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1. MOTIVATION

The tails of the Taylor series for many standard functions such as arctan and
log can be expressed as continued fractions in a variety of ways. A surprising side
effect is that some of these continued fractions provide a dramatic acceleration for
the underlying power series. These investigations were motivated by a surprising
observation about Gregory’s series. Gregory’s series for 7, truncated at 500,000
terms gives to forty places

500,000 (=1)k1
(1) 4 Z o1 3.141590653589793240462643383269502884197 - - - .
k=1

To one’s initial surprise only the underlined digits are wrong — differ from those
of m. This is explained, ex post facto, by setting N equal to one million in the
result below:

Theorem 1. For integer N divisible by 4 the following asymptotic expansion holds:

o L1kt > B,
@ 372 T~ 2w
k=1 m=0
1 1 5 61
N MtN TN T
where the numerators 1, —1, 5, —61, 1385, —50521, - -- are the Euler numbers Ey,
Es, By, Eg, Eg, Erg,-- .

The observation (1) arrived in the mail from Roy North in 1987. After verifying
its truth numerically (which is much quicker today), it was an easy matter to
generate a large number of the “errors” to high precision. The authors of [1]
then recognized the sequence of errors in (1) as the Euler numbers — with the
help of Sloane’s ‘Handbook of Integer Sequences’. The presumption that (1) is a
form of Euler-Maclaurin summation is now formally verifiable for any fixed N in
Maple. This allowed them to determine that (1) is equivalent to a set of identities
between Bernoulli and Euler numbers that could with considerable effort have been
established. Secure in the knowledge that (1) holds it is easier, however, to use the
Boole Summation formula which applies directly to alternating series and FEuler

Date: March 24, 2003.
1991 Mathematics Subject Classification. Primary .
Research supported by NSERC and by the Canada Research Chair Programme.

1



JONATHAN MICHAEL BORWEIN, KWOK-KWONG STEPHEN CHOI AND WILFRIED PIGULLA

numbers (see [1]). Because N was a power of ten, the asymptotic expansion was
obvious on the computer screen.

This is a good example of a phenomenon which really does not become appar-
ent without working to reasonably high precision (who recognizes 2, —2, 10 ?),
and which highlights the role of pattern recognition and hypothesis validation in
experimental mathematics.

It was an amusing additional exercise to compute Pi to 5,000 digits from (1).
Indeed, with N = 200,000 and correcting using the first thousand even Euler
numbers, Borwein and Limber [2] obtained 5, 263 digits of Pi (plus 12 guard digits).
Thus, while the alternating Gregory series is very slowly convergent, the errors are
highly predictable.

2. THREE CONTINUED FRACTION CLASSES

We will discuss three classes of continued fractions: Euler, Gauss and Perron in
this section.

2.1. Euler’s Continued Fraction. Using the following notation for continued
fraction:

a1 as as . a1
by £ by £ b3 £ B Qs ’
b1 £
a3
by £ ————
by +
identities such as
ay a2 as Gy

ag + a1 + a1az + ajasasz + 41420304 = Qg + —
0 1 1a2 1a2a3 1a2G304 0 1 - 1+4a—1+as - 1+as

are easily verified symbolically. The general form

(3) aop+ a1 +aras +ajazasz + - +arasas - --ay
a a2 a3 anN
= aQ + i P
"1 —14ay-14a3 - -1l+ay

can then be obtained by substituting ay + ay any1 for ay and checking that the
shape of the right hand side is preserved. This allows many series to be re-expressed
as continued fractions. For example, with ap = 0,a1 = z,a2 = —2%/3,a3 =
—3z2/5, cee

25 2% 2T 2

t - 4 _Z Lz ...
arctan(z) = z 3 + 3 7 + 9

we obtain, in the limit, the continued fraction for arctan due to Euler:

arctan(z) = z G 92* 252°
1 4+3-22+5-3224+ 7522+
When z = 1, this becomes the first infinite continued fraction, given by Lord
Brouncker (1620-1684):
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4 1 9 25 49
4 —=14+- = — — ...
(4) T +2+2+2+2+

If we let ap = Eiv by, be the initial segment of a similar series we may use (3) to
replace the remaining terms by a continued fraction. For example, if we put

N . .
—1)n—1,2n-1 1)V 2N+1 2N +1 . 2N +3 .
aozz( ) : ,a1:( ) i ,ay = — + 22,03:— i ZZ:"'
—~  2m-1 2N +1 2N +3 2N +5

then we get

N _
(5) arctan(z) _ Z(_l)n—1 z2n—1 (_1)NZ2N+1 (2N + 1)222 |

P 2n—1 2N+1 + (2N +3)— (2N +1)22 +

(2N +3)222 (2N +5)*2?

(2N +5)— (2N +3)22 + 2N +7)— (2N +5)22 +

2.2. Gauss’s Continued Fraction. A rich vein lies in Gauss’s continued fraction
F(a,b+ 1;¢+ 1;2) 5. Recall
see [5]. Reca
Fla,bi¢52) 7
that within its radius of convergence, the Gaussian hypergeometric function is de-
fined by

for the ratio of two hypergeometric functions

ab ala+1)b(b+1) ,
F(a,b;c;2) = 1+ ?z+wz
(6) ala+1)(a+2)b(b+1)(b+2) 3
3le(e+ 1) (c+2)

The general continued fraction is developed by a reworking of the contiguity relation
a(c—b)
c(c+1)
and formally at least is quite easy to derive. Convergence and convergence estimates
are more delicate. We therefore have

Fla,b+1;c+1;2) L a(c—b)ZF(a+ Lb+1ic+2;2)\
F(a,b;c; 2) B c(c+1)" F(a,b+1;c+1;2)

and this yields the recursive process for the continued fraction. In the limit, for

b = 0 and replacing ¢ by ¢ — 1, this process yields

(7) F(a,b;c;z) =F(a,b+1;¢+1;2) —

zF(a+1,b+ 1;¢c+ 2; 2),

oy az axz asz
(8) F(a7]—:cz'z)_ 1- 1 - 1 - 1 =
which is the case of present interest. Here
(a+1)(c—1+1) i (+1)(c—a+1)
(c+20—1)(c+20) 7 (c+2)(c+2+1)

for/ =0,1,---. We also let

a2i+1 =

aiz gz ap—1%7

Fy(a,1562) = ST -1 - _ 71

e B
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denote the Mth convergent of the continued fraction to F (a, ; ,z)

It is well known and easy to verify that log(1 + z) =zF(1, —z). It is then a
pleasant surprise to discover that log(1 +z) — z = —32% F(2, 1, 3, z), log(1l+2) —
z+ 322 = 12°F(3,1;4; —2) and to conjecture that

= 1)” (NN

(9) 10g(1+z+z = FIN LN +1;-2).

n=1

This is easy to first verify for a few cases and then confirm rigorously. As always,
a formula for log leads correspondingly to one for arctan:

N-1 (_l)n Z2 n+1 _ (—].)NZ2 N+1

1 ¢ - -
(10) arctan (z) n;) 2n + 1 2N + 1

1 3,

Happily, in both cases (8) is applicable — as it is for a variety of other functions
such as log (Hz) (142)* and [j (1+¢")~tdt =2F (,1;1+ L;—2") . Note that

this last function recaptures log(l + z) and arctan(z) for n =1 and 2 respectively.
We next give the explicit continued fractions for (9) and (10).

Theorem 2. Gauss’s continued fractions for (9) and (10) are:

N-—-1

(11) log (14 2) + Z

n=1
(-)NHLN N2y 12z (N +1)2z 22z
N + N+1+N+2+ N+3 +N+4+

(-1)" =

and

N-1 n »2n+l
12 t
(12) arctan ( ,LZ::O 2n+1

(—D)N2NHL 2N +1)222 2222 (2N +3)222 422
2N+1 + 2N+3 +2N+5+ 2N+7 +2N+9+
Suppose we return to Gregory’s series, but add a few terms of the continued
fraction for (10). One observes numerically that if the results are with N = 500, 000,
adding only six terms of the continued fraction has the effect of increasing the
precision by 40 digits.

Example 3.
Let
N n Z)N+1
Ei(N, M, z) := log(1 Z - N . Fuy (N +1,1;N +2;—2)
n=1 +
and
N-1 (_1)nzzn+1 (_1)Nz2N+1 1 3 5
E>(N, M, z) := arctan(z) — Z 11 IN T+ 1 Fu (N + 5,1;N+ 5 77 )] -
n=0

Then E; (N, M, z) and E>(N, M, z) measure the precision of the approximations to
log(1 + z) and arctan(z) obtained by computing the first N terms of Taylor series
and then adding M terms of their continued fractions respectively. Tables 1, 2,
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5x 10

5 x 102

5 x 10°

5 x 10%

<
QUL W N = O

0.48 x 10~ ¢
0.43 x 10~4
0.40 x 10~8
0.34 x 10~8
0.12 x 1011
0.10 x 1011
0.78 x 1015

0.13x 1025
0.11 x 10725
0.11 x 1073
1.00 x 10—32
0.40 x 10737
0.35 x 1037
0.31 x 10742

0.15 x 10 232
0.14 x 10232
0.14 x 10240
0.12 x 10240
0.50 x 10248
0.45 x 10248
0.40 x 10255

0.13 x 102292
0.11 x 102292
0.11 x 102302
0.10 x 102302
0.41 x 102312
0.37 x 102312
0.33 x 102321

TaBLe 1. Error |Ey (N, M,0.9)| for N = 5 x 10¥(1 < k < 4) and
0< M <6.

5x 10

5 x 102

5 x 103

5 x 107

5 x 10°

5 x 108

DOtk W N = O

0.99 x 1072
0.97 x 1072
0.91 x 1076
0.86 x 10~
0.31x 107°
0.28 x 1072
0.22 x 1012

1.00 x 1073
1.00 x 1073
1.00 x 10~*
1.00 x 10~*
0.39 x 10~
0.39 x 107
0.34 x 10~!*

1.00 x 1071
1.00 x 10—*
1.00 x 1012
1.00 x 1012
0.40 x 1019
0.40 x 1019
0.36 x 10—26

1.00 x 10773
1.00 x 102
1.00 x 10715
1.00 x 10715
0.40 x 1024
0.40 x 1024
0.36 x 10733

1.00 x 107©
1.00 x 106
1.00 x 1018
1.00 x 1018
0.40 x 102
0.40 x 10—2°
0.36 x 10—40

1.00 x 1077
1.00 x 10~7
1.00 x 10~
1.00 x 10—21
0.40 x 1034
0.40 x 10734
0.36 x 10~%7

TABLE 2. Error |E(N,M,1)| for N = 5 x 10¥(1 < k < 6) and
0< M <6.

5x 10

5 x 102

5 x 103

5 x 10%

5 x 10°

5 x 109

SO WO

0.50 x 102
0.49 x 102
0.47 x 1076
0.44 x 1076
0.16 x 107°
0.15x 107°
0.12 x 1012

0.50 x 103
0.50 x 1073
0.50 x 107°
0.49 x 107°
0.20 x 10714
0.19 x 10714
0.17 x 10719

0.50 x 107
0.50 x 104
0.50 x 1012
0.50 x 10712
0.20 x 1071*
0.20 x 10~**
0.18 x 1026

0.50 x 10~°
0.50 x 10°
0.50 x 1013
0.50 x 10715
0.20 x 10724
0.20 x 10~24
0.18 x 1033

0.50 x 1079
0.50 x 106
0.50 x 1018
0.50 x 1018
0.20 x 10—2°
0.20 x 1029
0.18 x 1040

0.50 x 107
0.50 x 107
0.50 x 1021
0.50 x 10—2!
0.20 x 10734
0.20 x 1034
0.18 x 1047

TaBLE 3. Error |Ey(N,M,1)| for N = 5 x 10¥(1 < k < 6) and

0< M <6.

3 and 4 record those data for the approximations to log(1.9),log(2), arctan(1) and
arctan(1/2) + arctan(1/5) + arctan(1/8) respectively. Note that

% = axctan(3) + axctan(3) + arctan(5)
1 = arctan D) arctan 5 arctan g

is a formula of Machin type used by Johann Dase to compute 205 digits of 7 in his
head in 1844.

After some further numerical experimentation it is clear that for large a,c the
continued fraction F(a, 1,¢; 2) is rapidly convergent. And indeed the rough rate is
apparent.

This is part of the content of the next theorem:
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5 x 10 5 x 102
0]0.31 x10732 0.37 x 10304
1]0.19x 103 0.23 x 10730
210.11 x 10737 0.15 x 103!

M [3]0.26x10738 0.37 x 107312
410.56 x 10742 0.92 x 10~318
510.13x 10742 0.23 x 107318
6| 0.59 x 10746 0.13 x 10323

TABLE 4. Error [Ey(N +1,M,1/2) + Es(N + 1, M, 1/5) + Eo(N +
1,M,1/8)| for N =5 x 10¥(1 <k <2)and 0 < M <6.

Theorem 4. Suppose 2 < a,a+1<c¢<2aand M > 2. Then for —1 <z <0 one
has

|F(a,1;¢2) — Far(a, 15¢ 2)]

T(n + 1)(n + @)L(n + ¢ — a)T(@)T(¢) 2% M
- I'(n +a)l(n +c)al'(c - a) (c=2)(1-2)+(2a—0)

where n = [M /2] and Fr(a, 1;¢; z) is the M -th convergent of the continued fraction
to F(a,1,¢;2).

The proof of Theorem 4 will be given in the Appendix below.

In [5] one can find listed many explicit continued fractions which can be de-
rived from Gauss’s continued fraction or various of its limiting cases. These include
exp, tanh, tan and various less elementary functions. One especially attractive frac-
tion is that for J,_1(2)/Jn(2) and I),_1(z)/I,(z) where .J and I are Bessel functions
of the first kind. In particular,

22 22
(1) (n2) (

(13) Jn-1(22) _n_ TD (i) (nf3)
Jn(22) z 1 - 1 - 1 -
Setting z = ¢ and n = 1 leads to the very beautiful continued fraction
5L(2)
=[1,2,3,4,---].
1y(2) [ ]

In general, arithmetic simple continued fractions correspond to such ratios.
An example of a more complicated situation is:

(14) (22)° N F (N+4, 5N +2:2%)  arcsin(2) )
INT2 1.2 T o2N
N+ CDF (3 -3i5:22) VI=22
arcsin(z)

where oox is the 2N-th Taylor polynomial for Vi Only for N = 0 is this

precisely of the form of Gauss’s continued fraction.
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2.3. Perron’s Continued Fraction. Another continued fraction expansion is
based on Stieltjes work on the moment problem (see Perron [4]) and leads to similar
acceleration. In volume 2, page 18 of [4] one finds a beautiful continued fraction
for

1 [ tr z (n+1)2z (n+2)2z
(15) — dt =
z¢ Jo 1+t p+l+ (p+2)—(p+1l)z+ (p+3)—(p+2)z +

valid for 4 > —1,—1 < z < 1. One may deduce this as a consequence of Euler’s
continued fraction if we write

1/Zt“ g = 7 zz+z3 z4+
2 Jo 14+t p+l p+2 p+3 pt4

and observe that (15) follows from (3) in the limit.

Since

(16) Z”HF( +1,1; 042 —2) / Lp”
, L3 TR = ’

S a o T+t

2 p+1 zZ 42

z 1 3 e
17 F -1 =.-2%) = —dt,

(17 2p+1 <“+2’ Ll Z) /01+t2

for u > 0, on examining (9) and (10) this is immediately applicable to provide Euler
continued fractions for the tail of the log and arctan series. Explicitly, we obtain:

Theorem 5. Perron’s continued fractions for (9) and (10) are:

= (=)™ 2"

18 log (1 -
(18) og(l+2z)+ ; p
(=N N2z (N +1)2z

N +(N+1)—Nz+ (N+2)—(N+1)z +
and

N— 1 n S2n+l
(19) arctan (z nz::o 2n 1

(—1)N2N+L (2N + 1)%22 (2N + 3)222

IN+1 +(2N+3)—(2N+1)22+ 2N+5)— (2N +3)z +

Moreover, while the Gauss and Euler/Perron continued fractions obtained are
quite distinct the convergence behaviour is very similar to that of the previous
section. Note also the coincidence of (19) and (5). Indeed as we have seen Theorem
5 coincides with a special case of (3).

3. APPENDIX

Recall that Gauss’s continued fraction for F(a, 1;¢; z) is

where
dore (a+1)(c—1+1) i (+1)(c—a+1)
T Cr2aA-Dc+2) TPT (cH2)(c+20+1)
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forl =0,1,---. Let

An(z) 1
Bno(z) 1-1 -1 - - 1

be the n-th convergent of the continued fraction. It can be proved by induction
that A1(z) = A2(z) = B1(2) =1,B2(2) =1 — a1z and

Ap(2) = Ap—1(2) — ag—124k—2(2),

aiz asz anp—12

= Fn(a’a ].,C,Z)

and
By (2) = Br—1(2) — ax—12Br—2(%),
for k£ > 3. Hence for k£ > 2, we have
Ap(2)Bp 1(2) — Ap_1(2)Bp(2) = ay ---ag_1 2%
Using the estimation in Theorem 8.9 of [3], we find that if a; > 0 for all ¢, then

Ap(2) < ‘An(z) Ap_1(2)

_ ay - Ap—-1%
B,(z)| ~ |Bu(z) Bn-1(2) B, (z)B,-1(2)
One may verify that B, (z) are hypergeometric polynomials (see [5]) and explicitly

Bop(z) = F(—k,1—a —k,2—c—2k; 2)

n—1

F(a,1;¢2) —

and
Bspt1(z) = F(=k,—a—k,1 — c— 2k; 2).

These may also be written in terms of Jacobi Polynomials so that

2% +c—2\ o le—a 2
Bu) = (M) appeen (1-2)

z
and
2%k +c—1\ " e 9
Pt (2] = ( k > (=2)F Py (1 - —).
z
We let
ayaz---ap2" o
En::ETl ©GE) = B B (2) and Fn:Fn a,c,z) = .
( ) By (2)Bpt1(2) ( ) E,
Then we get
g, _ Gnr1zBan(z) _ (n+a) plo-te-a-1) <1 2)
2n — — Z
B2n+2 (Z) (n + ]_) Prgjlecfafl) >
and

a3n2Bon1(2) (n+c—a—-1) P,(la’c_a_l) < 2>
Fanl = = - .

Bopt1(2) N (n+c—1) Pr(lcjr,;:—a—m .

We need the following estimation. Assume 0 < < a,1 < a,1 < n and
0 <z < 1. We shall show

pLer) 2 n+a—1)((a+p8) (1+2)+(a—p)
(20) e <1 + E) > ™ .

n—1
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The Jacobi polynomials satisfy the recurrence relation

21) 2n(n+a+ B8)2n +a+ 8 —2)P*P) (z)

forn =2,3,--- where
o o 1 1
F*P@ =1 P*(x) = S(a+ B+ + (@ p).
We let
P 2
PnJl u
and
T m+a-1)((a+8)(1+2)+(a—p))
e 2na '
For n =1,
1 2 1
R, = §(a+ﬂ+2)<1+5>+§(a_ﬂ)
2 _
> (a+ﬁ)(1+;)+(°‘ L

So (20) is true for n = 1. By the recurrence relation (21), we get
Cnt+a+B-1){2n+a+p8)2n+a+p-2)(1+2)+a® - 3%}

R, =
2nn+a+8)2n+a+ 8 —2)
(mta-1Yr+B-12n+a+p) 1
nnta+B)ntatf-2) Fu
1
= Op — Pn
6 Rn—l
for n > 2. Suppose (20) is true for n — 1. Then
Ry > ap — Tfril .

For convenience, we write f(n,q, 3, z) for the numerator of the expression

Qp — Tfil — T, after simplification to a fractional form, that is
f(n7 a? ﬂ? w)
zn—2+a)lax+a+B)nn+a+p)2n+a+ 8 -2)a
= Qn— % —Th.

The function f(n,a,,z) is a polynomial in n of degree 4 and can be shown that
subject to our conditions on «, 8 and x, that it is increasing on n and f(1, «, 8, z) >

0. It follows that a,, — Tfil > T, and R,, > T),. This proves (20).

In view of (20), we have

(n+a) 2(a—1)
Fop < (n+ta—1)((c-2)(1-2) +(2a—0¢))
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and
nn+c—a—1) 2a
Fopn1 < (ntc—Dmn+a-1)(c-—1)(1-2)+2a—c+1)

Thus for n > 1,

2
(n+ann+c—a—1) 2a
By Fop 1 < -
L= e -1n+a-1)2 | (c-2)(1-2) + (2a—¢)
We are now ready to estimate E,. Note that
Esni1 = ErFopy---Fi
2n
_ & ﬁ(i+a)i(i+c—a—1) 2a
TN M Gre-Dita-02 [ \(c-2(1-2) +(2a-0)
2n+1
< Fn+1)(n+a)l'(n+c—a)l'(a)l(c) 2a
- P(n+ a)l'(n + c)al'(c — a) (c=2)(1-2)+(2a—¢)
as claimed, because
B - a1z 2a
YT Bi(2)Ba(z2) = (c=2)(1-2)+(2a—c)
The bound for E,, can be obtained similarly. This proves Theorem 4. QED
REFERENCES

[1] Jonathan Borwein and Peter Borwein and K. Dilcher, “Pi, Euler Numbers and Asymptotic
Expansions,” American Mathematical Monthly, 96 (1989), 681-687.

[2] Jonathan M. Borwein and Mark A. Limber, “Maple as a high precision calculator, Maple
News Letter, 8 (1992), 39-44, and www.cecm.sfu.ca/ preprints/1998pp.html.

[3] W. B. Jones and W. J. Thron Continued Fractions- Analytic Theory and Applications, En-
cyclopedia of Mathematics and Its Applications, Vol 11, Addison-Wesley, Massachusetts,
1980.

[4] Oskar Perron, Die Lehre von den Kettenbrichen, Chelsea, New York, 1950.

[5] H. S. Wall, Analytic Theory of Continued Fractions, Chelsea, New York, 1948.

CECM, DEPARTMENT OF MATHEMATICS, SIMON FRASER UNIVERSITY, BURNABY B.C., CANADA,
V5A 1S6. EMAIL: jborwein@cecm.sfu.ca, kkchoi@cecm.sfu.ca




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.5
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /SyntheticBoldness 1.00
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize false
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /FRA <>
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308000200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e30593002537052376642306e753b8cea3092670059279650306b4fdd306430533068304c3067304d307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


