ON THE DIMENSION OF THE FOMIN-KIRILLOV ALGEBRA AND
RELATED ALGEBRAS
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ABSTRACT. Let &, be the Fomin-Kirillov algebra, and let Bs , be the Nichols-Woronowicz
algebra model for Schubert calculus on the symmetric group S,, which is a quotient of &,,,
i.e. the Nichols algebra associated to a Yetter-Drinfeld S,,-module defined by the set of
reflections of S,, and a specific one-dimensional representation of a subgroup of S,,. It is a
famous open problem to prove that &,, is infinite dimensional for all m > 6. In this work,
as a step towards a solution of this problem, we introduce a subalgebra of Bg_, and prove,
under the assumption of finite dimensionality of Bg_, that this subalgebra admits unique
integrals in a strong sense, and we relate these integrals to integrals in Bs, . The techniques
we use rely on braided differential calculus as developed in [8, [9, 28], and on the notion of
integrals for Hopf algebras as introduced in [36].
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1. INTRODUCTION

We fix once and for all an arbitrary ground field k. We will always work over this field. We
denote by S,, the symmetric group on m letters. We denote by R the root system of type A,
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where n = m — 1. Fomin-Kirillov introduced in [14], Definition 2.1] a quadratic k-algebra &,,,
which is now called the Fomin-Kirillov algebra, defined by generators and relations where we
have generators z,, for each a € R and homogeneous relations

for all a € R,

for all o,y € R such that a and v
are orthogonal,

TaZatry + Tagy®y — TyTa = 0 for all o,y € R such that o and ~
span a root subsystem of R of type
A, with base {a,7v}.

Taly = TyTq

There are plenty of motivations to consider the Fomin-Kirillov algebra. Let us mention at
least two of them which are already present in [14].

e The divided difference operators d, acting either on the polynomial ring k[z1, ..., ]
or the coinvariant algebra Ss, of S,, satisfy the above relations where 0, plays the
role of x,, and the author does not know any other relations between them unless
relations generated from the above. In other words, the algebra &,, projects onto the
subalgebra of k[z1,...,x,,] or Ss, generated by 0, where a runs through R. The
ideas of the Schubert calculus of divided difference operators will be prevalent in this
paper, cf. Section 8 For an elementary introduction to them, we refer to [23| 25, 29)].

e Recall that over the complex numbers the coinvariant algebra Ss is canonically
isomorphic to the cohomology ring of the complete flag variety SL,,(C)/B where
B is a Borel subgroup of SL,,(C) (|14, Theorem 6.1]). Because of this geometric
interpretation, the coinvariant algebra is sometimes also called Borel’s algebra (at
least when considered over the complex numbers). In |14, Theorem 7.1], it was proved
that Ss,, can be canonically embedded into &,, via Dunkl elements. In this way, the
Fomin-Kirillov algebra can be thought of as a noncommutative model for Schubert
calculus, and can be useful to prove something about the latter.

In [14] Conjecture 2.2, the authors ask about the dimension of &,, considered as a k-vector
space. The following conjecture is nowadays well-known.

Conjecture 1.1. The Fomin-Kirillov algebra &, is infinite dimensional for all m > 6.
Remark 1.2. It is known from [32] Example 6.4] that &,, is finite dimensional for all m < 5.

Setup of the paper. Let (W, S) be a finite Coxeter system. Let By be the Nichols-Woronowicz
algebra model for Schubert calculus on W as it has been studied in [9]. The algebra By, is
a Nichols algebra associated to a Yetter-Drinfeld W-module defined by the set of reflections
T of W and a specific one-dimensional representation of a subgroup of W. It is a braided
Z>o-graded Hopf algebra in the Yetter-Drinfeld category over W. Over the symmetric grou
S, the algebra Bg  is known to be a quotient of &,,, and conjecturally isomorphic to &,
In order to prove Conjecture [LT], it therefore suffices to prove the following conjecture.

Conjecture 1.3. The algebra Bg  is infinite dimensional for all m > 6.

IThe same situation arises for all simply laced Weyl groups, and a more general conjecture can be formu-
lated in this setting as Pierre-Emmanuel Chaput brought to our attention.
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From now on, we will work with By, whenever we can prove our results in this generality,
and specialize to Bg, whenever needed. This has the advantage over working directly with
& that the statements can be formulated in a clear and type independent way. Moreover,
the algebras By, and in particular Bg , enjoy desirable properties Wthh are only conJecturally
known for &, and which we want to use in our proofs, cf. Remark [9.16], Corollary @.9]): Most
significantly, just as every Nichols algebra associated to a finite dimensional Yetter-Drinfeld

module, they admit a nondegenerate Hopf duality pairing. ([

While we cannot prove neither Conjecture [L.T] nor Conjecture [[L.3, we want, in this paper,
to suppose finite dimensionality of By, and draw significant consequences which eventually
might lead to a contradiction for Bg, whenever m > 6. More specifically, we want to propose
a proof of the following theorem.

Theorem 1.4 (Theorem T4.8). Suppose that Bs,, is finite dimensional. Let By be the
subalgebra of Bs, generated by x, for all a € R\ £A, where A is the set of simple roots,
and where we still denote by x, for each o € R the image of the canonical generators of €,,
under the natural projection &, — Bs, . Further, let B/mp be the nonzero component of By
of largest Z>o-degree. Then, every one-dimensional left or right ideal in By — equals B/mp ]n
particular, we know that B/mp is a one-dimensional Zxq-graded two- szded ideal in B’m

Remark 1.5. In the setup of Theorem [[.4] its content can be paraphrased by saying that
the subalgebra Bg admits unique integrals up to scalar multiple, cf. [36], Section 2], although
it is in general not a braided Hopf subalgebra of Bg .

Intuition of the paper. Whenever the algebra By, is finite dimensional, we expect certain
commutativity relations to hold, either on the nose under correspondent additional assump-

tions, or up to multiplication with a nonzero element in BW. We make this intuition precise
in Lemma [T2 (1) = (@), Theorem MZ.3 and Corollary [ In the setup of Theorem [I.4]

such a commutativity relation is visible because every nonzero element P € Bg L°P gives rise
to a nonzero integral Pz, = *+x,, P in Bg by multiplication with x,,, from the left or the
right (cf. Lemma [I0.2(3]), ), Theorem [I4.6l[2)), where w, is the longest element of W, and
where z,,, is the basis element indexed by w, of the standard basis of the nilCoxeter algebra

of W which embeds into Bg, by [9, Theorem 6.1(i),(ii)]. O
References. Although it did not become apparent by what we said up to now, the results
in this paper rely on braided differential calculus as developed in [9] 28]. Even if many of
the original ideas are due to [28], we will often refer to [§] for similar statements because the
latter paper is written in a generality and language which is more suitable for us.

Organization. In Section 2Hf] we setup common terminology and notation which will be
used from thereon. In Section [THI, we deepen some aspects of the braided differential calculus
developed in [9] 28]. Section are not strictly necessary to be read to understand the
proof of Theorem [[.4], but they serve as a good illustration of the principle of commutativity
explained in the paragraph “Intuition of the paper”. Section [[3HI4] finally contain the proof
of Theorem [L4. While we work mostly in the generality of By, as explained in the paragraph
“Setup of the paper”, it should be noted that some of our results, in particular Theorem [12.3]
work even in greater generality, i.e. for Nichols algebras associated to more general Yetter-
Drinfeld modules. We point out the details concerning these generalizations in Subsection
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Context. It is a recurrent theme in the literature to ask which groups admit a finite dimen-
sional Nichols algebra. This question has been studied in particular for symmetric groups,
alternating groups and dihedral groups [1, 2 3] 5]. This paper can be seen in line with these
works. Especially, a positive or negative solution of Conjecture [I.3] would supplement the
classification theorem [I, Theorem 1.1] of finite dimensional Nichols algebras over symmetric
groups. It should be noted that there exists a general theory which allows, among other
things, to treat the question of dimensionality of a Nichols algebra whenever it is associated
to a reducible Yetter-Drinfeld module over a Hopf algebra with invertible antipode, see for
example [16], 17, 18] 19, 27]. This theory is based on combinatorics on Lyndon words over
the alphabet given by an index set of the irreducible components of the underlying Yetter-
Drinfeld module. However, whenever the underlying Yetter-Drinfeld module is urreducible,
the theory of Andruskiewitsch, Heckenberger, Schneider et al. gives no information according
to the author’s understanding. Thus, it cannot be suitable to proof Conjecture [L.3L

Acknowledgment. The support of the German Research Foundation (DFG) is gratefully
acknowledged. The author thanks the Beijing International Center for Mathematical Re-
search and Professor Xiaobo Liu for accepting him as a Boya Postdoctoral Fellow of Peking
University.

2. COXETER GROUPS

We fix once and for all a finite Coxeter system (W, .S). We assume throughout that W # 1
or equivalently that S # @. We denote by m(s,s’) the necessarily finite order of ss’ in W
(cf. [20, Proposition 5.3]). We denote by T' = J,,cyy wSw™" the set of all reflections of WW.
We denote by h the geometric representation of W as in |20, Section 5.3], i.e. b is a real
vector space of dimension |S| with basis given by the set of simple roots A, and each simple
root 3 corresponds bijectively to a simple reflection sg in .S which acts on b via the formula
sg(x) = x—2B(z, B)F, where B is the W-invariant scalar product on b uniquely determined
by the assignment

B(ﬁ,ﬁl) = —COSW

on simple roots 3,5 (cf. [12, Chapter V, § 4, n® 8, Theorem 2| and [20, Proposition 5.3]).
Recall that the geometric representation b of W is faithful by [20, Corollary 5.4].

To the situation above, we attach a root system R in h and a partial order “<” on b
considered as an abelian group as in [20], Section 5.4]. The root system R is a root system in
the weak sense of |20, Section 1.2], i.e. it is a finite subset of nonzero vectors in b satisfying
the axioms

(R1) RNRa = {—a,a} for all @ € R,
(R2) w(R) = R for all w e W,

in particular, it is in general not crystallographic in the sense of |20, Section 2.9]. We refer
to Axiom by saying that R is reduced. We define the set of positive roots R* and the
set of negative roots R~ by the equations R" = {a € R|a >0} and R~ ={a € R| a < 0}.
Note that we have R = RT™UR~ where the union is obviously disjoint (cf. [20, Theorem 5.4]).
For a subset © of R, we denote by —O the set of roots —© = {—a | @ € ©}. With this
notation, we have for example R~ = —R*". Because R is reduced, note that R™ and R~
are in bijection with 7. Each time, the bijection is given by the assignment o — s, where
S 1s the reflection associated to a as in |20} Section 5.7, which acts on b via the formula
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So(r) = v —2B(x, o) analogously as in the case of a simple root o« = 3. This formula clearly
implies s, = s_, for all a € R.

We denote by ¢ the length function on W as defined in [20], Section 5.2]. We denote by
w, the longest element of W, i.e. the unique element in W of maximum length (cf. [20]
Section 5.6, Exercise 2|). We denote by “<” the (strong) Bruhat order on W as defined in
[20], Section 5.9].

Remark 2.1. Whenever W is a simply laced Weyl group or equivalently whenever R is
a simply laced root system, every root o written as a linear combination of simple roots
has integral coefficients, and we define the height of «, in formulas ht(«), as the sum of
those coefficients (cf. [20, Section 3.20, p. 83]). In this situation, we define further a W-
invariant scalar product on h given by (—,—) = 2B(—, —) which has the property that
(ar,y) € {—1,0,1} for all non-proportional roots a, v and that (a, a) = 2 for all roots «a.

Remark 2.2. In this remark, we want to recall some basic facts about the Bruhat order on
W which we will use from now on without reference. For a positive root a;, we have by [20]
Proposition 5.7| the following equivalences (to be read from top to bottom):

WS, < W WSy > W
= l(ws,) < L(w) = l(wsy) > l(w)
—  w(a)<0 —  w(a)>0

If « = (8 is a simple root, it follows from the strong exchange condition [20, Theorem 5.§]
that the above equivalences are further equivalent to:

no reduced expression of w
ends with sg

there exists a reduced expres-

7 sion of w which ends with s

—

By [20], Section 5.2, Equation (L.1), Exercise 5.9|, for a positive root «, there also exist left
analogues of the above two lines of equivalences as follows:

SqW < W SqW > w
— l(sqw) < l(w) — l(sqw) > l(w)
— wl(a)<0 — wHa)>0

If a = (8 is a simple root, it follows further that the above equivalences are equivalent to:

no reduced expression of w
starts with sg

there exists a reduced expres-
sion of w which starts with sg

Remark 2.3 (The center of W). Let (W, S) = [[.(W;, S;) be the decomposition of (I, S) into
irreducible components where (W;,.S;) is an irreducible finite Coxeter system corresponding
to the i*" connected component of the Coxeter diagram of (W, S) (cf. [20, Proposition 6.1]).
The geometric representation h of W decomposes as a direct sum €p, h; into irreducible
components where b; is the geometric representation of W; (cf. [12, Chapter V, § 4, n° 8§,
Corollary of Theorem 2|). The center of W decomposes into a product [[, Z; where Z; is
the center of W;. For each i, the group Z; embeds into Z/27 where the i*" embedding is an
isomorphisms if and only if w, acts as minus the identity on b; (in which case Z; = {1, w,;}
where w,; is the longest element of W; and where Z; is trivial otherwise). This description of
the center of W was discussed in [7, Lemma 4.5]. The center of W is relevant for this paper
because of Lemma

— —
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3. DISJOINT SYSTEMS IN COXETER GROUPS

In this section, we introduce the notion of disjoint systems in Coxeter groups. In the form
we define it, it is only suitable for finite Coxeter groups. This notion will be present in many
of our considerations.

Definition 3.1. Let w € W. We denote by T, the subset of R defined by
T,={a € R"|s, €wSw'}.
Fact 3.2. Let w be an element in the centralizer of w,. Then, we have Ty = Tww, = Tw-

Proof. By assumption on w, the equality 1o, = Tww, is clear. The equality Ty, = Tw
follows because w, is an involution and because w,Sw, = S by [20, Section 5.6, Exercise 2|.
O

Remark 3.3. Fact 3.2 has a converse if (W, S) is irreducible. In this case, if w,w’ € W are
such that T, = T, it follows that w = w’ or w = w'w,. This is clear from [20, Section 5.6,
Exercise 2| and the existence of a unique highest root for irreducible Coxeter systems (i.e. a

root 0y such that B(#,,5) > 0 for all 5 € A).
Definition 3.4.

e We say that D is a disjoint system if D is contained in the centralizer of w, and if
the union J,.p wSw™ is disjoint.

e If D is a disjoint system, we call the cardinality of D the order of D.

e We say that a disjoint system D is complete if the order of D is equal to %, in
other words, if D is a disjoint system such that T" =, wSw~! where the union is
disjoint.

e We say that a disjoint system D is normalized if 1 € D.

e If we want to emphasize the group W with respect to which a disjoint system is

defined, we explicitly speak about a disjoint system in W.
Remark 3.5. Note that we allow the empty set as disjoint system of order zero in any W.

Remark 3.6. If D is a disjoint system, then any subset of D is also a disjoint system.

Remark 3.7. We remark that the integer A1 ¢ Z~q is called the Coxeter number of W

S
(cf. [20, Proposition 3.18]). Note that half the doxeter number of W appears in the definition
of a complete disjoint system. If a complete disjoint system D exists, then the Coxeter number
of W is even and half the Coxeter number of W is equal to the order of D.

Remark 3.8. Let D be a disjoint system of order r. Let wq,...,w, € D. Then, the set
D'=(D\{wy,...,ws})U{vy,..., v}

where v; = w,w; = w;w, for all 1 < i < sis also a disjoint system of order . This follows from
Fact and because the centralizer of w, is a subgroup of W which contains the involution
w,. The difference between D and disjoint systems D’ derived from D in this way will always
be irrelevant for our applications in this paper.

Lemma 3.9. Let D be a disjoint system of order r. Let v be an element in the centralizer
of w,. Then, the set vD is also a disjoint system of order r.
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Proof. Let the notation be as in the statement. Let D’ = vD for short. It is clear that
D' has the same cardinality as D, that D’ is contained in the centralizer of w, (because
this centralizer is a subgroup of W), and that the union J,,.pvwSw™v™" is disjoint as a
translate of the disjoint union (J,.p wSw™t. By replacing w with v~!w in the translated
disjoint union, we find that the union J,, . wSw™" is also disjoint. Thus, we know that D’

is a disjoint system of order 7. O

Corollary 3.10 (Normalization of disjoint systems). Let D be a disjoint system of order r.
For all v € D, the set v™'D is a normalized disjoint system of order r. In particular, if a
complete disjoint system exists, then there exists also a normalized complete disjoint system.

Proof. The particular case is immediate from the more general statement. Let D be a disjoint
system of order 7. Let v € D and let D' = v='D. Note that v and v~! are both contained
in the centralizer of w,, by assumption, and because this centralizer is a subgroup of W. If
we apply Lemma to D and v~!, we find that D’ is a disjoint system of order r. But D’
is also normalized by definition. O

Remark 3.11. The most urgent combinatorial question raised by the notion of disjoint
systems is as follows: If the Coxeter number of W is even (which is necessary by Remark [3.7]),
does there always exist a complete disjoint system?

Remark 3.12. Let D be a normalized disjoint system. Then, every element w € D\ {1}
satisfies wSw™ NS = @. If D is a normalized disjoint system in S,,, elements of D\ {1} are
therefore a special example of so-called permutations without rising or falling successions.
These permutations in general are subject to combinatorial studies and enumerations. We
refer to [34] for a list of literature.

Disjoint systems in the symmetric group. For the symmetric group S,,, we write per-
mutations either in one-line notation or in cycle notation where the difference between the
two notations is visible by the absence or presence of parenthesis. Sometimes, we also write
permutations in S,, as bijections of {1,...,m}.

Remark 3.13. Recall that the longest element of S,, is simply given by m(m — 1)---1.
Hence, the centralizer of the longest element of S,, is given by permutations ¢ such that
o(i)+o(j)=m+1forall<ij<mwherei+j=m+ 1.

Example 3.14 (Complete disjoint system in Sg). For this example, let us assume that
W = Sg and that the notation from Section 2l is realized for S¢. Let us consider the elements
wy = 241635 and wy, = 315264 in S¢. By Remark [3.13] we see that both w; and ws lie in the
centralizer of the longest element of Sg. Further, the union

w Swit UwySwy ' = {(24), (14), (16), (36), (35)} U {(13), (15), (25), (26), (46)}

is disjoint and equal to 7'\ S. Hence, we conclude that {wy,ws, 1} is a normalized complete
disjoint system of order three in Sq. We have illustrated this disjoint system in Figure [
Note that the nontrivial elements of this disjoint system satisfy the additional relations

wl_l:wg,wz_lzwl,wflwgzwg:wlwo,w;lwlzwf:wgwo,

2We want to thank Richard Stanley for pointing out the reference [34] in a comment to our question on
MathOverflow [37].



8 CHRISTOPH BARLIGEA

FIGURE 1. For this figure, we assume that W = Sg and that the notation from Section [2]is realized
for S¢. Let wy and w2 be the elements of S¢ as defined in Example[3.14] The barycentric graph illus-
trates all positive roots in R where 1, B2, 83, 84, B5 denote all simple roots in A with the labeling
as in [12] Plate I]. The positive roots labeled with 1 and 2 correspond each up to multiplication with
w, from the right to a permutation in Sg (in this case to w1, wiw, and wa, waw,, cf. Remark B.3))
because they form a diagram with straight lines isomorphic to the Dynkin diagram of type As where
we possibly allow reflection along the horizontal bottom line below the graph. They correspond to
elements in the centralizer of the longest element of S¢ because their diagrams are symmetric with
respect to the vertical line in the middle of the graph. They correspond to permutations without
rising or falling succession because none of them is simple. If we denote by 71,75 the set of positive
roots labeled with 1,2, respectively, then we have T1 = T%,, and T5 = T,.

and that as a consequence the partition of 7' = w;Sw; "' U wySw; ' U S is invariant under
conjugation with w;, we. This example shows in particular that a complete disjoint system
in Sg exists.

4. NICHOLS ALGEBRAS AND BRAIDED DIFFERENTIAL CALCULUS

In this section, we recall some basic facts about Nichols algebras and braided differential
calculus. Braided differential calculus is the calculus of braided partial derivatives acting
on a Nichols algebra associated to a finite dimensional Yetter-Drinfeld module, and defined
in terms of a nondegenerate Hopf duality pairing. For more details concerning the general
theory presented in this section, we refer to [4] 6l 8, 9], 10, 22, 28|, 30]. More specifically, we
refer for

Subsection 4.1 to [0, Subsection 1.1-1.3|, [9, Subsection 2.1], [10, Subsection 5.1, 5.2],
Subsection [1.2] to [0, Subsection 2.1], [9, Section 2, 3|, [10, Sibsection 5.3-5.8|,
Subsection B3 to [8, Section 3|, [28, Subsection 2.3|,

Subsection 4.4 to [8, Subsection 4.1, 4.2], [9, Section 4].

4.1. Yetter-Drinfeld category over a Hopf algebra. We fix once and for all a Hopf
algebra H over k with invertible antipode. We denote by ZYD the Yetter-Drinfeld cate-
gory over H. Recall that the objects in YD are Yetter-Drinfeld H-modules, i.e. k-vector
spaces V' which are simultaneously left H-modules and left H-comodules which satisfy the
compatibility condition

(hv)(-1) ® (hv)(0) = hayv-1S(hs)) ® hz)v()

for all h € H and all v € V. Here and everywhere else where it is suitable, we use sumless
Sweedler notation for coproducts and coactions. In Section [I2] we will be however obliged
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to choose specific decompositions of coproducts in which case we renounce to use (sumless)
Sweedler notation. By [40], the above compatibility condition for a Yetter-Drinfeld H-module
V' can be equivalently expressed as

hayvi-1) ® heyve) = (hayv)-nhe @ (ha)v) o)

for all h € H and all v € V. The morphisms in #YD are the obvious ones, i.e. those which
preserve the H-module and H-comodule structure. The Yetter-Drinfeld category over H is
a braided monoidal category where the braiding ¥ of two Yetter-Drinfeld H-modules V' and
W is given by ¥(v ® w) = v_1yw @ v(g) with inverse ¥~} (w @ v) = vy ® 87 (v(_1))w for all
v eV and all w € WH Just as in the previous sentence, we usually suppress the components
of the braiding . Note that every finite dimensional Yetter-Drinfeld H-module V' is rigid
in the sense of [0, Subsection 1.1(d)| or [30, Definition 9.3.1], i.e. it admits a left dual, one
isomorphic copy of which we denote by V*, namely the linear dual of V' equipped with the
structure of a Yetter-Drinfeld H-module uniquely determined by the formulas

(hf)(v) = f(8(h)v),
fenfoy(w) =8 vy f(ve))

foralhe HoveV, feV*

Whenever A is a braided Zs(-graded Hopf algebra in YD, we denote by A™ the component
of A of Z>(-degree m, i.e. we always use superscripts to indicate Zs-graded components,
and we follow this convention even on the level of elements in A. For two braided Hopf
algebras A and B in #YD, we say according to [10, Subsection 5.3] or [30, Definition 1.4.3]
that a morphism (—, —): A® B — k in the Yetter-Drinfeld category over H is a Hopf duality
pairing between A and B if it satisfies the axioms

(o, ) = (¢, 2(2)) (¥, x1)) ,
(¢, 2y) = (D), 2){Pa1),Y)

which entail the properties

(Liz) =e(x), (1) =e(@), (8(¢), )= ($,8(x))

by [13], [22, Section II1.9], [30, Proposition 1.3.1], and where everywhere in the two previous
displayed equations ¢, € A and x,y € B. For a braided Hopf algebra A in YD, we call a
Hopf duality pairing between A and A simply a Hopf duality pairing between A and itself.
For two braided Zsq-graded Hopf algebras A and B in #YD, we say that a Hopf duality
pairing (—, —) between A and B respects the Zs¢-grading if (—, —) restricted to A™ @ B™
is zero unless m = m’.

Remark 4.1. Let (—, —) be a Hopf duality pairing between A and B where A and B are
two braided Z>(-graded Hopf algebras. Because (—, —) is a morphism in the Yetter-Drinfeld
category over H, we have the following invariance properties

(hw,y) = (2,8 (h)y) and (z,hy) = (8(h)z,y)
where he H,x € A,y € B.

3In this subsection, we do not need Coxeter groups. We will use temporarily W with another meaning,
and continue with the original setup from the previous sections in Subsection [£.41
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Remark 4.2. Every Yetter-Drinfeld H-module V' also carries a natural structure of a right
H-module given by vh = 8 !(h)v for all h € H and all v € V. This structure is natural as it
gives rise to an equivalence of categories as discussed in [4, Proposition 2.2.1, Item (1): (i) <
(iii)]. We will equip from now on every V with this additional structure, and consider every
h € H ecither as plain element in H or as homothety in Endy vi acting from the left or the
right on V', where the direction will be clear from context or will be indicated by evaluation
on elements in V' or placeholders (—).

Whenever A is a braided Hopf algebra in £YD, we consider elements in A sometimes as
endomorphisms of A given by multiplication from the left or the right and acting correspond-
ingly. It is finally convenient to consider the antipode of such an A (and its inverse if existent)
as endomorphisms of A acting either on the left or the right. Each time, for elements in A
considered as endomorphisms as well as for the antipode of A (and its inverse if existent),
the acting direction will be clear from context or will be indicated by evaluation on elements
in A or placeholders (—).

Let A be a braided Hopf algebra in £YD. With the conventions in the two previous
paragraphs in mind, we have

(=)zh = (=)he(zha)) and  hz(=) = (ha)z)he)(—)

for all h € H and all z € A. We will use the first of the two formulas above in the proof of
Theorem R.11

4.2. Nichols algebras and braided differential calculus. Let V' be a Yetter-Drinfeld
H-module. We denote by B(V) the Nichols-Woronowicz algebra of V. We call it simply
the Nichols algebra of V' from now on, or the Nichols algebra associated to V. By [0
Definition 2.1, Proposition 2.2|, this is a braided Zs-graded Hopf algebra in £YD uniquely
determined up to isomorphism by the axioms:

(N1) B(V) is connected, i.e. B(V)? = kl,

(N2) B(V) is generated as an algebra in Z>q-degree one,

(N3) the Yetter-Drinfeld H-module consisting of all primitive elements in B(V') equals
B(V)! which is in turn equal to V.

The explicit construction of B(V') is discussed in 6 Subsection 2.1], [9, Subsection 3.1|, [10}
Subsection 5.7]. We assume for the rest of this subsection that V' is finite dimensional. Recall
the important property that B(V') comes equipped with a nondegenerate Hopf duality pairing
(—,—) between B(V*) and B(V) which respects the Zs(-grading and which is uniquely
determined by the property that its restriction to V* BV equals the evaluation pairing of
V. Using this pairing, one defings a right action y — D of the algebra B(V) on B(V*) via
braided right partial derivatives D ».and a left action y* — D « of the algebra B(V*) on B(V)
via braided left partial derivatives D, where

")Dy Z( )(Z(z) y>
v (2) = (" 20))2e

4Here and in what follows, Endy and the word “endomorphism” without further specification refer to
endomorphisms of vector spaces.
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for y,z € B(V) and y*, z* € B(V*). We will be mostly concerned with braided right partial
derivatives in this work. If it is clear from context whether left or right is meant or if it does
not matter, we simply speak about braided partial derivatives. We record the formulas

(", yx) _< Dy’x>
(x*y*, z) :<£L’,Dy* ),

where z,y € B(V) and z*,y* € B(V*), which will be used in several of our considerations
without further reference, e.g. in the proof of Proposition @ I0([]). Having the conventions in
Remark in mind, braided partial derivatives are uniquely determined by the multiplica-
tivity of the actions they define and the formulas

where v € V, v* € V* 2z € B(V), z* € B(V*). The first of these formulas is called the
braided Leibniz rule and we refer to it under this name from now. The braided Leibniz rule
is of utmost importance for this work and will be often in use. The second of these formulas
is used only in Remark which follows and in the proof of Lemma [E9([]), and is referenced
also as braided Leibniz rule. Let us finally mention the following formulas

bhy = Sz(h(l))5y83(h(2)) and E)hy* = 8_2(h(1))ﬁy*8_1(h(2))

where h € H, y € B(V), y* € B(V*), which are a straight forward generalization of [8]
Remark 3.16].

Remark 4.3 (Embedding the tensor square into endomorphisms [24, Lemma 1]). Let V' be
a finite dimensional Yetter-Drinfeld H-module. As a consequence of the nondegeneracy of
the Hopf duality pairing between B(V*) and B(V'), we have according to [24, Lemma 1] two
embeddings of vector spaces

B(V) ® B(V*) —s Endi B(V*),
B(V) @ B(V*) —> Endy B(V)

defined on pure tensors by the assignments

<—
y®€HD_y>€,
y®Er— yDy

and extended linearly. It follows from the braided Leibniz rule that the images of these
embeddings inherit the structures of a Z-graded algebra in #YD whenever the antipode on
H is an involution, where the algebra structure is inherited from Endy B(V*) and Endy B(V),
where the structure of a Yetter-Drinfeld H-module is inherited from B(V)®@B(V*), and where
the Z-grading is given by the way the operators in the image manipulate the Z>- degree when
applied to elements in B(V*) and B( ), cf. [8, Remark 2.16], i.e. the Z-degree of Dy£ is given
by m —m' and that of yD, by m’ — m whenever £ and y are homogeneous of Z>,-degree m
and m’.

The original context of the embeddings of the tensor square into endomorphisms is coho-
mology and quantum cohomology of G/B where G is a reductive linear algebraic group and
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B is a Borel subgroup of G, cf. [9, Thoerem 5.4|, [24] Theorem 1], [31, Lemma 1.3]. We re-
mark that there is a formal analogy between this construction and similar construction which
evolve from generalizing Drinfeld’s quantum double, cf. [22] Chapter IX], [30, Chapter 6, 7|.

4.3. Yetter-Drinfeld category over a group. We fix once and for all a group I'. We
denote the Yetter-Drinfeld category over the group algebra kI" by kYD, and we call its objects
Yetter-Drinfeld I'-modules. Let V' be a Yetter-Drinfeld I'-module. We always denote by V;
the component of V' of I'-degree g. We assume for the rest of this subsection that V is finite
dimensional and that its support in the sense of [32], Section 4, p. 8|, i.e. the set of all g € T’
such that V;, # 0, consists of involutions. Let b be a homogeneous basis of V' with respect to
the I'-grading, and let b* be its dual basis of V*, which is of course again homogeneous with
respect to the ['-grading. By sending a member of b to its corresponding dual member in
b* and extending linearly, we define an isomorphism V' = V* of Yetter-Drinfeld I'-modules,
which in turn induces an isomorphism B(V') = B(V*) of braided Zx(-graded Hopf algebras.
Upon identification of V* with V' and B(V*) with B(V') along these isomorphisms induced
by b, the Hopf duality pairing between B(V*) and B(V') becomes a symmetric Hopf duality
pairing between B (V') and itself whose restriction to V®V has identical representation matrix
when represented with respect to b. In the current situation, one introduces according to
[8, Section 3], [28, Subsection 2.3] two Zsq-graded endomorphisms p, 8 of B(V) which are
uniquely determined by the requirement that

(S1) p is the identity in Zso-degree zero and one,

(S2) pis an anti-algebra homomorphism, i.e. we have p(zy) = p(y)p(z) for all z,y € B(V),

(S3) 8 restricted to B(V)™ is given by (—1)"p8.
As in Remark 2] it is convenient to consider the maps p and § (as well as the antipode of
B(V') and its inverse) as endomorphisms of B(V') acting either on the left or the right, where,
each time, the acting direction will be clear from context or will be indicated by evaluation
on elements in B(V') or placeholders (—).

4.4. Nichols-Woronowicz algebra model for Schubert calculus on W. Let V} be
the Yetter-Drinfeld W-module defined as the quotient of the free vector space with basis
([a])acr by its vector subspace span,{[a] + [—a] | @ € R}, equipped with the W-action
WTo = Ty(a) for all w € W and all o € R, where z, always denotes the image of [o] in Viy,
and equipped with the W-grading given by assigning the W-degree s, to z, for all a € R.
The Yetter-Drinfeld W-module Vi has support 7" and is of dimension |R*| where a canonical
homogeneous basis of Vi with respect to the W-grading is given by (2, )acr+. Hence, all the
assumptions of Subsection 4.3l are satisfied for Vj;,. As a consequence of Subsection [4.3], we can
and will from now on identify V}}, with Vi and B(Vj;,) with B(V}y) along the isomorphisms
Vir 2 Vi, B(Viv) = B(V}},) induced by (z4)acr+ as it was proposed in [9, Subsection 4.4].
Following [9], we set By, = B(Viy) = B(V};,) for short and call By, the Nichols-Woronowicz
algebra model for Schubert calculus on W.

Remark 4.4. From now on, we work mostly with the Nichols algebra By, or even with the
special case Bg whenever indicated, while we point out some generalizations in the next

subsecﬂon. (I_n this siiuatiog, we use shortcuts for braided partial derivatives, namely, we
write D, = D, and D, = D, for all « € R.

4.5. Generalizations. We want to point out some generalizations which might be relevant
for further work on the dimension of Nichols algebras in general:
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e Lemma [(.9([3)- (&) works for any B(V') where V is a finite dimensional Yetter-Drinfeld
[-module whose support consists of involutions once we choose a homogeneous basis
of V' with respect to the I'-grading and do the identifications as in Subsection (4.3
Lemma B9([I),([2]), however, make use of the nilpotent relation in By, which is not
evident for arbitrary B(V') as in the previous sentence.

e Section [7] without its unnumbered subsection, i.e. Proposition [Z.I] and Corollary [7.2]
work for any B(V) where V' is a finite dimensional Yetter-Drinfeld I'-module whose
support consists of involutions once we choose a homogeneous basis of V' with respect
to the I'-grading and do the identifications as in Subsection 3]

e Corollary Q.I3|[2)),([B]) except the part “z ~ gz” works for any finite dimensional B(V')
where V' is a Yetter-Drinfeld I'-module whose support consists of involutions. We do
not have to make the exception “z ~ gx” if V' is in addition link-indecomposable in
the sense of [32, Section 4, p. 8|, i.e. if in addition the support of V' generates I'.

e Corollary @.I3|[H), (6] works for any finite dimensional connected braided Zs-graded
Hopf algebra A in HYD which is generated in Zsg-degree one once we choose a basis
of Al

e The principle of concrete commutativity in Theorem works for arbitrary finite
dimensional Nicholas algebras B(V') associated to a Yetter-Drinfeld I'-module V' upon
choice of a basis of V.

5. TERMINOLOGY CONCERNING MONOMIALS

In this section, we want to setup a common language concerning monomials to speak about
certain situations which will arise throughout the paper. All statements in this section are
either trivial or immediate consequences of the braided Leibniz rule.

Definition 5.1. Let V' be a Yetter-Drinfeld H-module. Let (z,)acr be a basis of V. Let
vel. Let©® C1.

e We say that M € B(V) is a monomial if there exist A € k and «g,...,a,, € I such
that M = Az, - 2q,, -

e We say that a monomial M € B(V) starts with ~y if there exist A € k and o, ..., q,, €
I such that M = Az, - --z,,, and such that a; = 7.

e We say that a monomial M € B(V') ends with ~ if there exist A € kand vy, ..., € 1
such that M = Ax,, - - - ,,, and such that a,, = 1.

e We say that a monomial M € B(V) starts with © if it is a monomial which starts
with ¢ for some § € ©.

e We say that a monomial M € B(V') ends with © if it is a monomial which ends with
0 for some § € ©.

e We say that a monomial M € B(V) does only involve © if there exist A € k and
a1, ..., 0, € O such that M = Az, - 2,,, -

e We say that an element z € B(V) starts with v if it can be written as a sum of
monomials which start with ~.

e We say that an element z € B(V) ends with ~ if it can be written as a sum of
monomials which end with ~.

e We say that an element z € B(V) starts with © if it can be written as a sum of
monomials which start with ©.

e We say that an element z € B(V) ends with © if it can be written as a sum of
monomials which end with ©.
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e We say that an element z € B(V') does only involve © if it can be written as a sum
of monomials which do only involve ©.

Remark 5.2. Let the notation be as in Definition 5.1l Note that we allow every scalar as
a monomial in Definition [5.Il Consequently, every scalar is also a monomial in B(V') which
does only involve © for any © C I. Conversely, every element in B(V) which does only
involve @ must be a scalar.

Remark 5.3. Let the notation be as in Definition 5.1l Note that a monomial in B(V') which
starts with v / ends with v / starts with © / ends with © / does only involve © is in particular
an element in B(V') which starts with « / ends with v / starts with © / ends with © / does
only involve ©. In that sense, Definition [5.1] is consistent.

Remark 5.4. Let the notation be as in Definition 5.1l Note that a monomial or element in
B(V') starts with 7 / ends with v if and only if it starts with {7} / ends with {~}.

Remark 5.5. Let the notation be as in Definition 5.1l Note that an element z € B(V') starts
with 7 if and only if it can be written as z.,z’ for some 2z’ € B(V). Similarly, an element
z € B(V) ends with v if and only if it can be written as 2’z, for some 2’ € B(V).

Remark 5.6. Let the notation be as in Definition 5.1l Note that a monomial M € By starts
with v / ends with © / does only involve O if and only if p(M) is a monomial in By, which
ends with v / ends with © / does only involve ©. Consequently, an element z € By, starts
with 7 / ends with © / does only involve © if and only if p(2) is an element in By which ends
with v / ends with © / does only involve ©. This is clear from [8, Proposition 3.7(2),(6)]
and the definition of p.

Remark 5.7. Le the notation be as in Definition 5.1l Note that every monomial in B(V') is
homogeneous with respect to the Zso-grading. More specifically, let V' be a Yetter-Drinfeld
[-module and let (z4)aer be a basis of V' homogeneous with respect to the I'-grading. In
the situation of the previous sentence, every monomial in B(V') is even homogeneous with
respect to the Z>¢-grading and the I'-grading.

Remark 5.8. Whenever we work with By, as introduced in and subject to the identifications
in Subsection 4.4 we consider the canonical homogeneous basis of Vi with the respect to
the W-grading given by (z,)acr+, and the terminology in Definition [5.1] will always refer to
this basis and the index set I = R*.

Lemma 5.9. Let © C RT.

(1) Let z € By be an element which starts with v for all v € ©. Let £ € By be an
element which ends with ©. Then, we have £z = 0.

(2) Let z € By be an element which ends with ~y for ally € ©. Let £ € By be an element
which starts with ©. Then, we have z& = 0. o

(3) Let z € By,. We have (2)D, = 0 for all « € © if and only if (2)De = 0 for all
§ € Bw which start with ©. .

(4) Let z € By,. We have D,(z) = 0 for all « € © if and only if D¢(z) = 0 for all
¢ € By which end with ©. . .

(5) Let z1, ..., zm € Bw be such that (21)Dq = +++ = (2m)Da = 0 for all @ € ©. Then,
we have (2 -+ 22)De =0 for all § € By which start with ©.

(6) Let z € By be an element which does only involve R*\ ©. Let § € By be an element
which starts with ©. Then, we have (2)D¢ = 0.
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—

(7) Let z1,22 € By be such that (zl)i_) =0 for all « € ©. Then, we have (2122) D¢ =
Zl(Zg)Df for all £ € By, whzch do only involve ©.

(8) Let z1, z5 € By be such that D (zl) =0 for all_)oz € © and such that z; is homogeneous
of W-degree g. Then, we have Dg(zlzg) = 21D y-1¢(22) for all & € By which do only
involve ©.

Proof of Item (]). For the proof of the desired vanishing, we can assume that ¢ is a monomial
which ends with ©. In that case, we may write £ as {'x,, for some o € © and some monomial
¢ € By. By assumption, the element z € By, starts with . Hence, it can be written as
1,7 for some 2’ € By by Remark 5.5 We conclude that £z = 'z22’ is zero since 22 = 0 by
I8, Example 4.4]. O

Proof of Item (3). For the proof this item, one can argue analogously as in the proof of
Item (I). Alternaftively, one can apply Item () to p(z) and p(¢) and apply Remark (.6 and
the definition of p. O

Proof of Item (3). The implication from right to left is obvious because every z,, where o € ©
is a monomial which starts with ©. For the other implication, it suffices to prove the vanishing
if € is an arbitrary but fixed monomial which starts with ©. In that case, we may write £ as
& for some o € © and some monomial £ € By,. It follows that

(2)D¢ = (2)DDg = 0
because (z)i_)a vanishes by assumption. O

Proof of Item (4)). For the proof this item, one can argue analogously as in the proof of
Item (3]). Alternatively, one can apply Item (B]) to 8(z) and p(§). The result follows this way
using [8, Proposition 3.7(6), Proposition 4.2, Remark 4.3] and Remark O

Proof of ]teﬂ}_(ﬂ). By Item (3), we may assume that £ = z,, for some o € ©. The vanishing
of (21 -+ zm) D, then follows from the braided Leibniz rule. O

Proof of Item (@). For the proof of the desired vanishing, we may assume that z is a monomial
which does only involve Rt \ © and further, by Item (3], that £ = x, for some o € ©. By
this assumption, there exist A € k and «q,...,a, € RT\ O such that z = A\z,, -+ z,,,. If
we apply Item ([H) to z; = z,, for all 1 <i < m and to &, the result follows. O

Proof of Item (),(8). For the proof of these items, we may assume that £ is a monomial
which does only involve ©. By induction on the Zs(-degree of the monomial £, we can
further assume that its Zs-degree is one. But in that case, the desired equations follow
again from the braided Leibniz rule. O

Lemma 5.10. Let £ € By be a nonzero homogeneous element of some Z>o-degree m and
some W-degree w. Then, the parity of {(w) equals the parity of m.

Proof. To prove the lemma, we can clearly assume that £ is a nonzero monomial of some
Z>o-degree m and some W-degree w. If we assume this from now on, we can find A € k*
and aq, .. € R* such that £ = Az, -+ - x,,,. Then, we necessarily have w = s,, - - Sq,, -
Every reﬂectlon has odd length. Thus, by the deletion condition |20, Corollary 5.8], we see
that /(w) has the same parity as m. O
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6. NILCOXETER ALGEBRA

The nilCoxeter algebra was first introduced in [I5] and studied in the context of the
symmetric group. Schubert polynomials and Stanley symmetric functions are treated in [15]
as coefficients of certain expressions in the nilCoxeter algebra. Independently from this, we
adopt here the point of view developed in [9] where the nilCoxeter algebra of W is canonically
embedded into By, for any W.

Let Ny be the subalgebra of By, generated by xz where 5 runs through A. As it was
proved in [9, Theorem 6.3(i),(ii)], these generators of Ny, satisfy the so-called nilCoxeter
relations, i.e. the homogeneous relations x% =0 for all § € A and

TpTRTE -~ = Ty TRy -

Vv Vo
m(sg,sgs) factors on each side

for all 5,8 € A, and all other relations between them are generated from those. Therefore,
the algebra Ny, is called the nilCoxeter algebra of W in the sense of |15, Section 2|. Let
5, - - Sp,, be a reduced expression of some w € W. Then, we define x,, = xg, - - - x3,,. This
element is well-defined, i.e. independent of the choice of the reduced expression of w, because
of the nilCoxeter relations and because any two reduced expressions of w can be connected by
a sequence of braid moves by the Word Property |11, Theorem 3.3.1(ii)]. With this definition,
the family (z, ), becomes a basis of Ny,. We call this basis the standard basis of Ny,. We
finally remark that by definition z; = 1 is a member of the standard basis of Ny .
Following Liu’s coproduct approach [28, Proposition 2.7|, see also [8, Definition 5.1|, we
introduce for all v,w € W uniquely determined elements z,,/, € Bw such that A(z,) =
> 0 Tw/w @ Tpy. By definition, we then have z,,/, = 0 for all v £ w, and further ,,; = z,, and
Twjw =1 for all w € W. In line with Remark [£.4] we use further shortcuts, namely, we write

— — —
Dy =D,, and Dy, = D for all v,w € W.

Fact 6.1. Let u,v,w € W. Let y = wx,.

(1) The element y is nonzero and homogeneous of Zso-degree ¢(v) and of W-degree
! In particular, if v = w, and if w is an element in the centralizer of w,,

Law /v

wow .
then the element y is nonzero and homogeneous of Zx-degree ¢(w,) and of W-degree
Wo.

(2) We have woz, = (—1)"® 2y, 40, If w is an element in the centralizer of w,, this means
that w,y = (—l)é(v)wxwovwo. If v and w are both elements in the centralizer of w,,
we see in particular that wy,y = (—1)‘@y. If v = w, and if w is an element in the
centralizer of w,, we see further that w,y = (—1)4®e)y.

(3) We have (z,,z,) = 0,,-1. If v is an involution, e.g. if v = w,, we have in particular

that (y,y) = 1.
(4) We have p(z,) = x,-1. If v is an involution, e.g. if v = w,, it follows in particular
that p(y) = y.

Remark 6.2. The proof of Item ([I]) and its content are plain. We will use Item (Il without
reference from now on.

Remark 6.3. Note that it follows from Item (3) that the family (z,,), is a basis of Ny .

Remark 6.4. If v = w, and if w is an element in the centralizer of w,, then Item (8] says in
particular that (y,y) = 1 which is precisely the meaning of Corollary [R5 applied to a disjoint
system of order one. In this sense, there is some overlap between Item (B) and Corollary
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Proof of Item (2). In the proof of this item, we repeatedly use the fact that w, is an involu-
tion. We only have to prove the first formula in the statement of Item (2]). The special cases
are immediate from it. To this end, recall that ¢(v) = ¢(w,vw,) because of |20, Section 1.8,
Equation (2), Section 5.2, Equation (L1)|, so that sg, ---ss,, is a reduced expression of v if

and only if s,,(8,) * - * Sw,(8,) 15 & reduced expression of wyvw, by [20, Section 5.6, Exercise 2|.
In the transition from wyx, t0 Xy, wm,, We therefore pick up a sign for each of the ¢(v) factors
of x, because x_, = —x, for all & € R. These observations prove the desired formula. O

Proof of Item (3). We only have to prove the first formula in the statement of Item (B]). The
special case follows because (—, —) is a morphism in the Yetter-Drinfeld category over W.
But the first formula was already proved in [8, Proposition 6.4]. O

Proof of Item (4)). It is clear that sg, ---sg, is a reduced expression of v if and only if
g, -+ Sp, 1s a reduced expression of v~'. The formula p(z,) = z,-1 follows from this.

The special case follows then by [8, Proposition 3.7(1)]. O

Lemma 6.5. Let w € W. Let y = wx,,. The element y € By is a monomial which starts
with v for all v € Ty,. The element y € By s also a monomial which ends with v for all
v €T, and a monomial which does only involve T),.

Proof. Let the notation be as in the statement. The statement in the last sentence is clear
from the statement in the second last sentence because of Remark and Fact G.I(H). We
prove the statement in the second last sentence now. Let v € T, be fixed but arbitrary.
Then, there exists a unique § € A and a unique sign € such that w(f) = ey. We may write
Tw, = TpTszw, and thus y = ex, (wrs,y,). In this form, the monomial y is visibly a monomial
which starts with ~. ([l

Corollary 6.6. Let w € W. Lety = wx,,. Then, we have zy = 0 for every element z € By
which ends with T, and yz = 0 for every element z € By, which starts with T,,.

Proof. This is clear from Lemma (.9([I),(2) and Lemma [6.5 O

Lemma 6.7. Let v,w € W be such that v # w,, then ww,,/, is a monomial which starts
with T,,.

Proof. Let v,w € W be such that v # w,. By [8, Example 5.4, Theorem 6.11] and because w,
is an involution, we know that ww,,, /, = W8 (L, ). Since v # w,, we can find € A such that
sgvw, < vw,. Further, there exists a unique v € T;, and a unique sign € such that w(5) = ey.
By [8, Proposition 3.7(4)] and by what was said, we see that wa,,/, = €t (sywS(T s 00,))-
From this equality and [8, Remark 3.8|, we see that ww,, /. is indeed a monomial which starts
with ~, and this 7 lies in T}, by definition. O

7. INVERSION OF BRAIDED PARTIAL DERIVATIVES

By inversion of braide<d_ partial derivatives, we mean the third formula in Proposition [7.1]
which shows how p and D, where £ € By, commute when considered as endomorphisms of
Bw acting from the right. Such a formula has relevance for the vanishing in Corollary
which is used in the proof of Lemma [I43l Further, in this section, we work out a variant
of the Nichols-Zoeller theorem for By, namely Corollary [.5] based on Corollary [[.4] where
the latter result is used in the proof of Corollary Q.T3|H).
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Proposition 7.1. Let £ € By, be homogeneous of W -degree g. Then, we have
— 1o
SDf = g SDS(@
Dgs_ = Dg 8_19_1 s
/)Dﬁ D8(£
Proof. Let us recall the equivalent formulas
AS = (S®8)VA,
U8 tTes A =AS
from [30, Equation (9.39) on page 477| where we suppress the components of the braiding W.
The first of those formulas can be put in words by saying that the antipode in a braided Hopf

algebra is a braided anti coalgebra homomorphism. If we use suggestive Sweedler notation
and plug in the braiding of |;YD, we can equally well write these formulas as

8(2)1) ® 8(2)2) = 9(1)8(2(2)) ® 8(2(1)) ,
$72)m @87 () = 8 (2) © 9518 (2q0)

where 2 is an arbitrary element in By, and where g1y, g2y denote the W-degree of z(1), 2(2),
respectively.

With the help of the previous two formulas and the basic properties of (—, —), we compute
— —
(5( ))Dg = 9(1 @)(8(21)),€) = (8(6), 201))97'8(2(2)) = 97 '8Dse) (2) ,
—
De8™Y(2) = (€,87! > 28 () = 987 (21)) (22, 871(€)) = () Ds198 g

This proves the first two formulas in the statement.

To prove the third formula, we can restrict the operators in the formula to a graded
component Bjy, of some Z>(-degree m. Once the equality is proved for arbitrary but fixed
m, it will be valid everywhere on By,. Let e = (—1)™. Because p and 8 are involutions by [8]
Proposition 3.7(6)], we see from its definition that 8 restricted to B is given by ep§ = e8! p.
With the help of [8, Proposition 3.7(1), Proposition 4.2, Remark 2.16, Remark 4.3|, this last
formula for § restricted to BY. and the second formula in the statement which was already
justified, we compute

pbg = 5_15556 = ESBP(OS_I = ES—1P(5)8_1896 = Eg(g)pg

where this computation takes place restricted to Bj},. By what said before, this completes
the proof. O

Corollary 7.2. Let b € By. For all o« € R*, we have
(0)Do =0 if and only if (p(b))Da =0.
Proof. The third formula in Proposition [Z.I] applied to £ = z,, for some o € R™ becomes
pDa = Dapsa

because § is the identity in Zso-degree one by definition. The claimed equivalence is im-
mediate from this formula and the fact that the operator p is invertible by [8, Proposi-
tion 3.7(6)]. O
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A variant of the Nichols-Zoeller theorem.

Theorem 7.3. Let £ € By be a homogeneous element of W-degree g. Then, we have
871(¢) = (=1)"Wg718(¢).

Proof. For the proof of the desired formula, we may assume that ¢ is a monomial of WW-degree
g. We assume this from now on and proceed by induction on the Zx(-degree of {. The case
of Z>o-degree equal to zero, i.e. { being a scalar multiple of 1, being obvious, we assume
further that the Zs-degree of € is > 0. In that case, we may write ¢ as z,&’ for some o € R*
and some monomial £ € By,. With the help of [30, Equation (9.39) on page 477| and the
induction hypothesis, we compute

—1)"@g718(¢) [
Corollary 7.4. Let £ € By be a homogeneous element of W-degree g. Then, we have
82(€) = (—-1)Wgg.

Proof. This is an immediate corollary of Theorem [7.3] O

Corollary 7.5 (A variant of the Nichols-Zoeller theorem [33, Theorem 10.5.6, Corollary
10.5.7(a)]). Let e be the exponent of W, i.e. the least common multiple of the orders of all
elements of W as in [39]. Then, we have 8% = 1.

Proof. Indeed, it follows from Corollary [7.4] that 8§2¢(¢) = (—1)¢“9)g¢ for all homogeneous
elements ¢ € By, of W-degree g. By definition of e, we know that e is even, and further
that e is the smallest positive integer N such that gV = 1 for all ¢ € W. It follows that
(—1)49)ge =1 for all g € W, and consequently 8% = 1 — as claimed. OJ

8. CONSEQUENCES OF THE GENERALIZED BRAIDED LEIBNIZ RULE

The general braided Leibniz rule appears in the context of the symmetric group, divided
difference operators and skew divided difference operators in the papers [23, 28, 29], for
example. We adopt here the point of view developed in [8] where a generalized braided
Leibniz rule was introduced for braided partial derivatives acting on By,. We give a selective
list of consequences of this rule.

Theorem 8.1 (Generalized braided Leibniz rule [8, Theorem 5.14], |23 Proposition 3(ii)],
[29, Chapter 2, Theorem 2.18|). Let v,w,w’ € W. Let z € By,. Then, we have

— — — _ _
2Dya,,, = Z Doz, ((2) Dua,  w'uv™ ')
v<ulw
where we can equally well take the sum over all u € W.

Proof. Note that z,,, = 0 for all v £ w by definition. This shows that we can equally well
sum over all u € W in the formula in the statement and everywhere else (in this proof) where
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similar situations arise. Let v, w,w’ € W be arbitrary. Suppose that the claimed formula is
proved for w’ = 1, then we find for arbitrary w’ that

Zubwrmu/v((z)Dwx T wuv™ '™ ) > Dwx/ (( )Exw/uuv_lw’_l)

— — — _ —
=Y W'Dy, ((z20) Dy, uv ™)' =w'(z2w') Dy, , W™ = 2Dy, ,

where we used Remark B2 [8, Remark 3.16] and the assumption for w’ = 1. This means
that it suffices to prove the claimed formula for w’ = 1. We now do SO

Let z,y € By. Evaluating once (z(y ))D and twice ((zy)z )D with the help of [8]
Theorem 5.14], we find the equality

S (@)D ((2)Dujort’) = Y (@) Doy ((4) Dupur’) ((2) Dyt -

v’ u,v’

If we plug x = z,-1 into this equality, it becomes

«—

(1) va 1 1((yz wo?) va Lo ( DU/U/U/) ((2)Dopputt) -

in view of [8, Proposition 8.1]. We now prove by induction on ¢(v) that

W2)Dujov = >_ (1) Duyo) ((2) Do)

u

which suffices to finish the proof of the theorem because we can multiply with v=! from the
right. If v = 1, the desired formula is simply [8, Theorem 5.14| by [8, Example 5.4|. Suppose
that ¢(v) > 0 and that the induction hypothesis is satisfied for all v" of length < ¢(v). With
the help of Equation (Il) and [8, Example 5.4] we find that

(yz)(l_?w/vv + Z Lyt fy—1 ((yz)i_)w/vlv/) =

v'<v
— —
> (WD) (D) + D @y () Dujurt’) (=) D)
u v <u<w
v'<wv
where we of course use the definitional vanishing mentioned in the first sentence of this proof.
The second sums after the plus on each side of the previous equation are equal by induction
hypothesis. If we subtract them, we are left with the desired formula for v. This completes
the induction step and the proof of the theorem. O

Corollary 8.2. Let v,w € W. Let y = wx,,. Then, we have

— —

byszxv =D, ((Z)wav>

for all z € Byy.

5The expression (zw’ )Ew ,, before the last equality in this equation has to be understood as the compo-
sition of two endomorphlsms of BW acting from the right, namely the composition of multiplication from
the right with zw’ = w’ (1_2 and wa ,.» and should not be confused with the endomorphism given by right
multiplication with (zw’) Dy, . Except maybe in the proof of Corollary B3 where we explicitly make it clear
in writing, this is the only instance where the conventions in Remark lead to ambiguity. Everywhere else
the absence or presence of parenthesis and arrows makes the meaning clear.
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Proof. Let the notation be as in the statement. Let z € By be fixed but arbitrary. By
Theorem [8.1], we have

‘A -1
yszxU E D (MU wxv/uwuw )

Since wx, is a monomial which starts with T,, whenever u # 1, we see from Corollary
that y(wz,) vanishes for all u # 1. In view of [8, Example 5.4], the above sum therefore

reduces to the right side of the claimed formula in the statement of the corollary. O
Corollary 8.3. Let v,w € W. Let b € By be such that (b) =0 for all a € T,,. Then, we
have
— — 1
bDusz,,,, = Duwa,,,, (wvw,w™b) .

Proof. Let the notation be as in the statement. By Lemma BEI@), Lemma [6.7 and |8
Example 5.4], we see that (b) Dy, .. vanishes for all u # w, and evaluates as b for u = w,.
This means that if we apply Theorem B to the left side of the claimed formula in the
statement of the corollary, in the corresponding sum over w only one term associated to
u = w, survives and this term is equal to the right side of the claimed formula in the
statement of the corollary. Note also that bww,v ™ 'w™ = wvw,w™'b considered as equality
of elements in By, because w, is an involution. This completes the proof. U

Corollary 8.4. Let D be a disjoint system of order two. Let wq,ws be 30me<_0rdemng of the
elements of D. Let y; = w1xy, and let yo = waox,,. Then, we have ley2 =Dy, 11 (— 1)wo),

Proof. Let the notation be as in the statement. By Lemma 6.5 the monomlal y1 does only
involve T,,, € RT \ Tw2 Thus, by Lemma B.9([@]), we know that (yl)D =0 for all & € T),.
Therefore, Corollary [8.3 apphes to v = 1,ws,b = y; and we obtain the claimed formula

because of Fact [6.1I([2). O
Corollary 8.5. Let D be a disjoint system of order r. Let wy,...,w, be some ordering of

the elements of D. Let y; = w;xy, for all 1 <i <r. Then, we have

(r=Dr L(w,
<y7r(1) o Yr(r)y Yo (1) 'ycr(r)> = (—1)( o )) Hywe)

for all permutations o, € S,. In particular, it follows that Y,y - - - Yo(r) s nonzero for all
permutations o € S,.

Proof. Let the notation be as in the statement. The particular case is obvious from the
claimed equation. We prove this equation. Let o,m € S, be arbitrary. If we change the
indices of the ordering of D from 1,...,r to m(1),...,7(r) and replace o by or~!, we see
that we can assume directly in the beginning that 7 = 1. We will assume 7 = 1 from now
on.

Let us define indices i, ...,/ ; such that

{2]1 < < ZZ*—Q} = {1,,7“}\{0'(1),,0’(])}
for all 0 < 7 <r — 1. In order to prove the corollary, it suffices to prove the formula
(2) <y231 e yiiija yU(j-‘rl) e ya(r)> = (_1)n]+1 Hwo <y R S yi{t;il, ya(j+2) o ya(r)>

where
njp=r—o(j+1)—#{1<i<j+1|o@)>0o(j+1)}
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and where 0 < j < r — 1. Indeed, once Equation (2)) is established, we apply it iteratively
for all 0 < 7 <r —1 and we find that the bracket in the statement of the corollary is equal
to minus one to the power of Z _yn; times ¢(w,). But the parity of the previous sum is
precisely the parity of (r=1)r 1 + E( ). In this way, we see that it indeed suffices to prove
Equation (2]).

To prove Equation (2)), let us fix some arbitrary 0 < j <r — 1. Let 1 < k <r — j be such
that 7/ = o(j + 1). By definition, we know that n; .1 = r — j — k. From this and repeated
application of Corollary B4l to suitable subsets of D with two elements (cf. Remark B.6), we
see that

Y

A= nj+1-l(wo ) D
(yz’{ a ‘yig-—j)DyU(jJrl) = (-1 )(yii N 'yii)Dy”U“)yZH A

If we use additionally Lemma [5.9([6]), (7), and Fact [6.T]([3]), we see that the above quantity
equals

(_1)nj+1.e(wo)yi{'+l Y

r—j—1
But this shows everything we have to show in order to justify Equation (2]) and completes
the proof of the corollary. U

Corollary 8.6. Let w € W. Let y = wx,,. Let x1,25, x5 € By be such that
— — -1 — —
(1) Dy = (22) Dy = (Wwow ™ x2) Dy = (23) Dy =0
for all a € T,,. Then, we have
— —
(z1y7213) D,y = (21 (Wwew ™ 39)yz3) D,y = 21 (wwow ™ (z973)) .

Proof. The claimed equalities follow directly from Fact 6.1 Lemma B5.9(5), (), Corollary
and the assumptions. O]

Corollary 8.7. Let ug_be an ele{r_nent m ti(;g centralizer of w,. Lety = wx,,. Let x1,x9,23 €
By be such that (x1)Dy = (x2)Dy = (x3) Do = 0 for all « € T,,. Then, we have

(21y2273) Dy = (21 (wow2)yas) Dy = 21 (w,(a273)) -

Proof. Let the notation be as in the statement. The result follows from application of Corol-
lary 86l We simply have to verify that (woxg)D vanishes for all a € T,,. By FactB32land [8,
Remark 3.16] this vanishing is equivalent to the vanishing (atg)D = 0 for all @ € T, which
is part of the assumption. O

9. INTEGRALS FOR HOPF ALGEBRAS

In this section, we study integrals for Hopf algebras with a view towards our applications
to Nichols algebras. For background material on integrals, we refer to the foundational works
[26, 35], B6], to the more recent reference [4] and to the pedagogical text book [30]. For the
relation between integrals and Frobenius algebras, we refer to [21], 26].

Definition 9.1 (|4, Equation (2.3.6)], [36, Section 2|). Let A be a braided Hopf algebra in
AYD. Let z € A.

e We say that z is a left integral in A if zx = €(z)z for all z € A. We say that x is a
nonzero left integral in A if x is nonzero and if x is a left integral in A.

e We say that x is a right integral in A if xz = ¢(2)z for all z € A. We say that z is a
nonzero right integral in A if x is nonzero and if x is a right integral in A.



ON THE DIMENSION OF THE FOMIN-KIRILLOV ALGEBRA AND RELATED ALGEBRAS 23

e We say that z is an integral in A if x is a left and right integral in A. We say that x
is a nonzero integral in A if = is nonzero and if x is an integral in A.

Remark 9.2. Let A be a braided Hopf algebra in £YD. The presence of a nonzero left
integral / right integral / integral in A gives rise to a one-dimensional left ideal / right ideal
/ two-sided ideal in A.

Remark 9.3. If A is a classical Hopf algebra with trivial braiding, then there exists a nonzero
left integral in A if and only if there exists a nonzero right integral in A if and only if A is finite
dimensional. This theorem is proved in |36, Corollary 2.7, Equivalence (2.11) < (2.13)]. In
general, it is known that for a braided Hopf algebra in £YD of finite dimension the two-sided
ideal of all left integrals as well as the two-sided ideal of all right integrals are one-dimensional
(cf. [4, Section 2.3]). However, we do not know the literature well enough to decide whether
the presence of a nonzero left or right integral in a braided Hopf algebra in £YD implies
finite dimensionality (just as it is known in the classical case by [36] loc. cit.]). Therefore, we
will from now on follow the following convention: If we speak about a nonzero left integral
/ right integral / integral in a braided Hopf algebra A in #YD, we implicitly assume that A
is finite dimensional. Since we certainly use finite dimensionality of A in the presence of any
kind of nonzero integrals in A, we do not lose anything from this assumption.

Remark 9.4. To handle infinite dimensional braided Hopf algebras A in YD, and to intro-
duce sensible notions of integrals for them which extend the notions in Definition [0.1], people
often consider left integrals / right integrals / integrals in A* instead of A where A* is the
algebra dual of A considered as a coalgebra, cf. [30, Section 1.7] and [35]. We mention it but
we will not need this approach in this work.

Proposition 9.5. Let A be a connected braided Z>o-graded Hopf algebra in FYD. Let x be
a nonzero left or right integral in A.

(1) The element x is homogeneous of some Zxq-degree m. The integer m satisfies A™ =
kz and A™ =0 for all m' > m. In particular, every left or right integral in A is an
integral in A.

(2) An element x' is an integral in A if and only if zx’ = 0 for all homogeneous elements
z € A of Zso-degree > 0 if and only if 2’z = 0 for all homogeneous elements z € A
of Z>o-degree > 0. If for this sentence, in addition, the algebra A is generated in
Z>o-degree one, then an element x' is an integral in A if and only if za’ = 0 for
all homogeneous elements z € A of Zso-degree one if and only if 2’z = 0 or all
homogeneous elements z € A of Zx(-degree one.

(8) For a nonzero element x' € A, there exist homogeneous elements y,y’ € A with respect
to the Zo-grading such that yx' and 'y’ are nonzero integrals in A.

Remark 9.6. Recall that a braided Z-graded Hopf algebra A in £YD as in the statement
of Proposition is connected if and only if A% = k1.

Proof of Proposition[9.3. Let the notation be as in the statement. Since A is finite dimen-
sional, there exists an integer m such that A™ # 0 and such that A™ = 0 for all m/ > m.
By the assumptions on A, every element in A™ is an integral in A. By the uniqueness of
left or right integrals in A up to scalar or the uniqueness of right integrals in A up to scalar
(cf. 4, Section 2.3 or Proposition 3.2.2] or |6, Lemma 1.12]), we conclude that A™ is the
one-dimensional two-sided ideal of all integrals in A. Item (II) follows from this. Item ()
follows from Item (Il) and the assumptions on A.
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Let us prove Item (B]). Let 2’ be a nonzero element in A. Let m’ be the smallest integer
such that in the decomposition ) ., 2™ of &' as a sum of homogeneous elements 2™ of
Zso-degree m” the element /™ is nonzero. By Item (), it suffices to prove the statement
of Item (B) for /™ instead of 2/. Hence, we may and will assume right in the beginning
that 2’ is homogeneous of some Zso-degree m’. We now perform an induction on m —m/. If
m = m/, then 2’ is a nonzero integral in A by Item (Il) and we can set y = ¢’ = 1. If m > m/,
then 2’ is a nonzero element in A which is not a nonzero integral in A. By Item (2)), we can
find homogeneous elements y;,y; € A of Zs¢-degree > 0 such that y;2” and 2'y] are both
nonzero. By our assumption on z’ and our choice of y,y], we know that y;2’ and z'y] are
both nonzero homogeneous elements of Z>q-degree > m/. By the induction hypothesis, there
exists homogeneous elements ys, y5 € A with respect to the Zso-grading such that ysy;2” and
2'yjyy are nonzero integrals in A. The elements y = yoy; and ' = |y} are homogeneous
elements of A with respect to the Z--grading as required. U

Remark 9.7. In the rest of this work, we will only be concerned with connected braided Z>-
graded Hopf algebras in £YD. As we see from Proposition [@5(I]), for a connected braided
Zso-graded Hopf algebra A in YD, we do not need to make a distinction between left or
right integrals in A and integrals in A. Therefore, we will not further make the distinction
in our statements. From now on, we will state our results only for bona fide integrals.

Remark 9.8. Let A be a a connected braided Zsq-graded Hopf algebra in #YD. In view of
the convention in Remark and Proposition @.5|(I]), we have the equivalence that

A is finite dimensional if and only if there exists a nonzero integral in A

which we will use from now on without reference.

Corollary 9.9. Let A and B be braided Zsq-graded Hopf algebras in BYD. Assume that A
or B is connected and that there exists a nondegenerate Hopf duality pairing (—, —) between
A and B which respects the Zsq-grading. Then, both Hopf algebras A and B are connected.
Moreover, there exists a nonzero integral in A if and only if there exists a nonzero integral
in B. Let x* be a nonzero integral in A and let x be a nonzero integral in B.

(1) We have (x*,x) # 0.

(2) Let ' € B be a homogeneous element with respect to the Zso-grading such that
(x*,x) = (x*,2'). Then, it follows that x = z'. Let ¥ € A be a homogeneous
element with respect to the Z>q-grading such that (x*,z) = (™, x). Then, it follows
that z* = x*.

Proof. Let the notation be as in the statement. By assumption, we have A° = B so that
A is connected if and only if B is. Because of the presence of a nondegenerate pairing
between A and B, we know that A is finite dimensional if and only if B is. From this and
Proposition @0, it follows that there exists a nonzero integral in A if and only if there
exists a nonzero integral in B.

Item () follows from Proposition Q.5([I)) and the assumptions on (—, —). Item (2] follows
from Item (I]) and again from Proposition Q.5[I) and the assumptions on (—, —). O

Proposition 9.10. Let V be a finite dimensional Yetter-Drinfeld H-module. Let x be a
nonzero integral in B(V') and let z* be a nonzero integral in B(V™).

(1) Every nonzero element y € B(V) satisfies (x*)z_)y # 0 and every nonzero element
y* € B(V*) satisfies Dy (x) # 0.
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(2) Let 2" € B(V)" and y* € B(V*)™ for some m,m* € Zsq such that y* is nonzero
and such that D (x) = Dy* (2'). Then, we have v = x'. Let ¥ € B(‘{_*)W and y €
B(V)™ for some m, m* € Zxq such that y is nonzero and such that (z*)D, = (z*)D,,.
Then, we have x* = x*.

Proof. Let x and z* be as in the statement. Let us prove Item (Il). Let y be a nonzero
element in B(V) and let y* be a nonzero element in B(V*). By Proposition @.53), there
exist homogeneous elements 2’ € B(V') and = € B(V*) with respect to the Zs(-grading such
that yz’ is a nonzero integral in B(V') and such that z*y* is a nonzero integral in B(V*).
From Corollary @.9I([), it follows that

0# (z5,yz') = (( x*)(ﬁy,x/> ,
0 # <.f1}'*,y*,.f1}' o <ZI}'*, E)y* >
The result in Item () is clear from these equations.

Let us prove Item (2)). Let the notation be as in the first sentence of the statement of
Item (2]). By Proposition @), [8, Remark 2.16] and Item () of this proposition, we note
that 2’ is nonzero and that m is the Zs¢-degree of x. Again, by Proposition @.5|[), we see
that 2/ is a nonzero integral in B( IQ and that there exists a nonzero scalar A such that
2’ = Az. It follows that D,«(z) = AD,«(z). By Item (IJ), we conclude that A = 1 and thus
x = 2'. The rest of the statement of Item () can be proved analogously. In the case of a
finite dimensional Yetter-Drinfeld I'-module whose support consists of involutions, the rest
of the statement of Item (2)) follows equally well from the first sentence of the statement of
Item () by application of §, Proposition @H(I) and [8, Proposition 3.7(6), Proposition 4.2,
Remark 4.3]. O

Lemma 9.11. Let A be a connected braided Zso-graded Hopf algebra in LYD. Let x be a
nonzero integral in A. Then, the element x is homogeneous of some I'-degree which is central
in I' and there exists a unique character I' — k>, g — A, such that gx = A\gx for all g € T'.
If for this sentence, in addition, I" is generated by involutions, then the character as in the
previous sentence satisfies A, € {—1,1} for all g € T

Proof. Let the notation be as in the statement. We know from Proposition @.5([) that = is
homogeneous of some I'-degree h. For every g € I, the element gz is a nonzero integral in A
by Proposition [@.5I(]). Hence, for every g € I', there exists a unique nonzero scalar A\, such
that gz = A\ z. By comparing I'-degrees in the previous equation, we see that ghg™' = h for
all g € I'. In other words, the element £ is central in I'. It is clear that g — A, defines a
character I' — k> which is uniquely determined by the property that gx = A\jx for all g € T".
If in addition I is generated by involutions, we must have A\, € {—1,1} for all g € I" because
g — A4 is multiplicative and because )\3 = 1 for every involution g € T". ([l

Definition 9.12. For a vector space, we define an equivalence relation ~ by declaring two
vectors x and 2’ to be equivalent, in formulas = ~ 2/, if there exists a sign € such that x = ex’.
We use the same symbol ~ for this equivalence relation regardless on which vector space it

is defined.

Corollary 9.13. Let x be a nonzero integral in By, .
(1) The element x is homogeneous of some Zso-degree m and some W-degree w. The
parity of L(w) equals the parity of m.
(2) For all g € W, we have x ~ gx. Moreover, we have x ~ p(z) ~ 8(z) ~ 8(x).
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(3) In the sense of Item (3), we define signs €,, €s, €5 such that x = e,p(z), v = €8(x),
x = €s8(z). Then, we have ¢, = e5 and es = (—1)™ where m is defined as in Item ().

(4) With w defined as in Item (), we further have wx = (—1)" )z,

(5) An element x' is an integral in By if and only if x,x' = 0 for all « € R if and only
if ?’xq =0 for alla € RT.

(6) Let x' be a nonzero element of By,. Then, there exist monomials M,M' € By
such that Mx' and x' M’ are nonzero integrals in By. In particular, there exists a
monomial which is a nonzero integral in Byy.

Proof. Let the notation be as in the statement. Let us prove Item () first. By Proposi-
tion @.5[3)), there exist homogeneous elements y,y’ € By, with respect to the Zso-grading
such that yz’ and 2’y are nonzero integrals in By. Let us assume further that y and 3’ are
chosen as in the proof of Proposition [@.5|([3]), i.e. with respect to the nonzero component of z’
of smallest Z>o-degree. We can write y respectively 3 as a sum ), M; respectively > . M/
of monomials M;, M; all of equal Z>(-degree equal to the Zso-degree of y and y’. Then, we
have ), Mz’ # 0 and ), 2’M] # 0 and consequently M;z" # 0 and 2'M; # 0 for some i, j.
By Proposition Q.5 ) and our choice of y,y', M;, M, we know that M;z’" and 2'M; are
nonzero integrals in Byy. Thus, the monomials M = M; and M’ = M; are as required. The
particular case follows by application to 2’ = 1.

Let us prove Item (Il). By Proposition @.5(I]) and Lemma 0. T, we can define m and w as
in the statement. The rest of the item follows by application of Lemma to x.

The first sentence of Item (2)) follows from Lemma The morphisms p and 8 are Z-
graded involutions by [8, Proposition 3.7(1),(6)]. Hence, it follows from Proposition Q.5
that © ~ p(xr) ~ 8(z). Using these last relations, Proposition @5 or Item (I)) of this
corollary, and the definition of §, we finally see that 8(z) ~ pS(z) ~ p(z) ~ .

Let us prove Item (3)). By definition of §, it is clear that eg = (—1)™¢,€s where m is defined
as in Item (Il). Hence, it suffices to prove that €, = €. By [8, Proposition 3.7(6), 3.10], we
see that

(x,2) = (p(x),8(x)) = epes(x, x) .
In view of this equation, Corollary Q.9|[I]) completes the proof of Item (3]).
Let us prove Item (). In view of Item (2), we know that z = 8*(z). And further, with
w defined as in Item (I)), that 8%(x) = (—1)“®wx by Corollary [T4. The result in Item (@)

follows from these observations. Finally, Item (B]) is immediate from Proposition [O.5(2])
because (4 )aecr+ is a basis of Viy. O

Corollary 9.14 (Abstract commutativity). Let w € W. Let y = wzx,,. Let x1,x9, 23 € By
be homogeneous elements with respect to the Zso-grading such that xiyxazs s a nonzero

integral in By, and such that
— — —

(21)Da = (22) Do = (wwow '22) Dy = (25) Dy = 0
for all a € T,,. Then, we have r1yxow3 = T1(Ww,w L as)yws.

Proof. By assumption, the element x;(ww,w™'zy)yxs is homogeneous with respect to the
Z>o-grading. Further, the element y is nonzero. Therefore, the result follows from Corol-
lary and Proposition 0.10(2)). O

Corollary 9.15. Let w be an element in the centralizer of w,. Lety = wx,,, . Let x1, 29, x5 €
By be homogeneous elements with respect to the Zs-grading such that v1yzoxs is a nonzero
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integral in By, and such that (x1)Dy = (x2) Dy = (x3) Dy = 0 for all « € T,,. Then, we have
T1YTax3 = T1(WoT2)yTs.

Proof. By assumption, the element z;(w,x2)yzs is homogeneous with respect to the Zsg-
grading. Further, the element y is nonzero. Therefore, the result follows from Corollary 8.7
and Proposition Q.I0(2]). O

Remark 9.16. Whenever we apply Corollary [0.9(]) to By or one of the results derived
with its help, e.g. Corollary [0.14] 0.15] we use a consequence of the fact that By, admits a
nondegenerate Hopf duality pairing between By, and itself.

10. INVARIANCE OF INTEGRALS

Under invariance properties of integrals, we understand formulas which show that a nonzero
integral in By, is invariant under certain operators which lie in the image of the embeddings
of the tensor square into endomorphisms as in Remark or are composites thereof. Such
properties can be derived manifoldly using the results in Section® In this section, we present
a selection of such.

Lemma 10.1.(!1625 xr € By be an element such that xx, = 0 for some o« € R. Then, it
follows that (z)Dyxs = .

Proof. Let the notation be as in the statement. The braided Leibniz rule implies in particular
H . . .

that D,z, = 1—x,D,. The result follows by application of the previous operator to z because

of the assumed vanishing. 0J

Lemma 10.2 (Invariance properties). Let x be a nonzero integral in By .
(1) Let « € R. Then, we have

r = (m)baxa :

(2) Let a € R. Let € be the sign such that s,x = ex,, (which exists by Corollary[9.13(3)).
Then, we have
-
r=—exy(x)D,.
(3) Let w e W. Let y = wxy,. Then, we have
—
z = (x)Dyy.

(4) Let w be an element in the centralizer of w,. Let y = wx,,. Let € be the sign such
that w,x = ex (which exists by Corollary[913(3)). Then, we have

xr = (—l)é(w")ey(x)(l_)y.

(5) Let D be a disjoint system of order two. Let wy,ws be some ordering of the elements
of D. Let yy = w1y, and let yo = waxy,. Then, we have

$—
T = (_1)é(w0)y1y2('x>Dy1y2 ’
H
T = () Dy, y2y1 -
Proof of Item (). The first item follows from Lemma [[0.1] and Proposition [@.5I2]). O
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Proof of Item (2),(3),(4]). Let the notation be as in the statement. By Proposition 0.5l
and [8, Remark 2.16|, we know that the terms on the right side of the displayed equations in
the three times we want to proof here are all homogeneous with respect to the Z--grading.
We see that Proposition [@.I0(2)) applies. Thus, it suffices to prove that

(x)ﬁa = —e(xa(x)(ﬁa)Ba,

(#)Dy = (()D,y) D,

()D, = (~1)™)e(y(x)D,) D,
where the symbols appearing in the three equalities are supposed to be defined as in the
three corresponding items. The first of these three equalities follows directly from the braided

Leibniz rule and [8, Remark 3.16], the second from Fact [6.II[3]) and Corollary B.2] and the
third from Fact B.II[2]),([3), Corollary [6.6], B3] and [8, Remark 3.16]. O

Proof of Item (J). Let the notation be as in the statement. With the help of Fact [GII[2),
Lemma E9(@),([7), Corollary B4, B.T5, Ttem (3]),( ) and [8, Remark 3.16], we compute that

— —
(_1)Z(wo)ylyz($)Dy1yz = (_1)é(wo)€yl( )Dywzyz

(-1 Ve(y1(x) Dy, ) Dy
(I) y2y2

)
—

T
(#) Dyt = (~1) <>5yly2y1y2
(I) y1y1Dy2y2
55) y2 Y2
LE,

where € is the sign such that w,z = ex (as in the statement of Item (4]) — which exists by

Corollary Q.I3([2)). O

Corollary 10.3. Let x be a nonzero integral in BW Let w be an element in the centralizer
of w,. Let y = wxy,. Then, we have ((x)D,, (z ) y) # 0.

Proof. Let the notation be as in the statement. By Lemma[I0.2[#]), we have ((x)Ey, (x)ﬁy) =
(—1)4woe(x, x) where e is the sign such that w,z = ex (which exists by Corollary @.I3(2).
The result follows from this and Corollary [@.9(T]). O

11. DISJOINT SYSTEMS AND INTEGRALS

In this section, we explain the relation between complete disjoint systems and integrals in
By More specifically, we explain in Lemma [T.2t (Il) = (B) how the existence of certain
integrals in By, implies commutativity relations up to scalar multiple.

Lemma 11.1. Let D be a disjoint system of order two. Let wq,ws be some ordering of the
elements of D. Let y; = wyxy, and let yo = woky,. If y1yo and yoyy are linearly dependent,
then we necessarily have yiy; = (—1)1W) oy, .

Proof. Let the notation be as in the statement. Suppose that y;y, and y,y; are linearly
dependent. By Corollary 83 we know that both yiy, and oy, are nonzero, hence linear
dependence implies the existence of a nonzero scalar A\ such that y,y2 = Ayoyi. If we apply
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<l_7y1y2 to both sides of this equality, we find in view of Corollary B3] that A = (—1)“®°), This
completes the proof. O

Lemma 11.2. Suppose that By, is finite dimensional. Let D be a complete disjoint system
of order r. Let wy,...,w, be some ordering of the elements of D. Let y; = w;xy, for all
1 <i<r. The following items are equivalent.

(1) The element Yo(1) - - - Yo(r) 15 a nonzero integral in By, for some o € S,.
(2) The element Yo1) - - - Yo(r) 1S a nonzero integral in By, for all o € S,.

e have y;y; = (— sy for all 1 <i,5 <r.
3) We h i 1)¢woly, N1<ij<

Proof. The Implication (2l) = () is obvious. The Implication () = (2) follows from Corol-
lary 8.5 and Proposition Q.5([]).

Let us prove the Implication ([2) = (B)). The equality claimed in Item (B]) is obvious for
all 1 < i = j < r. Because of Lemma and Corollary both sides are zero. Let
1 < i # j < r be arbitrary but fixed. By Proposition @.5|(I]) and Item (2), there exists a
nonzero scalar A such that y;y;Q) = A\y;1;QQ where

Q=11 Ji-Tj-Yr-
If we now apply (l_)Q to v;y,Q = Ay;4:Q, we find in view of Lemma [5.9([@]), (7)) and Corollary 5]
that y;y; = Ay;ui. In view of Lemma [T, we find that A = (—1)“®°). This proves Item (3.
Let us prove the Implication (B) = (). Let x = y;---y,. By Lemma [6.5] Corollary

and Ttem (3]), the element x is a nonzero monomial which starts with ~ for all v € R*. By
Lemma B.9([]) and Corollary @.I3|[), it follows that x is a nonzero integral in Byy. U

Conjecture 11.3. Suppose that By, is finite dimensional. Let D be a complete disjoint
system of order r. Let wy, ..., w, be some ordering of the elements of D. Let y; = w;z,,, for
all 1 <1¢ < r. Then, the element y; - - -y, is a nonzero integral in By .

Remark 11.4 (Motivational remark). In type A; and A, the assumptions and the conclusion
of Conjecture are satisfied for trivial reasons and by [32, Example 6.4]. This simple ob-
servation makes part of our motivation for the notion of disjiont systems, for Conjecture
and for the proceeding in this paper in general.

12. COPRODUCTS OF INTEGRALS

In this section, we explain how finite dimensionality of By in general implies commutativity
relations up to multiplication with a nonzero element in By, (cf. Theorem IT2.3)).

Definition 12.1. Let V be a Z>(-graded vector space. Let Y be a Z>(-graded vector
subspace of V. We call U a Z>p-graded complement of Y in V' if U is a Z>(-graded vector
subspace of V such that V =Y @ U. It is clear that a Z>(-graded complement of ¥ in V'
exists for every V and Y as above.

Lemma 12.2 (Key lemma on concrete commutativity). Let ©1,0, C Rt be two subsets.
Let y, be a monomial which does only involve ©1, and let yo be a monomial which does only
mvolve ©y. Let y,y be monomaials which do only involve ©1UO5 such that yy1ys and yysy1 are
linearly independent. Let b,b € By be homogeneous elements with respect to the Zsq-grading
and the W-grading such that byyiys and byjysy, are nonzero integrals in By,. Then, there
exist monomials y', 3 which do only involve ©; U Oy and homogeneous elements V', b € By,
with respect to the Z>o-grading and the W -grading such that
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where degy,_ - denotes the Zxo-degree, and such that b'y'y1y> and V§'ysyn are nonzero integrals
m BW -

Proof. Let the notation be as in the statement. Without loss of generality, we may assume
that the Z>o-degree of b is larger or equal than the Z>o-degree of b. By assumption and
Proposition @.H([), there exists a nonzero scalar A such that byyiys = A\byyay;. Let

A(b) =1®b+ Y by @by
A(b) :1®B+ZE§1)®6§2)

be decompositions such that b’@ is homogeneous with respect to the W-grading and homo-
geneous of Zxo-degree less than the Z>(-degree of b and such that BZ('Q) is homogeneous with

respect to the IW-grading and homogeneous of Zsq-degree less than the Zso-degree of b. Let
U be a Z>¢-graded complement of kyy,y> @ kyyoy; in Byy. Let P be the natural projection

P: By = kyyiys © kyjyoyn © U — kyyiye =k

onto kyyy2 = k. If we apply now the coproduct to both sides of the equation byy,y, =
Abyyoy, apply further P®1 to the result and identify it along the isomorphism k@ By, = By,
we find that

b—l—Z)\Jb (Yyy192); —)\Zkbyyz?ﬂ +)\Z)\ng (Yy211);

7.7 7.7

where the A; ;, >\ Dy ,; are scalars which result from the application of IP to the first tensor
factors of the decompositions of A(byy1y2) and A(bgyay:) and where the (yy192); and (Gy2u1);
are sub-monomials of yy,y2 and yy.y; which are nonconstant whenever the corresponding
scalar is nonzero. If we multiply the previous equation with yy,y, from the right we can
find a monomial 3 which does only involve ©; U ©, such that deg;_ v < degZ> y’ and such
that 0'y'y1y2 is a nonzero mtegral in By, where b’ is either b(2 b« or b(2 If we set y/ =y
and b’ = b, we have found v/, %/, V’, b’ with all the properties required in the statement. This
completes the proof. ([l

Theorem 12.3 (Concrete commutativity). Let ©1,0 C RY. Let y; be a monomial which
does only involve ©1, and let y be a monomial which does only involve Oy such that y,y, and
youy1 are both nonzero. If By, is finite dimensional, then there exist monomials y,y which do
only involve ©1 U Oy such that

kyyi1ye = kyyoys # 0.

Proof. Let the notation be as in the statement. Suppose that By, is finite dimensional.
Suppose that y1yo and yoy; are linearly independent. Otherwise, we can set y = y = 1 and
are done by assumption. Let y, y be monomials which do only involve ©;U©, such that yy;y-
and yyay; are linearly independent and such that degy_ y + degy_ ¥ is maximal. Such a
choice of monomials clearly exists by assumption and because the Z>(-degree of any nonzero
homogeneous element is bounded above by the Zx(-degree of any nonzero integral in By, by
Proposition @5|(]). If we now apply Lemma to this situation, we can find monomials
y', 4" which do only involve ©; U ©4 such that
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and such that y/y,y2 and §'ysy; are linearly dependent and nonzero — as claimed. U

Remark 12.4. Note that Lemma and Theorem have right analogues which follow
by application of p and Remark 5.6l

13. REDUCTION OF MONOMIALS

Under the title of “REDUCTION OF MONOMIALS”, we discuss in this section the reduction
of arbitrary monomials modulo a suitable ideal (or what amounts more or less to the same
modulo multiplication with a hypothetical element — a notion which will be introduced shortly
after in Section [I4) to a monomial which does only involve A, i.e. to a basis element of the
standard basis of Ny,. For the moment, we achieve this reduction procedure only in type
A using the known relations of Bg,, (i.e. the Fomin-Kirillov relation, the nilpotent relation
and the commutation relation as in [8, Example 4.4]). The corresponding result in type A is

stated in Corollary [[3.7] based on Lemma [I3.4

Definition 13.1. We denote by g%, and g7, the Zso-graded and W-graded left ideal and
right ideal in By, defined by the equalities
Jw = EaemmBW% and Jy, = ZaeRﬂA%BW-

Remark 13.2. Note that we have the trivial relations 3{,1/ = p(d}y) and 3}, = ,0(3{,1/) by
definition of p.

Lemma 13.3. We have Ny N H%,V =Nw NJiy =0.

Proof. The first claimed equality follows by application of p and Remark [[3.2]and Fact [G.TI([).
We prove the second claimed equality now. To this end, it suffices to prove that z,, ¢ Jj;, for
all w € W because the ideal Jj}, is W-graded by definition. Suppose for a contradiction that

Ly = Z(XGR+\AZL'QMQ

for some w € W and some monomials M, of Zso-degree {(w) — 1. If we apply (wal to the
previous displayed equation, we find in view of Fact E.1I[3]) and Lemma B.9(@),([7) that

H
1 - Z(XER+\AIO’(MQ)DW71 .

But the right side of the last equation must be zero for Z>(-degree reasons as stipulated in
|8, Remark 2.16] which is clearly a contradiction. O

From now on and for the rest of this section, we assume that R is of type A.

Lemma 13.4 (Key lemma on reduction of monomials). Let A € k and a4, ..., a,, € RT be
such that not all o, ..., o, are simple roots and such that the monomial M = Az, ... %,
satisfies M + Jy, # 0. Let 1 < j < m be the mazimal index such that a4, ...,a; € A and
such that aj 1 ¢ A (which exists by the assumptions in the previous sentence). Then, there
exist \; € k and of, ..., o, € R™ such that

M+ 3€V = ZzAlzai o 'xa;.JrleéjJrz T Tay, T 3rW>
af,...,a5 € A and ht(a},,) < ht(aj) .

Proof. Let the notation be as in the statement. We prove the lemma by induction on j.
Assume first that j = 1. It is clear that (a1, a2) > 0 since otherwise M + Jj;,, = 0 by [8,
Example 4.4]. Tt follows that v = ag — «; is a positive root. If we set a = a1, we find that
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M+ 3y = 400y -+ Tq,, + 3y 7# 0 by [8, Example 4.4]. Consequently, the root v is simple,
and we are done because « is simple by assumption.

We prove the induction step. Suppose that 7 > 1 and that the assertion is true for all
monomials and all integers < j. Let w = 54, -+ 8o,. We distinguish three cases now. In the
first case, we assume that there exists 5 € A such that w(f) < 0 and such that (a;+1,3) > 0.
Suppose that a 8 as in the previous sentence is given. Then, we know that 7 = a1 — 8 is a
positive root. By repeated application of the induction hypothesis and by [8, Example 4.4],
we compute that

r r

M+3W —stﬁxﬁ{xﬁxaﬂz -~-(L‘am _stﬁxﬁ+“/x7xaj+2 ...xam +3W
— r

= Mwsgs, TpTayss  Lam + Hlwsgsa;, Tylajis ** LTam + dw

for some A, i € k (which might possibly be zero). This completes the proof of the first case
because the height of v is strictly less than the height of oy .

We consider the second case. In the second case, we assume that there exists § € A such
that w(5) < 0 and such that (41, 8) = 0. Suppose that a [ as in the previous sentence
is given. By repeated application of the induction hypothesis and by [8, Example 4.4|, we
compute that

r _ r _ r
M+ 3W = TwsgLaj1LBLajip " Lam + 3W - )‘stﬁsajﬂzﬁxo‘ﬁrz T Loy, T 3W

for some A € k (which is unique and necessarily nonzero). This clearly completes the proof
of the second case.

We consider the third case. In the third case, we assume that for all 5 € A such that
w(f) < 0 we necessarily have (o;41,5) < 0. Let us fix some arbitrary v € A such that
w(y) < 0. Let @ = aj1; for short. By repeated application of the induction hypothesis and
by [8, Example 4.4], we compute that

ro__ r

M + BW == stw$axa+7xaj+2 . e xam —|— st«,xa+vxvxaj+g .. .Iam + 3W
_ r

- )\st—ysaxa—i-’yxajJrz o Tagy, + was—ysa+«,x’yxaj+2 o Tagy, + 3W

for some A, u € k (which might possibly be zero). To complete the proof of the third case,
we only have to analyse further the first summand in the previous equation. Let § € A be
the unique simple root such that («, ) > 0 and (v, 8) < 0. It follows that o/ = a —  is a
positive root. (The definition of the roots o, a’, 3, is illustrated in Figure 21) With these
definitions we compute that ws.,s,(5) = —w(a’) < 0 where the first equality follows because
o is orthogonal to 7 and where the second inequality follows because all simple roots ' in
the support of a (and hence of o) satisfy (a, ') > 0 and consequently w(S’) > 0 by the
assumption in the third case under consideration. Using this insight, the orthogonality of
and a+y, repeated application of the induction hypothesis and [8, Example 4.4|, we compute
that

r r
TwsysaLatyTayis """ Lam T dw = TwsysassLatyTBTajye " Lam T dw

r
- )\stysa353a+.yxﬁmaj+g o Lay, + 3W

for some A € k (which might possibly be zero). This completes the proof of the third case,
of the induction step and hence of the lemma. O

Corollary 13.5. Let A € k and a4, ..., o, € Rt be such that the monomial
M =Xty ... .24

m
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FiGurge 2. Illustration of the situation in the third case of the induction step in the proof of
Lemma [I3:4 We want to thank Black Mild for providing the code for this figure in an answer to
our question on TEX StackExchange [3§].

satisfies M + d, # 0. Let 0 < 57 < m be an arbitrary index. Then, there exists a unique
p € k (which is necessarily nonzero) such that

r r
M + 3W - MISal“‘Saj xOCjJrl e xam + 3W .

Proof. Let the notation be as in the statement. By repeated application of Lemma [T3.4]
there exist \; € k and of, ..., a} € A such that

,
M+ 3y = 3Nt o Tilag  Tay + iy -

Because Jj;, is W-graded by definition, and by possibly discarding summands in the above
sum, we may assume that each summand in the above sum has the same 1W-degree equal to
the W-degree of M, and that z, . csa; = Toi " T for all 7. If we set o = >, \;, we have
found the desired expression for M + Jw with a scalar i which is unique (and necessarily
nonzero) because M + g}, is nonzero by assumption. U

Remark 13.6. Note that Lemma [13.4] and Corollary have obvious left analogues (i.e.
analogues for the left ideal g%, instead of the right ideal J7;,) which follow by application of
p and Remark [[3.2

Corollary 13.7 (Reduction of monomials). Let M € By, be a monomial of W-degree w.
Then, there exist a unique A € k such that

M+ 3 =Xy, +3%  and M+ 35 = dvy, + 5y -
In particular, it follows that M + 3, # 0 if and only if M + 7, # 0.

Proof. The “In particular” is clear from the second sentence in the statement of the lemma.
The first claimed equality follows from the second by application of p and Remark We
prove the second equality now. The uniqueness of A is clear because x,, + Jj}, is nonzero by
Lemma [[3.3] The existence of X follows directly from Corollary applied to j = m in
case M + Jj;, # 0, and is trivial in case M + Jj;,, = 0 (we simply set A = 0 and this is the
only A which fits). O

Corollary 13.8 (Isomorphism theorems). We have natural isomorphisms of Zso-graded and
W -graded vector spaces

Proof. This corollary is immediate from Lemma and Corollary 3.7 O
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14. HYPOTHETICAL ELEMENTS

In this section, we use the results in Section [I3] to show in Theorem how nonzero
left or right hypothetical elements (cf. Definition [[4.1]) in type A can be lifted to nonzero
integrals in By, under the assumption that By, is finite dimensional. As a consequence of
this, we can derive Theorem [I4.8 which corresponds to Theorem [L.4] in the introduction.

Definition 14.1. Let P € By be such that (P)Ds = 0 for all 5 € A.

e We say that P is a left hypothetical element if z,P = 0 for all « € RT \ A. We
say that P is a nonzero left hypothetical element if P is nonzero and if P is a left
hypothetical element.

e We say that P is a right hypothetical element if Pz, = 0 for all « € Rt \ A. We
say that P is a nonzero right hypothetical element if P is nonzero and if P is a right
hypothetical element.

e We say that P is a hypothetical element if P is a left and right hypothetical ele-
ment. We say that P is a nonzero hypothetical element if P is nonzero and if P is a
hypothetical element.

Remark 14.2. If By, is finite dimensional, it is clear that there exist monomials which do
only involve RT \ A and which are nonzero hypothetical elements. Indeed, similar as in
the proof of Corollary @.I3|[6]), one considers nonzero monomials in the subalgebra of By,
generated by z, where o € RT \ A of maximal Z>o-degree (cf. Lemma [(.9([G])).

Lemma 14.3. An element P € By is a left hypothetical element if and only if p(P) is a
right hypothetical element. An element P € By, is a right hypothetical element if and only if
p(P) is a left hypothetical element.

Proof. This result follows immediately from Corollary [7.2 [8, Proposition 3.7(6)] and the
definition of p. 0J

—

Lemma 14.4. Let P € By be a nonzero element such that (P)Dg = 0 for all 5 € A. Then,
we have x,,, P # 0 and Px,,, # 0.

Proof. Let the notation be as in the statement. In order to proof the lemma, it suffices to
proof that (24, P) Dy, # 0 and (Pzy,)Dw, # 0. But, by Fact BI(), Lemma F9(7) and
Corollary R3], those expressions evaluate as woP and P, respectively, which are both nonzero
by assumption. 0

From now on and for the rest of this section, we assume that R is of type A.

Theorem 14.5 (Main theorem on hypothetical elements (I)).

(1) Let P € By be a nonzero left hypothetical element. If By is finite dimensional, then
Ty, P is a nonzero integral in By

(2) Let P € By be a nonzero right hypothetical element. If By is finite dimensional,
then Pz, is a nonzero integral in By,

Proof. Ttem () follows from Item (), Fact E.I[), Lemma [I4.3 and [8, Proposition 3.7(6)].
We prove Item (2]) now. Let P € By be a nonzero right hypothetlcal element, and suppose
that By, is finite dimensional. Let M be a monomial chosen as in the proof of Proposi-
tion @.0[B]) and Corollary @.I3|(6) with respect to the nonzero component of P of smallest
Z>o-degree such that PM is a nonzero integral in By,. Let m be the Zs(-degree of M, and
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let w be the W-degree of M. Then, we necessarily have ¢(w,) < m by Lemma [I4.4] and
further PM = APx,, for some unique A\ € k (which is necessarily nonzero) by Corollary 3.7
It follows that w = w, and hence that Pz, is a nonzero integral in By, — as desired. [

Theorem 14.6 (Main theorem on hypothetical elements (II)). Suppose that By, is finite
dimensional.

(1) Every left or right hypothetical element is a hypothetical element. Following and
consistent with the convention in Remark [0, we speak from now on, except in the
proof of this theorem, only about bona fide hypothetzcal elements.

(2) Every hypothetical element P satisfies P = (x )Dwo for some uniquely determined
integral x, namely x = Px,,, , in By . In particular, the vector space of all hypothetical
elements is one-dimensional.

(3) We have (P*, P) # 0 for any nonzero hypothetical elements P and P*.

Proof. We start to prove the first sentence of Item (2] for right hypothetical elements. The
rest of the content of Item (2]) will follow from Remark and Proposition @3] once
Item () is established. Note first that the uniqueness of x, once its existence is established,
is clear from Proposition @.I0(I]). Note further that we may assume that P # 0 since oth-
erwise we have to set * = 0 and the claimed assertion is obvious. In this sense, let P be
a nonzero right hypothetical element. We know from Theorem I4.5([2) that z = Pz, is
a nonzero integral in By, which satisfies P = (x )Dwo by Fact 6.1I(3]) and Lemma G.9(7).
In order to prove Item (Il), we only have to note, in view of Lemma [[4.3 and [8, Proposi-
tion 3.7(6)|, that for the P under consideration, we have P ~ p(P). But this follows from
Fact [6.1I[2]), Proposition [l Corollary @.I3|[2]), the portion of Item (2)) we already proved and
I8, Remark 3.16, Proposition 6.5]. To understand the last item, we just have to note that
for two nonzero hypothetical elements P and P* the bracket (P*, P) is a nonzero multiple of
((x)Dy,, (x)D,,) for some nonzero integral x in By, — by Proposition Q5[] and Item (2) -
which is indeed nonzero by Corollary [10.3l 0J

Definition 14.7. Let Bj; be the subalgebra of By, generated by z, where o € Rt \ A. The
algebra Bj,, is clearly Z-o-graded because its generators are homogeneous of Zx-degree one.
If By is ﬁmte dimensional, then so is Bj;,, and one can look at the nonzero component of
By of largest Z>(-degree, which we denote, in this situation, by By, P from now on.

Theorem 14.8. Suppose that By, s finite dimensional.

(1) Every one-dimensional left or right ideal in B, equals B ’P. In particular, we know
that By® is a one-dimensional Zso-graded two-sided zdeal in By, .
(2) The vector space of all hypothetical elements is given by Ba}"p and all elements of this

space do only involve Rt \ A.

Proof. 1t is clear that Bﬁ,op consists of hypothetical elements, and further, that any one-
dimensional left or right ideal is generated by a nonzero hypothetical element, cf. Lemma

B.I(@). The result follows from this and Theorem [14.6] O
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