.

3.3 R as a quasi-homogeneous vector field

Let us attach to any t; in O the weight deg(t;) = w;, in which the non-negative integers
w;’s are given in (3.52]). Recall that a vector field E = Z;‘I=1 Ej% € X(T), with E/ € o7,
is said to be quasi-homogeneous of degree d if for any 1 < j < d we have deg(E/) = w;j +d.
Hence, on account of (B48]), (3.49), (350), (B.5I) and Remark B3 the vector fields H
and F are quasi-homogeneous of degree 0 and —2, respectively. The vector field H is also
known as the radial vector field. Moreover, in the following proposition we show that R is
a quasi-homogeneous vector field as well.

Proposition 3.1. The modular vector field R is a quasi-homogeneous vector field of degree
2o0onT.
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Proof. Due to Example [4.1] the affirmation is valid for n = 1,2,3,4. Hence we suppose
that n > 5. First note that in the proof of Theorem (see |[Nik20| § 4.1]) it is verified
that the equations SQS™ = ® and Sg = AyS — S B(g) are compatible for any g € Lie(G).
In particular, it holds for g = H. This implies that the degree of any entry s;; of S,
2<j7<n+1,1<k<j,is equal to the integer multiple of s;;, in the matrix Sh, which
is stated in (3.47). If we set R = Z?:l iia%’ then £;’s follow from

(3.53) Sr=YS — SB(R).

More precisely, from the equalities corresponding to (1, 1)-th and (1, 2)-th entries of (3.53))
we obtain:

(3.54) t) = s99 —t1512 & fpyo=—(n+ 2)s21tni2.
These equalities and (3.9)-(B312) imply:
( #)tn”dt,ﬂ_g) (R) =kso1, 1 <k<mn,
nt 2 T dtn+2> (R) = s92,
t;“’ — 1 T Dt tn+2)dtn+2> (R) = —Sig}r—l—_Ztiilsm ’

( Sg(n—l—Z J tjdt n Sa(n + 2, j)t{Jrl

—So(n +2,n + 1)t N (O B Y .
n+2 n+2 n+2 ( )
121 ln+2 (n+2)tny2 (tl thi2)
(n+1)(n+2) ¢ sy
=(n+4+1)s9 — .
( ) . 2 t?+2 - tn+2

Note that in the above last equality we used the fact that Se(n+ 2,n+ 1) = w

Therefore:

521 522 0 0 0
0 2s21 S22 0
B(R) = : : 5
( ) 0 0 P nsay 522 ’
—So(n42,D)tys99  —Sa(n+2,2)tFs9y —Sa(n+2,n)t]s22 (nD(nt2)  t7 T san
Tt o Tt o o T —tnn (o Doz 2 T —tnn
hence, S B(R) equals
(3.55)
s21 522 0 0 0 0
521521 s21822 + 2522821 822822 0 0 0
531521 s31822 + 2832521 s32822 + 3s33s21 533522 0 0
541521 S41822 + 2542521 s42822 + 3543521 s43822 + 4544521 0 0
Snl‘s21 Sn1522 + 2502521  Sn2522 + 35n3821  Sn3S22 + 4snas21 ... Sp(n—1)522 + NSnns21 Snn S22
SB(R)[n+1,1]  SB(R)[n +1,2] SB(R)[n + 1, 3] SB(R)[n +1,4] ... SB(R)[n + 1, 1] SB(R)[n +1,n + 1]
in which:
SB(R 1.1 = SQ(Tl + 2, 1)t18228(n+1)(n+1)
R)[n+1,1] = S(n+1)1521 — P )
tl - tn+2
So(n + 2, §)t] so9s
. . 19229 (n+1)(n+1) .
SB(R)[n + 1, 5] = 8(n41)(j—1)522 + JS(n+1)j521 — . , 2<j<n,
tl - tn+2
+1
(Tl + 1)(n + 2) t? 5929
SB(R)[H +1,n+ 1] = S(n+1)n522 + S(n+1)(n+1) <(Tl + 1)821 — 5 iz .
1 — In42
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Observe that

s21 592 0 0 0 0
Y1s31 Yis32 Y1s33 0 0 0
Yas41 Yas42 Y2543 Yas44 0 0
(3.56) YS = : : z o z :
Yn—28n1  Yn—28p2  Ynp_2Sn3  Ynp_2Sp4 ... Ynp_oSnn 0
—S(n+41)1 —S(n+1)2 —S(n+1)3 —S(n+1)4 s T8 (nd1)n “S(n4+1)(n+1)
0 0 0 0 0 0

and (B.33)-(B.35]) imply that deg(Y1) = deg(Yy—2) = 3 and deg(Y;) =2,2<j <n-—3.
If we denote the (7,j)-th entry of Sg by Sgl[i,j], then B53), B55) and (356) yleld
deg(SRr[7,j]) = deg(sij) +2, 2 <i<n+1,1<j <i, which complete the proof.

Remark 3.4. Using the matriz Sg = YS — SB(R) computed in the proof of the above
proposition we can encounter the modular vector field R explicitly for any n > 5.

The following lemma is useful for the future use.

Lemma 3.1. If we write
d )
R=) Ri(ty,ta,...,tq)=—, with RI € &
jZ:; (17 25 ’d)atj’ w1 SHZh

and define

_%R2(t17t27"'7td)_it%7 an:27
(3.57) At to, . tg) =
_R2(t17t27-"7td)_t%7 Zf n#Zv

then deg(A) = 4 and % =0.

Proof. For n =1,2,3,4 the modular vector field R has been explicitly stated in Example
@I and one can easily check the truth of the statement. For n > 5 the component R? of the
modular vector field R corresponds to the (2,1)-th entry of the matrix Sg = YS — S B(R)
computed in the proof of Proposition [3.1] that yields:

R2(t1,t2, cooytg) =Yty — t%, (note that to = s91 and t4 = s31).

2 2
From [333) and B35) we get Y; = 32 = i—z, which implies:

12t
R2(t17t27”’ 7td) =3= t2
173

24
te

Hence, for n > 5 we obtain A = — and the proof is complete. O

3.4 The fundamental lemma

Next we state the fundamental lemma. of this work, which will be used to prove Theo-
rem 1l First, we recall that if we have two vector fields V = Z?Zl Vj% and W =

Z? (W a? , then

d
(3.58) VW] =VW =WV =>_ (VW) - W({V7)) .
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Lemma 3.2. (Fundamental lemma) For any positive integer n let:
(3.59) D:=R+t ([R, (1+ 55‘)i] — H> .
Oty

Then D is a quasi-homogeneous vector field of degree 2 in the AMSY-Lie algebra & that
satisfies:

9,
" Oty
Proof. If n =1,2,3,4, then R, F, H are given explicitly in Example 1] and one can easily
find that the affirmations hold. For n > 5 we divide the proof in the following two cases:

(3.60) D =H.

Case 1. If n > 5 is even, then on account of (3.49) we have F = %. Hence, from
Theorem [3.4] which gives [R,F] = H, we get D = R and due to Proposition B.1] the
proof is complete.

Case 2. Suppose that n > 5 is odd. Then by applying (3.32) to Ry, and Ry (nyn) We
obtain Ry, = #{2 4—1528%j and Rq, ., = 8%1' Therefore, by employing (3.44]) given
in Theorem [B.3] we find:

0 0 0

(3.61) R, a—td] =R, R91(n+1)] =Rgy, = m + tza—td'
If we write R = Z?:l RJ (%, then Remark B4l yields R972 = —tq —toty_o, from which
we get:
0 0
(3.62) R, ta—2-] = R(ta-2) 5 + ta-2[R, 5]
BED 4o O 0 0
R t tot
Bt 0, P20
gl 1
T 28td 2 d(‘?td'
Due to ([3.51) we have (% =F+ td_g%, hence
0 0
(3.63) D=R+t|[R,=—]-H)=R+t([R,F+t4_2=—]—H
8752 ot tq
=R+ tat — tot i
= 2la-2gy — ~laldg,
Note that in the last equality of the above equation we used (3.62) and the fact that
[R,F] = H. Thus,
0 0 o 0 o 0
D,—]=[R,— tot tot
D5y = R )+ ltaagy = g~ ot )
0 0 0 0 0
— R, -] — L (tgty o) —2—
[ ,at2] 8t2( atq 2)(% TS (2td)at
0 0 8 G52, O 0
=[Rgg) ~lerg s, tleg — Rggl—Rieagll
0 9  BED
=R —t R,F]=H.
[ "oty 28td] R.Fl =
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We know that R is quasi-homogeneous of degree 2 and deg(t2) = 2, hence (3.63))
implies that D is quasi-homogeneous of degree 2. In order to get D € &, first observe

o _
that P = Rgl(n+1) € &. Hence,

0 0
— =F4t4 99— €&
Oty +td 28td€ ’

which yields D € &.
O

Corollary 3.1. The Lie algebra generated by the vector fields D, H and % in the AMSY-
Lie algebra & C X(T) is isomorphic to sly(C).

Proof. Tt suffices to show that [D, (%] =H, [H,D] = 2D, [H, 5] = —2(%. The truth of
the first bracket is guaranteed by Lemma B.2] and the last bracket follows from a simple
computation after using ([348)) or (B.50) and (B58]). To demonstrate the second bracket
[H,D] = 2D, the same argument given in the proof of Lemma works perfectly for the
cases n = 1,2,3,4 and even integers n > 5. For odd integers n > 5, we first use ([B.63) to
obtain: 5

0
[H,D] = [H,R] + [H,tgtd_gm _ tQtda_td]'

Then the statement follows from the fact [H,R] = 2R given in Theorem [B4] and using

(B58)) for H stated in (3.50]). O

4 Rankin-Cohen algebra for CY modular forms

Let us suppose that t1, to, ..., tq present a solution of the modular vector field R, where each
of which might have a g-expansion (this was proven for n = 1,2,3,4 in [Mov15, IMN16]).
The reader should take care to differ the notations ti,to,...,tq used for a solutions of R
from the notations t1, to, ..., tq which are used for the coordinate charts of T. Nevertheless,
any solution component t; is associated with the coordinate t;. We define the space of CY
modular forms .# and the space of 2CY modular forms .#?, respectively, as follows:

1
(4.1) M= C[tl,tg,t3,...,td, v],
tnto(tnpo — t7T2)E
1
(4.2) M? = Clty, ts, tg, - - ., td,

tht2 (tn+2 - t?+2)f] ’

in which t is associated with £ given in (3.28) or (3:29)). Indeed, we have .# = .#*[ts] and in
our generalization the CY modular form ts has the role of the quasi-modular form F5 in the
theory of (quasi-)modular forms. Remember that we call elements of .#2 the 2C'Y modular
forms. Let us attach to any solution component t;, 1 < i < d, the weight deg(t;) = wj,
in which the non-negative integers w;’s are given in ([3.52]). For any integer r € Z we
define .#, and .#*, to be the C-vector spaces generated by { f € .# | deg(f) = r } and
{f € .#?| deg(f) = r}, respectively. Note that any constant in C is considered as a
weight zero CY modular form and by convention we suppose that, for any r € Z, the
element 0 is of weight r. Therefore, elements of .#, and .#?, are CY modular forms and
2CY modular forms of weight r, respectively. In particular, ts is a CY modular form of
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weight 2, see Remark [3.3] and the other t;’s, 1 < j <d and j # 2, are 2CY modular forms
of weight w;. In particular we have:

(4.3) M=, and 4=,

reZ reZ
Thus, .# and .#? are commutative and associative graded algebras on C.

Notation 4.1. From now on %, 7 and F refer to the differential operators on M ob-
tained from the wvector fields R, H and F, respectively, substituting the coordinate chart

tj, 1 < j < d, by the solution component t; and % by the partial derivation (%.

For example, if R = Z‘;:l Rj(tl,tg,...,td)%, with RI(t1,ta,...,tq) € O1, then # =
Z‘;:l Ri(t1,ta,. .. ,td)a%j. We consider the Lie bracket of the such obtained differential
operators the same as the Lie bracket of the associated vector fields. Hence, due to Theo-

rem [3.4) we get:
%, F| =, [ R =2%, (A, F]=-2F.

We recall that, for an integer d, a degree d differential operator D on .#, denoted by
D : M, — M4, is a differential operator that satisfies D(.#,) C M4 for any positive
integer r. Indeed, if we can write D = Z?ZI DJ (%, with DI € .#, then D is of degree d
provided deg(D’) —w; = d for any 1 < j < d. A degree d differential operator on .#? is
defined analogously.

Definition 4.1. We define the derivation 9 on M as the following differential operator:

0

(4.4) P =R+ o, (1+ 03 5 -

] - c%ﬂ) ’
where 5? refers to the Kronecker delta. Indeed, 2 is associated with the vector field D given

in 3329). By the Ramanujan-Serre type derivation 0 on .# we mean the differential
operator which for any integer r and any f € M, satisfies:

(4.5) Of = 2f + (1 - %55‘)rt2f.

We would like that the derivation £ and the Ramanujan-Serre type derivation 0 be-
have the same as the usual derivation (24]) and the Ramanujan-Serre derivation ([2.2)) of
the classical modular forms theory, respectively. In the following example we state the
derivations 2 and 0 explicitly for n = 1,2, 3, 4.

Example 4.1. In [Nik20] we found R,H,F explicitly for n = 1,2,3,4. In these cases, we
obtain the derivation 9 and the Ramanujan-Serre type derivation 0 as follows:

e n—=1.

0 0 0
_ ([ _ 3 3 _ 42 _
(4.6) R = (—tita — 9(t} ts))—atl+(81t1(t1 t3) t2)_8t2+( 3t2t3)—at3,
0 0 0
4. H=t — + 2%y <z
(4.7) tlatl + t28t2 +3t38t3’
0
4. F= 2
(4.8) o
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By definition, the vector field (A1) implies deg(t1) = 1, deg(t2) = 2 and deg(t3) = 3.
Since [R,F] = H, we observe that:

(4.9) D=,

(4.10) 9 =-9(t] — tg,)i + (81t (15 — t3) +t3)=—— 0 .
oty Oty

If we let O acts just on .4, then we get:

0
0=—9(t] —t3)——

oty
n=2.
(411) R=(t3— tlta)a% + (2t7 - %té)a% + (—2tats + Sti”)a% + (_4t2t4)a% ,
(4.12) H= 27518a + 2ty 88 + 4ts 88 + 8ty 8(34
(413) F= 28% ,

where the polynomial equation t3 = 4(t] —t4) holds among t;’s. From (EI2) we get
deg(ty) = 2, deg(ta) = 2, deg(ts) = 4 and deg(ty) = 8. Hence, due to (&4]) and
D) we find:

(4.14) D=,
(4.15) Q= tga% + (2t2 + %t%)ait2 - Bti”% .
In the case that O is considered on .#* we have:
a—tgaa +8t5{’8?3 .
o n=23

(4.16)  R=(ts —tltz)a% + tgt‘*;lf;t%}ti)_ & a%

3 4 5

IR T R Y

+ (= 5752755)8i + (5°t] — tote — 2t3t4)8i6 + (=5t — tzh)% ;
(4.17) H= 88 + 2t 88 + 3t3 aa + Bt 825 +tg 886 + 2t7 82

We obtain deg(t1) = 1, deg(ta) = 2, deg(ts) = 3, deg(ts) = 0, deg(ts) = 5, deg(ts) =
1, deg(t7) =2, and we get D : M — M as follow:

0 0

If we define O on .4, then we find:

7——’[— 5t—2tt——5tt
oo e ) o oy T O MWh)ge — St

0

(420) 0=t3— ot .
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0 67234t — 513 +13tg O

(4.21) R = (tg — tltg)atl + t? _— a1,
N 6 2t3tsts — 3t0tats + tatsts 9 N —6 227ty — tStaty + totats 9
8 — tg ots 9 —tg oty
N 6 2t3t2ty — AtStots — 2tStsty + Stitsts + dtatsts + 2tstate 9
2(t% — tg) Ots
 (6tate) 2 9, N 6723 — 17 0 | —3tltats + 3t{tsts + 3tatets O |
Ote 2x 672 Oty t8 —tg Otg
(4.22) H= tlaa - 2@(% + 3t3 88 +ty aa + 2t5 aa + 6tg 88 + 3tg 8(28
0
(423) F= o

where the equation t% = 36(7533 —tg) holds among t;’s. Analogous to the pervious cases
we have deg(tr) = 1, deg(ts) = 2, deg(ts) = 3, deg(ta) = 1, deg(ts) = 2, deg(ts) =
6, deg(t7) =0, deg(ts) = 3. Due to (&4l we find:

(4.24) 9 =%
and ([&E) yields the Ramanugjan-Serre type derivation on #* as follow:

9 6 %t%tsts 0 6 2t2tstg O
4.25 O=te— 4 —_30°%° ~Z _ 3
(4.25) 398, t0—tg Oty t0—tg Ot

6 2t3t2ts — 2t0tgty + Htitsts + 2tstatg O

2(t8 — tg) Ots
6723 —t7 0 3t Ttats O
2 x 672 8t7 — 1 atg

Remark 4.1. 1. If we look closely to all cases stated in Exzample [{.1 we find out that
the derivation & and the Ramanujan-Serre type derivation O are degree 2 differential
operators. Besides these, the Ramanugjan-Serre type derivation 0 sends any element
of M? to another element of .#*. More precisely, the same as what we mentioned
for the Ramanujan-Serre derivation given in ([2.1), in all the above cases we observe
that for any f € #?, the term (1 — %5§)rt2f in (&) kills all the terms including
to in Df which implies Of € M*, .2, and consequently 4> is closed under 0. All
these facts hold for any positive integer n which are stated in Theorem [{.1]

2. In Example [{.1] we stated the derivation & explicitly in the cases n = 1,2,3,4. For
n > 5, due to the proof of Lemmal32, we can state 2 explicitly as follows:

e ifn>>5 is even, then 9 = %,
e if n>5 is odd, then@:%+t2td_2%—t2td%,

Theorem 4.1. Followings hold.

1. The Rankin-Cohen derivation & is a degree 2 differential operator on M, i.e.,
9D - %* — %*4_2 .
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2. The Ramanujan-Serre type derivation O is a degree 2 differential operator on 2,
1.e.,

QM — M\ i

Proof. 1. Due to Lemma the proof is straightforward, since the modular differential
operator Z is associated with the vector field D which is a quasi-homogeneous vector
field of degree 2.

2. First note that on account of Remark 3.3 we always have deg(t2) = we = 2. Hence,
from part 1 and (LE) we deduce that 0 is a degree 2 differential operator. To prove
that for all f € .#? we get Of € .#?, it is enough to observe that for all integers r:

Vfe %2r : 0f € '//2r+27
which is equivalent to:

8t]€///w]+2, Vi # 2, @aa (0tj) =0, Vj#2,

= i(.@tj + ’wjtgtj) =0, Vj#2,
Otsy

= i(@t]) = —w;t;, Vj # 2,
Oty

d
0
<:;5—t2%] atj ijt]at — A,

.9 ) )
(Dl — _ - Jj_—
@ZGtQ(D )8tj S, where 7 : ZDatj
Jj=1 j=1
0
(:)[8_@’9]__%’
0
@[Q,O—tz]—%ﬂ.

The last affirmation is valid due to Lemma [3.2] which completes the proof.
O

Next, to use Proposition 2.1l we need the CY modular forms of positive weights.
Hence, we consider the spaces of CY modular forms .#>° and 2CY modular forms .# 2>0
of positive weights as follows:

(4.26) M =P, . a” =P

r>0 r>0

in which we suppose that .#y = .#?; = C. Thus, the space of CY modular forms of
positive weights .#>° is a commutative and associative graded algebra with unit over
the field C together with the derivation 2 : 40 — 40 1o of degree 2. Therefore, due
to Remark 211 (.#~°,[-,-]2.) is a standard Rankin-Cohen, and hence a Rankin-Cohen
algebra. From now on, if no confusion arises, we denote the bracket [-, |4 , simply by [-, -]«
which is called the Rankin-Cohen bracket for CY modular forms, and for any non-negative
integers k,r, s it is defined as

(2)  [fge= 3 (-1 <k e 1) <’“ s 1) FOg0, f €., Ng e My,

1
i+j=k J
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where fU) = 2if and gU) = 2ig refer to the j-th derivation of f and g under 2,
respectively. It is evident that [f, g]x € #1512k In the next theorem we observe that the

space of 2CY modular forms of positive weights .# 220 i5 closed under the Rankin-Cohen
bracket for CY modular forms given in ([€27]).

Theorem 4.2. For all non-negative integers r,s,k and for any f € M?%,., g € M?, we
have:

[f7 g]k € ~///2r+s+2k .

Proof. The idea of the proof is to use Proposition 2.1] and its proof. To this end, first
note that according to the part 2 of Theorem E.I] the Ramanujan-Serre type derivation
0 : ///250 — ///2522 is a degree 2 differential operator. If we set A = A(ty,to,...,tq),
where A is given in Lemma [B.I], then the same lemma yields A € .#?24. Therefore, from
Proposition 2.1] we get that (///2>0, [-,-]o.A%), where the k-th bracket [-,-]opax, k > 0,
is given by (2I9]), is a canonical Rankin-Cohen algebra. On the other hand, by letting
A = (368 — 1)ty from (&F]) we obtain

(4.28) Df=0f+r\f, Nfe .M.
Furthermore, if we write = Z?:l DJ %, with D/ € ., then
1 n 1 n 2

Considering Z = 22:1 Rja%_, with R/ € .#, the part 2 of Remark Bl yields D? = R2.
This fact along with (£29]) and (357)) implies:

(4.30) 2(\) = A+ N\

The relations ([428]) and (£30) show that ([221) is satisfied. Hence, from the proof of
Proposition 21l we obtain [-,-]g A« = [, |« (note that [-,-], = [-,-]».«). Finally, since "
is closed under [, -] A+, we conclude that .# 229 s closed under [-,-]« and the proof is
complete. [l

In particular, Theorem implies that (.Z 2>0, [-,-]«) is a Rankin-Cohen subalgebra
of (#>0[].).

Corollary 4.1. The Rankin-Cohen bracket for CY modular forms [-,-]. endows w?°
with a Rankin-Cohen algebra structure.

4.1 Examples of Rankin-Cohen brackets of CY modular forms

We know that the modular discriminant is given by A = ﬁ(E;Z’ — E?), which is related
with the discriminant 3 — 27¢2 of the family of elliptic curves stated in ([3.25). One can
easily compute (or find in [Zag94]) the following examples of Rankin-Cohen brackets (2.6])
of modular forms:

(4.31) [Ey4, Egli = —3456A, [Ey, Egla =0, [Ey, Eyls = 48004,
[Es, Egla = —21168E,A, [A, Al = —13E,A%.
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Note that for any (quasi-)modular form or any CY modular form f of non-negative weight
r and any integer k > 0 it is evident by definition that :

(4.32) Lf; flak+1 = 0.

For any positive integer n, the discriminant of the Dwork family (B is given by
the polynomial ¢, (t?+2 — tnt2). Hence, in the rest of this section for any n we fix the
notation A := tn+2(t?+2 — tpt2). Next, we compute a few examples of Rankin-Cohen
brackets (£27) of 2CY modular forms for n = 1,2, 3,4, which are motivated by examples

given in (£.37]).

e n = 1. In this case we found ti, to, t3 in the first list of (L3]) and we have A = t3(t3 —t3).
The Rankin-Cohen brackets are calculated as follows:

(4.33) [t1,t3]1 == 27A, [ti,t3]o = 7292 A, [ty t1]o = 324A,
[ts, t3]a = —2916t; A, [A, Aly = —5103t]A2.

Before passing to the next case, we express the combinations of ty, ts,ts which ap-
peared in the right hand side of the above relations in terms of eta and theta functions
that seem to us interesting. These relations are obtained thanks to [OEI64] and one
can find out more about them by seeing the corresponding pages and references given
there. By comparing the coefficients of t; with [OEI64, A004016] we find:

(434 = 5 (65(0)05(e") + 02(0)0a(e"))

and for t7 and t} the reader is referred to [OEI64, A008653] and [OEI64, A008655],
respectively. After computing the g-expansion of A, from [OEI64, A007332] we get:

(4.35) A= @),

and on account of [OEI64, A136747] we get:

1 2

(4.36) A = g’ (@n' (@) (0°(a) + 9n°(¢") -

The equations ([4.34)), (435]) and (£36]) yield:

1 (q) + 9°(¢°)

(4.37) 3t1 = 03(¢)03(¢%) + 02(9)02(¢”) = @

e n = 2. Here ty,ts,t4 are stated in the second list of (L3)). We know that A = t4(t} —ty),
and we obtain:

(4.38) [tl,t4]1 = —8tsty, [tl,t4]2 = 192'[515114, [tl,tl]Q = 36'[411 — 91:% = 36ty4,
[ts, ta]2 = —B76t3t3, [A, Aly = —1088t3t4(t] + 8ts)A.

Note that in the third bracket of (£38]) we used the fact that t2 = 4(t} — t4), which
also implies:

(4.39) [t1,t4]? = 64t3t3 = 256t4A .
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e = 3. In this case one can find the first 7 coefficients of the g-expansions of t1,to, ..., t7
in [Mov15]. We have A = t5(t] — t5), and we calculate the Rankin-Cohen brackets
as follows:

—4tyt3tyts + 3titste
125t — t5) ’

—2500t2(t] — t5) — 2t1t3(t1ts — t6)
625(t7 — t5) ’

(4.40)  [ti,ts]1 = —btats, [ti,ts]e =

—6t3tyt2
25(t) —t5)

[t1,t1]2 = [ts,t5]2 =

t2t2
(A, Al = ;—;(ti{’(—zoﬁ%ti’ — 55000t5 + 22t t3tg) — 44tsty (1] — t5)).

e n = 4. Here, the first 7 coefficients of the g-expansions of ti,ts,...,t7,ts are given in
[MNT16, Table 2]. We get A = tg(t$ — tg) and hence:

—9t1t2tytets + Ttitstets
12(tF — t) 7
—72t2(t8 — tg) — titdts(tits — t5) —Tttat3ts
18(t8 — t6) ’ td —t6
(A, Ay = t3t2(t](—1404t5 — 4680tg + 26t;t5ts) — 52tsts(td — t6)) .

(4.41) [t1,t6]1 = —6tsts, [ti,tel2 =

[t1,t1]2 = [te, te]2 =

)

The relations given in (8.54) yield Zt; = t3 — tity and Pt,19 = —(n + 2)tat, 42 for
any integer n > 3, from which we conclude the following expected result (see (£.40) and

EAT)):
(4.42) [tl,tn+2]1 = —(n + 2)t3tn+2, Vn > 3.

Another interesting point that we observe in the above examples is that in all the cases
n =1,2,3,4 the bracket [A, Al, is expressed as a polynomial in terms of ty,tg, ..., tq, and
we expect that this happens for higher dimensions as well.

It is also worth to point out that for any CY (quasi-)modular form f of weight r, the
second Rankin-Cohen bracket [f, f]o provides a second order differential equation which
is satisfied by f. More precisely, from ([4.27]) we obtain:

(4.43) [f: fla=6f2%F = 92[)?,

which implies that f satisfies the second order ODE:

(4.44) 6y2%y —9(2y)* = [f. fla-

For example, if n = 1, then from the third bracket of ([433]) we get that the function

(9) +97°(¢°)
3n(g®)

3
t = %(293(612)03((16) —03(=¢*)03(—¢")) = %(93@)93@3)+92(Q)92(q3)) =1

satisfies the following second order ODE:

(4.45) 2yij — 35° = 4n°(9)n°(¢”) ,

- o P 3 d
in which y = 3qa—g = ==
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5 Final remarks

One of weak points of Theorem is that we are just considering the CY modular forms
of positive weights. If we look closely to the definition of .# and .#? given in (&I]) and
([#2), respectively, we observe that they contain non-constant elements of weight zero and
elements of negative weights. For example for n = 3, the element t, € .#? is a non-
constant element of weight zero and t,(ti%td) € .#? is an element of weight —10. Thus,
in general it is not necessarily valid that .4, = .#?%, = C; indeed, .#y and .#?y are
generated by CU{ f € .# | deg(f) =0} and CU{ f € .#?| deg(f) = 0}, respectively.
We can consider the definition of the Rankin-Cohen bracket (£27]) for elements of negative
weights as well, and one should note that if £ > 0 is a positive integer, then for any r» > 0
the binomial coefficient (_Tk) is given as follow:

()= ()

Thus, employing ({27 we can endow .# with a Rankin-Cohen algebra structure. Using
the computer we observed that the Rankin-Cohen brackets of all examined 2CY modular
forms of negative weights are again 2CY modular forms, in the cases n = 1,2, 3,4, but we
could not prove theoretically the assertion that the space of 2CY modular forms .#? is
closed under the Rankin-Cohen bracket ([£.27)). We believe to the truth of this assertion,
but our main difficulty in carrying out its proof is the use of Proposition 2.1, where the
weights of non-constant elements of the graded algebra are considered positive. This led
us to the following conjecture.

Conjecture 1. The proposition [21] holds if the graded algebra M, also contains elements
of negative weights or non-constant elements of weight zero, i.e., M, = @, My and it
s not necessary that My = k.1.

In the above conjecture by constant elements we mean the elements of the field k. If
we want to prove Conjecture [Tl in an analogous way to the proof of D. Zagier given for
[Zag94, Proposition 1], the unsolved part is the equality (2.22)). Once we can prove the
Conjecture [T, we can prove that the space of 2CY modular forms .#? is closed under the
Rankin-Cohen brackets (4.27]).

Another point which is worth to discuss is the modular vector field. As we observed
in the part 2 of Remark [Tl for even positive integers n the derivation 2 is associated
with the modular vector field R, but for odd positive integers n, except for n = 1, & is not
associated with R. The reason for which 2 # %, when n > 3 is an odd integer, is that if
we use the differential operator % in the Rankin-Cohen bracket (£.27]), then the space of
CY modular forms .#? is not closed under the Rnakin-Cohen bracket. For example for
n = 3 if we use the derivation &, then

[ta, t5(t] — t5)] o1 = 10tstr (] —t5) € A4 %12,
but if we use the derivation Z, then
[ta, t5(t) —t5)] 1 = 10t5(t] — t5)(tots + t7) & A %12,

since in the right hand side of the above equality appears to which is not a 2CY modular
form. This fact leads us to think that we may change the definition of the modular vector
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field from being the unique vector field which satisfies the equation (3.22]) to being the
vector field that induces a Rankin-Cohen bracket under which the space of CY modular
forms is closed. Hence, in this manuscript we may consider D as modular vector field
which equals to R for even integers n and n = 1, and differs from R for odd integers n > 3.
Furthermore, in Corollary [3.I] we observed that the Lie algebra generated by D, the radial
vector field H and the constant vector field 8%2 is isomorphic to slz(C). Since the vector
field H stays unchanged, the weights w;’s remain the same. We should mention that one
of the disadvantages of the vector field D in comparison with the vector field R is that the
definition of D depends to the chosen chart (¢1,t9,...,tq) and, so far, we did not succeed
to define it in a chart-independent way. Maybe studying the Gauss-Manin connection
matrix of the vector field D be useful. Since the CY 3-folds are more important in the
literature, we state the Gauss-Manin connection matrix of D for n = 3 here:

0 1 0 0
o 0 0 Yy O

(5.1) Ap = toty 0o 0 -1 |
—tg(t2t4 +1t7) taty O 0

in which Yy, = Wg_tr) is the Yukawa coupling. Note that, due to Theorem Bl the
1 5
Gauss-Manin connection matrix of R is as follow:
01 0 O
oo v o0
(5.2) AR = 00 0 -1
00 0 O

It would be very interesting, and maybe helpful, if one can find out the (physical) inter-
pretation of the non-zero part of the lower triangle of the matrix Ap stated in (5.1).
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