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CONICAL INTRINSIC VOLUMES OF WEYL CHAMBERS

THOMAS GODLAND AND ZAKHAR KABLUCHKO

ABSTRACT. We give a new, direct proof of the formulas for the conical intrinsic volumes of the
Weyl chambers of types A,,—1, B, and D,,. These formulas express the conical intrinsic volumes in
terms of the Stirling numbers of the first kind and their B- and D-analogues. The proof involves
an explicit determination of the internal and external angles of the faces of the Weyl chambers.

1. INTRODUCTION

A polyhedral cone in the Euclidean space R™ is a set of solutions to a finite system of linear
homogeneous inequalities. That is, a polyhedral cone C' C R” can be represented as

C={peR":(B,x;) <O0forali=1,...,m}

for some finite collection of vectors x1,...,x,;, € R™, where (-,-) denotes the standard Euclidean
scalar product. The fundamental Weyl chambers of types A,_1, B, and D,, are the polyhedral
cones defined by

C(Ap—1) ={BER": 51 > 2> ... > By},
C(Bn):{/@ERnﬂlzﬂ2Z E,an()},
C(Dp):={BeR": 51 >P2>...> Bpr_1>|6nl},

where 8 = (B1,...,0,) is the coordinate representation of 5 € R™.

In this paper, we shall be interested in the conical intrinsic volumes of the Weyl chambers.
The conical intrinsic volumes of cones are analogues of the classical Euclidean intrinsic volumes
of convex bodies in the setting of conical or spherical geometry. A recent increase of interest to
conical intrinsic volumes is due to their relevance in convex optimization M, m, E] Let us briefly
define the conical intrinsic volumes, referring to Section 2] for more details and to ﬂﬁ, Section 6.5]
and M, B] for an extensive account of the theory. Given some point € R", the Euclidean projection
IIo(z) of x to a polyhedral cone C' C R™ is the unique vector y € C' minimizing the Euclidean
distance ||z — yl|. For k € {0,...,n}, the k-th conical intrinsic volume vy (C') of C'is defined as the
probability that the Euclidean projection II¢(g) of an n-dimensional standard Gaussian random
vector g on C lies in the relative interior of a k-dimensional face of C.

The conical intrinsic volumes of the Weyl chambers are given by the following theorem.

Theorem 1.1. For alln € {1,2,...} and all k € {0,...,n} we have

B(n, k)
27!

and  vE(C(Dy)) = l;,f_Lls,) (L.1)

€)= (|2 e =
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where the [Z] ’s denote the Stirling numbers of the first kind, the B(n,k)’s their B-analogues and
the D(n, k)’s their D-analogues defined as the coefficients of the following polynomials:

t(t+1)-...-(t+n—1):§n:[Z]tk,

k=0

(t+ 1)t +3)-...-(t+2n—1) :Zn:B(n,k)tk,
k=0

(t+1)(t—|—3)-...-(t—|—2n—3)(t+n—1)zzn:D(n,k‘)tk.
k=0

The theorem is known, see , Theorem 4.2]. In ], the formulas (LI]) were proven by
relating the conical intrinsic volumes of the Weyl chambers to the coefficients of the characteristic
polynomial of the hyperplane arrangements that generate the Weyl chambers. A general formula
relating conical intrinsic volumes of chambers to the characteristic polynomial of a hyperplane ar-
rangement was first conjectured by Drton and Klivans ﬂﬂ] and proven by Klivans and Swartz [12];
see also , Theorem 4.1] and [14]. Given this interpretation, it remains to compute the charac-
teristic polynomials of the hyperplane arrangements generating the Weyl chambers. This can be
elegantly done by the finite field method; see Section 5.1 in ﬂﬁ] or Section 1.7.4 in [6]. Overall,
the method just described relies on the results from the theory of hyperplane arrangements. It is
therefore natural to ask whether there is a more direct proof of Theorem [I.11

In the present paper, we want to prove Theorem [[Il by computing the internal and the
external angles of the faces of the Weyl chambers. The determination of the external angles is
closely related to a result of Gao and Vitale ﬂﬂ] who computed the classical intrinsic volumes of the
Schléfli orthoscheme which is defined as the simplex in R™ with the vertices 0 and e; + ... + ¢;,
1 < ¢ < n, where eq,...,e, denotes the standard orthonormal basis in R"™, Equivalently, this
simplex is given by

(BER™ 1> 4 >0 >...> B, >0}

Later, Gao NE] computed the intrinsic volumes of the simplex with the vertices e; +...+¢; — %(61 +
...+ey), 1 <i<n, which can be also given by

{BGRH:BI2ﬁ22---Zﬁnaﬁl‘i'---“‘ﬁn:oaﬁn_ﬁl§1}-

These simplices are closely related to the Weyl chambers of types B, and A,_1, respectively.
Both the computation of the external angles of the faces of the Weyl chambers (which follows the
method of Gao and Vitale ﬂﬁ] and Gao B]), and the computation of the internal angles proceed by
re-arranging the solid angles under interest in such a way that they cover the whole space, from
which we conclude that the sum of the angles is 1.

The rest of the paper is mostly devoted to the proof of Theorem [[.T1

2. PRELIMINARIES

2.1. Conical intrinsic volumes and solid angles. In this section we collect some information on
polyhedral cones (called just cones, for simplicity). A supporting hyperplane for a cone C' C R" is a
linear hyperplane H with the property that C' lies entirely in one of the closed half-spaces H+ and
H™ induced by H. A face of C'is a set of the form F' = CNH, for a supporting hyperplane H, or the
cone C itself. We denote by Fi(C) the set of all k-dimensional faces of C, for k € {0,...,n}. Note
that the dimension of a face F is defined as the dimension of its linear hull, i.e. dim F' = dim lin(F).
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Equivalently, the faces of C' are obtained by replacing some of the half-spaces, whose intersection
defines the polyhedral cone, by their boundaries and taking the intersection.
The dual cone (or the polar cone) of a cone C' C R™ is defined as

C°={zeR": (z,y) <0VyeC},

where (-, -) denotes the Euclidean scalar product. For example, if C'= L is a linear subspace, then
C° = Lt is its orthogonal complement. There is a one-to-one correspondence between the sets
Fi(C) and the (n — k)-faces F,_(C°) via the bijective mapping

fk(C) — ]-“n_k(Co)
F = N(FC)"”’

where N(F,C) := (lin F)* N C° is called the normal face (of F with respect to C).
The positive hull of a finite set {z1,...,z,} C R" is defined as the smallest cone containing
this set, that is

pos{zy,...,zp}t={Mz1+ ...+ A\pzm: A1 >0,..., N\, >0}
We will repeatedly make use of the known duality relations
pos{xy,...,xp}° = m z; and pos{zi,...,zm} = <m x;) (2.1)
i=1 i=1

for z1,..., 2y € R" and z; :={v e R": (v,2;) <0},i=1,...,n.
Now, we define the conical intrinsic volumes. The definition and further properties are taken
from [3, Section 2.2] and [10, Section 2].

Definition 2.1. Let C' C R"” be a polyhedral cone, and g be an n-dimensional standard Gaussian
random vector. Then, for k € {0,...,n}, the k-th conical intrinsic volume (or, for simplicity, just
intrinsic volume) of C' is defined by

where for a face F' € Fi(C), we put
vp(C) :=P(Ilg(g) € relint(F)).

Here, I1 denotes the orthogonal projection on C, that is Il (x) is the vector in C' minimizing the
Euclidean distance to x € R™. Also, relint(F') denotes the interior of F' taken with respect to its
linear hull lin(F’) as an ambient space.

The Moreau decomposition of a point x € R™ is the representation
z =1Ilc(x) + Mo (z),
and yields the product formula
vp(C) = vp(F)va—k (N (F, C)).

Thus, we can express the intrinsic volumes of a cone C as follows:

w(@ = 3 w(F)oar(N(EC). (22)
FeF,(C)



4 THOMAS GODLAND AND ZAKHAR KABLUCHKO

The solid angle (or just angle) of an n-dimensional cone C' C R™, denoted by «(C'), is defined as
the Gaussian volume of C, i.e. the probability that an n-dimensional standard Gaussian vector g
lies in C. Equivalently, the solid angle of C' is the relative spherical volume of C N S"~!, i.e.
(Cnst
a0y = 208 )

Wn

where 0,1 denotes the (n — 1)-dimensional spherical Lebesgue measure. Here, wy denotes the
normalizing constant

o2
o k—1y _
wi = o0p_1(S"7) = Th/2)
This definition can be extended to lower-dimensional cones. For a cone C with dimC = k €
{0,...,n}, we define
_(Cnsrt
a(C) = 7k-1(C ),

Wk

where oj,_1 denotes the (k — 1)-dimensional spherical Hausdorff measure. Equivalently, we obtain
the solid angle of a cone C' with dimC' = k as the probability that a random vector having a
standard Gaussian distribution on the ambient linear subspace lin C lies in C.

For a k-dimensional cone C C R"™, k € {1,...,n}, the k-th conical intrinsic volume coincides

with the solid angle of C, that is
vE(C) = a(C).

The external angle of a cone C' C R™ at a face F' is defined as the solid angle of the normal
face of F' with respect to C, that is the external angle is (N (F, C)). The internal angle of a face F
at 0 is defined as a(F’). Together with (22]), this yields a formula for the conical intrinsic volumes
in terms of the internal and external angles:

(€)= > aF)a(N(F,C), ke{0,...,n}. (2.3)
FeF,(O)

The main result of this paper is a proof of the known formula for the intrinsic volumes of Weyl
chambers by evaluating the internal and external angles of their faces.

2.2. Stirling numbers of the first kind and their generating functions. In this section we
recall some facts on the Stirling numbers and their B- and D-analogues. These numbers, well
known in combinatorics, appear in the formulas for the intrinsic volumes of the Weyl chambers.
The (unsigned) Stirling numbers of the first kind are denoted by [};] and defined as the coefficients
of the polynomial

t(t—l—l)-...-(t+n—1)zzn:[Z}tk. (2.4)
k=1

n

By convention, [k] =0 for k ¢ {1,...,n}. Equivalently, [Z] can be defined as the number of
permutations of the set {1,...,n} having exactly k cycles. Other representations of the Stirling
numbers of the first kind are known, e.g.

[ﬂ:}j—f D — (2.5)

01,0 EN 152 k
t1+...+ig=n
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see [13, (1.9) and (1.13)]. We shall also need the generating functions of the Stirling numbers of
the first kind:

i[z]g:% and ZZHn.y =11 (2.6)

n=0 n=0 k=0

for all complex ¢ such that |[t| < 1 and all y € C.
The B-analogues of the (signless) Stirling numbers of the first kind are denoted by B(n, k)
and defined as the coefficients of the polynomial

(t+1D)(E+3) ... (t+2n—1) :zn:B(n,k)tk. (2.7)

Again, by convention, we put B(n,k) = 0 for k ¢ {0,...,n}. These numbers appear as entr
A028338 (or A039757 for the signed version) in the On-Line Encyclopedia of Integer Sequences Nﬁ],
and were studied in detail by Suter @] In Entry A028338 of [16] the following explicit formula for
the number B(n, k) in terms of the Stirling numbers of the first kind was stated by F. Woodhouse
without a proof.

Proposition 2.2. The B-analogues B(n, k) of the Stirling numbers of the first kind are explicitly
given by

_ gzn—i <;> m kedo,....n} (2.8)

Proof. We want to check whether the numbers on the right-hand side of (2.8]) coincide with the
coefficients of the polynomial in (Z7]). We have

Sy (=S I 0)

k=0 i=k k=0
n|/t+ 1\t
[
>[5
1=0
t4+1\/t+1 t+1
() () (e
2 2 * 2 o
=(t+1)(t+3)-...-(t+2n—1)
using the Binomial Theorem and (2.4]). This completes the proof. g

As follows easily from their definition, the numbers B(n, k) satisfy the recurrence relation
B(n,k)=(2n—-1)B(n—1,k) + B(n— 1,k — 1); (2.9)

see , Section 2.2]. The following lemma gives a formula for the generating function of the
B-analogues of the Stirling numbers.

Proposition 2.3. The generating function of the array (B(n,k))n k>0 s given by

oo n tn .
DY Bl k)t = (1 - 20)7h0D

n=0 k=0
for all complex |t| < 1/2 and y € C.
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Proof. We use the explicit representation ([2.8]) of B(n, k), and obtain

Using the Binomial Theorem, we get
. "nnyli_nnny—i—li
gB(”’k)yk:;Z M(Tﬁ) _22 M( 2 )

Thus, the generating function is given by

n

ZZBnk‘ 'y —ZZ[ ](y—l—l) 271!) = (1-2t)" 2D,

n=0 k=0 n=0 =0

where we used (2.6]) in the last step. O

The D-analogues of the (signless) Stirling numbers of the first kind are denoted by D(n, k)
and defined as the coefficients of the polynomial

(t+1)(E+3) ... (t+2n—3)(t+n—1) Zan: (2.10)

By convention, D(n,k) = 0 for k ¢ {0,...,n}. The signed version of these numbers appears as
entry A039762 in |16] and they can be expressed through the B-analogues by

D(n,k) =(n—1)B(n—1,k)+ B(n— 1,k — 1);
see ﬂl_JJ, Section 2.2]. Together with (29]) this yields
D(n,k) = B(n,k) —nB(n— 1,k). (2.11)

3. CONICAL INTRINSIC VOLUMES OF WEYL CHAMBERS

This section is dedicated to proving the formulas for the intrinsic volumes of the Weyl chambers
mentioned in (II]). For this, we want to use the formula (23] and evaluate the internal and external
angle of the faces of the Weyl chambers. The computation of the external angles relies on the ideas
of Gao and Vitale ﬂﬁ] who derived the classic intrinsic volumes of a related simplex. 777

3.1. Type A, _1. We start with the simpler A, 1 case. Recall the definition of the fundamental
Weyl chamber of type A, _1:

CA:=C(An1) ={BER":B1 > Bo>... > B}

Then our first result is the following.
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Theorem 3.1. For k = 0,1,...,n the k-th conical intrinsic volume of the Weyl chamber of type
A, _1 is given by

57

wictann) = )]

where the Stirling numbers [}}] are defined as in Section [Z2

In order to prove Theorem Bl we want to evaluate the internal and external angles of the
faces of C4. Observe that the faces of C* can be obtained by replacing some of the inequalities
defining C* by the corresponding equalities. It follows that for 2 < k < n, the k-faces of C4 are
determined by the collection of indices 1 <[y < ... <lp_1 <l :=n and given by

CHl,y 1) ={BER™ : Br=...=B, > B1=-.. =B > ... > B 41 =-.. = Bu}.
Then, (23] yields the formula
u(Ch = Y a(F)a(N(F,C)
FeF(C4)
- > a(CHly, .. k1)) a(N(CA(, . 1gm1), CY)).

1<l <...<lp_1<n—1
For k =1, the only 1-face is F} :={f € R": 1 = ... = (3,} and we have
ul(CY) = a(Fr)a(N (Fr,C%)).

Since C has no 0-dimensional faces, we have

vo(CH) =0 = m

External Angles. Let 2 < k < n. Take some 1 <[y < ... <l_1 <l :=n. We start by computing
the normal face N(CA(ll, ceylke—1), C'A). Our method of proof partly relies on the approach of Gao
and Vitale [9]. By definition, we have

N(CA U, l1), CA) = (in G, 1) 0 (A,
Using (2.1)), we obtain
(CY° ={BER": B = P> ... 2 B}

=pos{(1,0,...,0),(1,1,0,...,0),...,(1,...,1),(=1,...,—=1)}°
={zeR": (2, (1,0,...,0)) <0,(x,(1,1,0,...,0)) <0,
oz, (1,000, 1) <0, {(x, (—1,...,—1)) <0}

={zeR": 21 <0,x1+22<0,...,29+... +xp_1 < 0,29 + ... + 2, = 0}.
Furthermore,
(in CAy, .. ) ={BER : B1= .. =By, Bus1 = = Bias-- s By ys1 =+ = B}t

=lin{es —e1,...,€;, — € —1,€4+2 — €41, -+ €l — €ly—1,
@l T €l 1y — €n—1}-

Here, eq,...,e, denotes the standard Euclidean orthonormal basis of R™. Now, suppose x €

(lin CA(ly,...,l;—1))*". Then there exist numbers \; € R with i € {1,...,n}\{l1,...,lr_1,n}, such
that
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T = ( - )\17 >\1 - >\27 ceey )\11—2 - Al1—17 >\l1—17 _)\l1+17 >\l1+1 - >\l1+27 e 7Al2—2 - Al2—17 )\12—17
e A A1 = Al 425 An—2 — A1, )\n_l). (3.1)
We observe that the coordinates of z = (z1,...,x,) satisfy z1 + ...+ 2; = 0 for all i € J :=
{li,...,lg—1,n}, and o1 + ... +x; = —A; for all j € {1,...,n}\J. If we additionally suppose

x € (C4)°, we have that z is of the above form seen in () satisfying additionally \; > 0 for all
j€{1,...,n}\J. Thus, it is easy to see that

N(CA(ll, PN ,lk_l), CA) = pOS{EQ —€1,...,€; —€1—-1,€14+2 — €4 +1y-++,€l5 — €151,
e ,elk71+2 — elk71+1, ceeyEpy — en_l}
=pos{u; : j ¢ J},
where u; = e;41 — ¢; is the n-dimensional vector whose i-th coordinate is —1, whose (i + 1)-st
coordinate is 1, and the other coordinates are zeros. For i = n, we put u, = (0,...,0,—1).

To evaluate the solid angle of the normal face N(CA(ly,...,l;),C*) = pos{u; : j ¢ J}, we
arrange the vectors u;, j ¢ J as rows in the following (n — k) x n Matrix

-1 -
-1 1

-1 1

The horizontal lines denote the missing vectors u;, j € J. This matrix contains k small submatrices,
denoted by Aj,...,Ar. They are of the same form but possibly of a different size. This matrix
emphasizes the product structure of the normal face N (C’A(ll, cens i), CA), since the row vectors
of the matrix belonging to different submatrices are orthogonal. This corresponds to the fact that
we can write the normal face as the orthogonal product of k£ cones:

N(CA(ll,...,lk_l),CA) = Dl1 X Dlz—h X ... X le_lkfl’
where
D; ::{xGRi::pl <021 +22<0,...,29+...+xi—1 < 0,291+ ...+ x; =0}

The cones D; have the same structure and differ only by dimension. Thus, it suffices to compute
the solid angle for one of these cones. In the following, we consider the cone D;, spanned by the
rows of the matrix A;.
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Let v1, ..., v, -1 denote the [;-dimensional row vectors of the (I; —1) x [;-matrix A;. We want
to evaluate the angle of pos{vi,...,v;,—1}. For the sake of simplicity we will often refer to it as
the angle of Ay or just a(A;). In order to do this, we want to produce i; matrices, denoted by
AY = A AL ,Alll_l that satisfy the following two properties:

(i) For each 1 <i <1l; — 1, A} has the same angle as Ay, i.e for each matrix the positive hull
of its row vectors has the same angle as pos{vy,..., v, 1}

(ii) The positive hulls of the row vectors of each matrix A9, A}, ... ,Alll_l form a conical mosaic
of R=1 (or rather of a (I; — 1)-dimensional subspace or R"), i.e. they have no common
interior points and their union equals the whole space R ~1.

The construction of these matrices is as follows. For 1 < ¢ < [y — 1 delete the ¢-th row of A; and
add the [;-dimensional vector v, = (1,0,...,0,—1) at the bottom. Then move the first i — 1 rows
to the bottom and call the obtained matrix A}. We will display the matrices:

-1 1 0 ... 0 0 0
0 -1 1 ... 0 0 0
Al— B
0 0 0 -1 1 0
0 0 0 ... 0 -1 1]
[0 -1 1 0 0 0
0 0 -1 1 ... 0 0
A%: s
0 0 0 0 -1 1
1 0 0 0 0 —1]
[0 0 -1 1 0 0]
A2_
i=]l0 0 0 0 1 11>
1 0 0 0 0 -1
-1 1 0 0 0 0]
(1 0 0 0 0 —1]
-1 1 0 ... 0 0 0
Alll_lz o -1 1 ... 0 0 O
(0 0 0 ... -1 1 0

Let us give an interpretation of the cones spanned by the rows of the matrices A}. First of all, the
cone defined by A} can be represented as

{(l‘l,...,l‘ll)GRll 3332‘-1—1§0,$i+1+l‘i+2§0,---,$i+1+---+l‘l1+$1+---+$i_1SO,
Tig1+ ... +zy +x1+ ... +x; =0}
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Consider some vector (z1,...,x},) € RU satisfying z1 + ... + x;, = 0 and the corresponding partial
sums:
r1,x1+ 29, ..., 21+ ...+ Tp_1,21+ ...+ 2, =0.

The cone generated by the rows of A; consists of all such vectors for which all partial sums are non-
positive (i.e., they form a “bridge” staying below zero). More generally, the cone generated by the
rows of A} consists of all vectors (21, . .. , 2, ) for which a cyclic permutation (x;41, ..., 2,21, .-, ;)
satisfies the same non-positivity condition. In the following, it will be shown that ignoring the vec-
tors on the boundaries of the cones, for each vector there is exactly one cyclic permutation satisfyin
the non-positivity condition. A probabilistic version of this reasoning is due to Sparre Andersen |17]
who proved that the probability that a random bridge (satisfying certain minor conditions) of length
l; stays below zero is 1/1;.

We observe that each matrix Af is a column permutation of A; and that we can also construct
the matrix A" which coincides with A;. Thus, there is a permutation matrix @ = O;, such that
Al = A;071, and therefore,

(ADNT = 0(A)T = (Ovy,...,0u, 1),

where the last notation refers to the matrix consisting of the columns Ov;, i = 1,...,l; — 1. Thus,
we see that the angle of A} coincides with the angle of Ay, since forall [ =1,...1; — 1

a(A}) = a(pos{Ouvy, ... ,Ov,—1}) = a(Opos{vy, ..., uy-1}) = a(pos{vi,...,uy-1}) = a(4y),

where we used the rotation invariance of the spherical Lebesgue measure.

Now, it is left to prove that AL, ..., Alll_l, All, or rather the positive hulls of its respective rows,
form a conical mosaic of the (I; — 1)-dimensional subspace Hy, = {(x1,...,2,) : 21+ ...+ 2, =
0} C R, We are going to show that the positive hulls have no common interior points, where the
notion of interior is always understood in the sense of the ambient space H,. To this end, we take

indices 1 < i < j <[y and show that the interiors of the positive hulls of the rows of A’i and A{
are disjoint. Note that the rows of Ai1 are given by v1,...,0_1,Vi+1,...,v;, and the rows of Af

by v1,...,0-1,Vj41,..., 0. If @ = (z1,...,2,) € int(pos{v1,...,vi—1,Vit1,...,0;, }), then there
exist numbers o, > 0, k € {1,...,l1}\{¢} such that
r=av1+ ...+ 0 1% 1+ Q11Vip1 + ... + Qv
which uses the linear independence of the v;’s. Thus,
Tit1 +Tipo+ ...+ 2 = —41 + (ai-i-l — ai+2) + ...+ (aj_l — aj)
=—0; < 0.
If also z € int(pos{vi,...,vj_1,V41,..., 0 }), then there exist numbers 5, > 0, k € {1,...,51 }\{j},
such that

r=pvr+...+ Bj—1vj-1 + Bjrvjp + ..+ By
Thus,
Tig1 i+t x = (B — Biv1) + .. A (Bj—2 — Bj—1) + Bt
= 5Z > 07

which is a contradiction.

Finally, we claim that the union of the positive hulls defined by the rows of AY,... ,Alll_l,
respectively, equals the (I; — 1)-dimensional subspace Hj, = {(z1,...,2;,) : 21+ ...+, =0} C
RI. Since the vectors v1,. .. ,U1,—1 are linearly independent and vy,...,v;, € Hj, we have that
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Hy, = lin{vy,...,v;,}. Thus, H;, contains the positive hulls defined by the rows of A{,... ,Alll_l,
respectively. On the other hand, we know that for each « € Hj, there exist numbers ¢i,...,¢, € R,
such that

T =cCut ...+ oy

Then there is a permutation o of the set {1,...,l1} with c¢,q) < ... < ¢5(,). Thus, we have

+ (Co(ty) = Co(1))Vo(r)
= Co(1))Vo(2) T - -+ (Coty) = Co(1)Vo(tr) € POS{Vs(2)s- - -5 Vo(iy) )

xr = Cg(l)(vl + ...+ Ull) + (60(2) — Co(l))vo.(z) + ...

(Co2)

proving that the positive hulls defined by AY,... ,Alll_l form a conical mosaic of Hj,.

Summarizing, we proved that «a(A;) = 1/l;. Similarly, one proves that a(As) = 1/(ly —
l1)y..., Ay = 1/(n —li_1). Since the cone oz(N(C’A(ll, coylg—1), C’A)) is the orthogonal product of
the k cones spanned by the rows of the matrices A1, ..., Ay, it follows that

1
11(12 — ll) taet (Tl — lk—l)‘
The case k = 1 follows in the same way as above. For the only 1-face F; = {8 € R" : 34
... =By} of C4, we have
N(F,C%) = (F)'n(Ch)°
={BeER": 3 <0,8+B<0,....00+ ... +Ba1<0,81 +...+ B, =0}
= pos{u;,i ¢ J :={n}}.
Thus, we can apply the same arguments as for k£ > 2 and obtain
1

n

a(N(CH, ... lg=1), CY) = a(A1)a(As) ... a(Ay) = (3.2)

N(Flch) =

Internal Angles. Now, we need to compute the internal angles of the faces of C4. Let 2 < k < n.
In order to do this, we consider the linear hull of CA(ll, ...,lg—1) which forms a k-dimensional

linear subspace of R™. Recall that for 1 <[y < ... <I_1 <n—1 the linear hull of CA(ll, coylg—1)
is given by
inCA(ly, .. ) ={BER: Br=.. =By s Blyt1 == Bn}
Thus, the vectors z; given by
1 1,...,01 1 l1+1,...,102
—N—
r1=—(1,...,1,0,...,0), 290 = 0,...,0,1,...,1,0,...,0),...,
\/E( ) la — 11( )
lp_o+1,. 0 lk_1 lg_1+1,....,n
1 1 —_——N—
0,...,0, 1,...,1 ,0,...,0),2 = 0,...,0,1,...,1)

Tpo) = ——e
V=1 — lk—2

form an orthonormal basis of lin C4(ly, . .

random variables &1, ...

normal distributed on the linear subspace lin C4(ly, ..
., lp—1) the following formula:

a(CA(y,. .., k1)) =P(N € CA(1y, ..

CA(ly,..

k1))

., lg—1). For independent and standard normal distributed
, &k, the random vector N := &1y + -+ - + g is k-dimensional standard
.ylg—1). Thus, we obtain for the angle of
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YAy ) Er—1 &k
_P(\/E = Vi =1 S V=1 — lg—2 = \/n—lk—1>'

Finally, we are able to prove Theorem B.11

(3.3)

Proof of Theorem[31l Let 2 < k < n. Using the formulas (23] and 2] for the internal and
external angles, we obtain

vR(CH) = > a(CHly, .. L )a(N(CA(Ly - Di1), C))

1<h<.<lp—1<n—1

P(ﬁ_ Ep_1 &k >
_ Z Vit = V1 - \/lk 1= lg—2 \/n—lkq
1<l <...<lj_1 <n—1 Ll ) o (=1 = lp—2)(n = lp-1)
Defining iy = ly,i9 =lo —l1,...,ip_1 = lpx_1 — lg_2,1 = n — lp_1, we can change the summation of
the above sum and obtain
1
3 e (5—1 > &2 > ko1 S =£). (3.4)
ey B2 VRS VR T Vi T Vi
t1+...+ig=n
Now, fix a permutation 7 € Sg. For each tuple (i1, ...,ix) € N¥ satisfying i1 +...41ix = n, the

tuple (ix(1),---,in(k)) also satisfies ir(;) + ... +izk) = n. Thus, the sum in ([3.4) does not change
if we replace the tuple (i1, ...,ix) by (ix(1),- - ir@)) inside the sum. It follows that

1 1 &1 o &k
—— . . P =
k! wgk il,.Z,i;eN tr(1)n(2) © (\/ (1) v in(2) RY. Z7r(l~c)>

t1+...+ig=n

1 &2 &k
= — P >
it il,.%%a\r iz ngk (\/ \/ n(2) \/%r(k))
11+...Fig=n

1 1

i - ... g
01,.i EN 152 k
i1+...Fig=n

In the last step we used that for a given composition (iy,...,i;) € N* satisfying iy + ... + i, = n,
we have

§7r §7T(2 gﬂ'(k
> > 1,
Wg‘;k ( \/ 7r(1 VA’ VA’ >

and thus, also

Yr( gz )

TeSy
since &1,..., &, are independent and identically distributed, in particular exchangeable. Using the
representation (2.5]) of the Stirling numbers of the first kind, we obtain

u(CY) = - M o m %
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For k = 1, the only 1-face of C4is F; = {3 € R": 1 = ... = 3,} and we have

n 1| n!

For k = 0, we already saw that vo(C4) =0 = [g], which completes the proof. O

v (CY) = a(F)a(N(F, CAY) =1+ = m !

3.2. Type B,. Now, we proceed with the B,, case. Recall the definition of the fundamental Weyl
chamber of type B,,:

CBi=C(B) = {BER" B> B> ... 2 B, > 0).
Then the analogue of Theorem [B.1]is the following.

Theorem 3.2. For k=0,1,...,n the k-th conical intrinsic volume of the Weyl chamber C(B,,) is

given by
B(n, k)
2np!

vk(C(Bn)) =

Again, to obtain the faces of C® we have to replace some of the inequalities defining CZ by
the corresponding equalities. It follows that for 1 < k < n any k-face of CP is determined by a
collection of indices 1 <1; < ... <l <n and given by

CBUy,. . ) ={BER" :B1=...=B,>...2 08, s1=--=B,>...2Bps1=-..= P =0}
Then, (23] yields the formula
w(CP)y= Y a(F)a(N(FCP))
FeF,(Ch)
= > a(CP,.. 1) a(N(CP (U, 1), CP)).

1<hi<..<lp<n
For k = 0, the only 0-dimensional face of C” is {0} and we have
v (CF) = a({0})a(N ({0}, CF)) = a(N ({0}, C)).

Ezxternal Angles. The computation of the external angles for the B,, case is similar to the A,,_1 case.
Take some 1 < [; < ... < Iy <n. We start by computing the normal face N(CB(ly,... 1), C?) of
CB(ly,...,1). First of all, we have

(CB)° = pos{(1,0,...,0),(1,1,0,...,0),...,(1,...,1)}°
={zeR": 21 <021 +22<0,...,29+... +z, <0}
Since
U OBy, ) ={r €R" 1a1 = ... =2, Ty 11 = oo = Ty e Ty = - = Ty = 0}
=lin{e; —ea,...,€,-1 — €11, €141 — €142, -+, €ly—1 — €lys
€Ll — €42y, En—] — €, Ent,

it follows that

N(CB(1y,...,1}),CB) = (lin CB(ly,...,I1))F n(CB)°

=pos{u; :i ¢ J}
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with J = {l1,...,lx} by a similar argument as in the A,_; case. Again, u; = e;11 — ¢; is the
n-dimensional vector whose i-th coordinate is —1, whose (i + 1)-st coordinate is 1, and the other
coordinates are zeros, for ¢ € {1,...,n —1}. For i = n, we put u,, = —e,, = (0,...,0,—1).

To evaluate the solid angle of the normal face N(CB(ly,...,l}),CP) = pos{u; : i ¢ J}, we
arrange the vectors u;, ¢ ¢ J, similarly to the A,,_; case, as rows in the following (n — k) x n-matrix

-1 1
-1 1
-1 1
-1 1
i -1

where the horizontal lines indicate the missing vectors u;,7 € J. This matrix contains k + 1 small
submatrices, denoted by By, ..., Biy1. The first k£ small matrices By, ..., By are all of the same
form but possibly of a different size. Additionally, these small matrices By, ..., By are of the same
form as the small matrices Aq,..., A} in the A,_1 case. Following the reasoning of the A,,_1-case,
for each small matrix By, 1 < p < k, the solid angle of the cone spanned by this matrix is given by

1

a(By) = —,
( p) lp o lp—l

where we put lp = 0. Since N(CB(ly,...,1;), OP) is the orthogonal direct product of the cones
spanned by the rows of the individual matrices By, ..., Byi1, we arrive at

a(Byy1)
Lhlo=1) oo (I — lg—1)

In order to compute the angle of the normal face, we still need to determine the value of
a(Bj41), where the (n —I) x (n — lg)-matrix By, is given by

a(N(CB(ly,....1),CP)) =

1 1 0 ... 0 0]
0 -1 1 ... 0 0
0 0 0 -1 1
(0 0 0 0 -1
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We denote the rows of Bj41 by wi, ..., wy—, . Using (21]) we obtain
(pos{wi, ..., w,_1, })° = {z € R : (z,w0;) <0, i=1,...,n — I}
:{xGR"_l’“ PX1 > 2> Xy, >0}

= pos{(1,0,...,0),(1,1,0,...,0),....(1,..., D}
Thus, z € pos{wi,...,w,_y, } if and only if (x,e; +... +¢;) < 0 for all i = 1,...,n — I, where
we recall that eq,...,e,_;, denotes the standard Euclidean basis in R~ Now, take a (n —l)-
dimensional standard Gaussian random vector N = (Ny,..., N,y ). It follows that
a(Bk-i-l) = Oé(pOS{’LUl, ce 7wn—lk}) = P(N € pOS{U)l, s 7wn—lk})
:P(<N,€1—|—...+€Z‘> §0Vz:1,,n—lk)
:]P)(Nl < 0,N1 + No §0,...,N1—|—...—|—Nn_lk SO)

B 2(n — ) 1
S\ n—1 ) 22n—l)"

In the last step, we applied the well-known formula of Sparre Andersen B] which is valid in the
case when Ni,..., N,,_;, are independent and standard normal distributed. This yields the external
angle of CB(ly,... 1)

<2(n—lk)>
n—lk
Oé(N(CB(ll, ‘e ,lk),CB)) — ll(l2 — ll) . (lk — lk_1)22(n—lk) . (35)

In the case k = 0, we want to compute the angle of N({0},C*?) = (CP)°. We know that
(C'B)Oz{a:E]R”:a:l <0,21+22<0,...,21+...+xz, <0}

Thus, for an n-dimensional standard Gaussian random vector N = (Ny,..., N,,), we have
a(N({0},CP)) =P(N € (CP)°) =P(N; <0,N; + N2 <0,...,Ny + ...+ N, <0)
2n\ 1
() ”

again by the formula of Sparre Andersen [5].

Internal Angles. Now, we need to compute the internal angles for the faces of CB, that is the angle
a(CB(ly,..., 1)) for 1 <y < ... <l < n. In order to do this, we consider the linear hull of

CB(ly,...,l;) which forms a k-dimensional linear subspace. Recall that
inCP(y, ... ) ={z €R":zy = ... =xy,, 01,41 = ... =Ty TYpgl = ... = Ty = 0},
Then, the following vectors %1, ...,y form an orthonormal basis of lin CB(ly,...,1}), where y; is
the normalized version of the vector with 1 in the entries [;_1 + 1,...,l; and zeroes in the other
entries, i.e.
1,50 l1+1,...,l2
L7 30,0 L 0,07 10,....0)
ylz— AR 9 AR 7y2: DA ) AR ) AR PR
Vi lo =1y
lp—1+1, 0
1
( ) Y 07 17 * 1 707 70)
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For independent and standard normal distributed random variables &1, ...,&;, the random vec-
tor N := &yp + -+ + &pyg is k-dimensional standard normal distributed on the linear subspace
lin CB(ly,...,1;). Thus, we obtain for the angle of CB(ly,...,l;) the following formula:

&1 &2 &k
- > = > .. > —— >0)]).
Vi Vh=U T =l >

Now, we are finally able to prove Theorem

a(CB(ly,... 1)) =P(N € CB(ly, ... 1)) = IP’( (3.7)

Proof of Theorem[3.2. The proof is more involved than that of Theorem 3.1l Let 1 < k < n. Using
the formulas ([B.7) and (B3] for the internal and external angles, we have

(€)= > alCPlh,... )a(N(CP (L., k), CP))

1<hi <..<lp<n

> (2(:—_ lik)>

& &2 Ek
P( 2 2z 2 Vik—lk—1 20)

1<l <. <lp<n ll(lg — ll) et (lk — lk_1)22("_lk)
Defining i1 = l1,i0 = Iy — l1,...,1; = I — lx_1, we can change the summation of the above sum
and obtain
. . £ & R
ot AN ek e/ ipig - .. 02200 )
i1+ Hig<n
nk P<§_1>§_2>___>§_k>0)
2r i = iz — = Vir —
DD D G B T e )
r=0  i1,..ix€N 12tk
i1+...Fig=n—r
Now, fix anumber r € {0,1,...,n—k}, a permutation m € Sj and a vector of signse = (e1,...,¢) €

{£1}*. For each tuple (iy,...,i;) € NF satisfying iy + ... + i, = n — r, the tuple (in(1)s -+ in(k))
also satisfies ir(1) + ... +iz(x) = n — r. Thus, the inner sum in ([B.8)) does not change if we replace
the tuple (i1,...,ix) by (iz(1);---,%x(k)) inside the sum. Furthermore, the sum does not change
if we additionally replace &1, ...,& by €1&1,. .., k€, respectively, since &1, ..., & are independent
and standard normal. Thus, we obtain

n—k P(EL > & > > %% >
weh =y ¥ (7 ks A :2)

. - r
r=0  i1,..,ixEN
11+...+ig=n—r

_n_k 1 Z Z 2r P( ir(1) ir(2) = Vir(k)
- ok o r ] ) Cale z}r(k)227’

=0 T (em)e{£1}E XSy, i1,nik€N
i1+ +ig=n—r

i p ab o o &b >0
Z P89 - ... - 1227 Z < ] == ) - )

r= 11,y EN (e,m)e{E1}r xSy,
11+...Fig=n—r

1 n—k
= k—'
25 k! ‘
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Z Z (27"T)
Qkk" 1179+ ... ’L'k22T '

r=0 01,00 EN
i1+...Fig=n—r

In the last step, we used that for a given r € {0,1,...,n — k} and a composition (iy,...,i) € Nk
satisfying i1 + ...+ iy =n—r

£18r(1) k€ (k)
Z 22— >0)=1
(e,m)e{£1}r xSy <\/— Lr(k) )

and thus, also

(e,m)e{£1}k xSk

since £1,...,&; are standard normal and independent and, in particular, symmetrically exchange-
able. Using the representation (23] for the Stirling numbers of the first kind, we obtain

Note that this formula continues to hold the special case k; = 0. In order to observe this, note that
since [8] = 1, by convention, and [g] =0 for all n > 0, we have

v (CP) = a(N({0},0F) = < )22n 22_2T< ) [ngr] (n i Y

using (3.6]). Thus, for 0 < k < n, it is left to prove that

=5 () o 2

holds true. In order to do so, we compare the generating functions of the sequence on the left-hand
side and the sequence on the right-hand side. Recall from Proposition 23] that the generating
function of the B-analogues of the Stirling numbers of the first kind is given by

oo n tn .
>3 B k)t = (1 - 20) B0,

n=0 k=0
Before we can evaluate the generating function of the right-hand side of ([B3), we consider the

following sum:
:i z_:nkzr 2r\ [n—r] n! t”‘
r E |(n—r)]n!

n=~k

Then, we get
o ok 2r\ (n—r t"
n—k—2r -
a =3y () o5y

n=kr
PR Ol

=0 n=r+k
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— 22—T—k (2:) o ( i [n ; r} ((st)_";;> . (3.10)

n=r+k

By shifting the index in the inner sum and using the generating function of the Stirling numbers
of the first kind stated in (2.6]), we can rewrite (3.10) to obtain

(1) = f::o () ( f:;k i %) _ izk () st =20
_ ok = 108;(]1!— 2t))k i (%)r (2:>

r=0
(—log(1—2t)F 1
k! V1-—2t
for |[t| < 1/2. Thus, the generating function of the right-hand side of ([8.9)) is given by

oo oo 1o _ k
Zak(t)yk _ 1 22—k( 1 g(l 2t)) yk
k=0 k=0

=92k

V12t k!
00 k
1 (—4log(1—2t))
VI=2t = k!
1

= e XD < — %log(l — 2t))

=(1— 2,5)—%(y+1)7
which coincides with the generating function of the sequence (B(n,k)), r>0. This completes the

proof. O

3.3. Type D,,. At last, we can also compute the conical intrinsic volumes of the Weyl chambers
of type D,,. They follow from the intrinsic volumes of the type B,, chambers and the additivity of
the intrinsic volumes.

Theorem 3.3. For k = 0,1,...,n the k-th conical intrinsic volume of the Weyl chamber of type
D,, is given by

D(n, k)

v(C(Dr)) = o1’

where the numbers D(n, k) are given by (ZI0).
Proof. Consider the Weyl chamber
C(Dn) ={BER™: f1 > ... = Bn1 > |Bnl}.
We have
C(Dy) = (C(Dy) N {By > 0}) U (C(Dn) N {Bn < 0})
={BeER":f1>...28,1 2B, 20tU{BER": B1 > ... > Bp1 > —f, > 0},

where the first set on the right-hand side is the Weyl chamber of type B,,, while the second set is
isometric to it. Their intersection

{ﬁGRnﬂlzZﬂn—lZﬁnEO}ﬂ{ﬁGRnﬁlZZﬂn—lz—ﬁnZU}
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is a Weyl chamber of type B,,_; if we identify R"~! and R"~! x {0}. The conical intrinsic volumes
are additive functionals, see ﬂﬁ, Theorem 6.5.2], and thus, we obtain

+u({BER": B1 > ... 2 P12 =B 20}) —vp({B1 = ... = Bu—1 > B, =0})
_ B(n,k) B(n,k) B(n-—1k)

2nn! pl 2n—1(p — 1)
B(n,k) —nB(n —1,k)

N 2n—1p)

_ D(n,k)

- oon—lpl”
Here, we used the formula for the intrinsic volumes of the Weyl chambers of type B,, from Theo-
rem [3.2] and in the last step the relation (2.I1I). O
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