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ON SCHUBERT VARIETIES OF COMPLEXITY ONE

EUNJEONG LEE, MIKIYA MASUDA, AND SEONJEONG PARK

ABSTRACT. Let B be a Borel subgroup of GL,(C) and T a maximal torus
contained in B. Then T acts on GL,(C)/B and every Schubert variety is
T-invariant. We say that a Schubert variety is of complexity k if a maximal T-
orbit in X, has codimension k. In this paper, we discuss topology, geometry,
and combinatorics related to Schubert varieties of complexity one.

1. INTRODUCTION

The flag manifold F¢(C™) is the homogeneous space GL,, (C)/B, where B is the
set of all upper triangular matrices in GL,,(C). The left action of B on F¢(C™) has
finitely many orbits BwB/B, where w is a permutation in &,,, and the Schubert
variety X, is the (Zariski) closure of the B-orbit BwB/B. Most Schubert varieties
are not smooth and they are desingularized to Bott—Samelson varieties, see [2, §].

Let T be the set of all diagonal matrices in GL,,(C). Then T is isomorphic to
the torus (C*)™ and acts on F£(C™) by the left multiplication, and every Schubert
variety X,, is a T-invariant irreducible subvariety of F¢(C™). We say that a Schubert
variety X,, is of complexity k with respect to the action of T (or simply, X, is of
complezity k) if a maximal T-orbit in X,, has codimension k. In this paper, we are
interested in the Schubert varieties of complexity one.

There were several studies on Schubert varieties of complexity zero (i.e., toric
Schubert varieties) and related combinatorics. It is known that X,, is of complexity
zero if and only if a reduced decomposition of w consists of distinct letters, and in
this case X, is smooth and isomorphic to a Bott—Samelson variety ([I0], [I7]). On
the other hand, permutation patterns are related to the form of reduced decompo-
sitions. A reduced decomposition of w consists of distinct letters if and only if w
avoids the patterns 321 and 3412, see [24]. It was also shown in [23] that a reduced
decomposition of w consists of distinct letters if and only if the Bruhat interval
[e,w] is isomorphic to the Boolean algebra B, of rank £(w), where £(w) is the
length of w. The Bruhat interval polytope Q. ., introduced in [25], is the convex
hull of the points (u(1),...,u(n)) in R™ for all v < w < w. The Schubert variety
X, is a smooth toric variety if and only if Q). ,, is combinatorially equivalent to the
¢(w)-dimensional cube I*(*), see [21].

Theorem 1.1. [10, 17, 23] 24, 21] The following are equivalent:
(0) Xy is a toric variety (i.e., of complexity zero).
(1) X, 4s a smooth toric variety.
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) w avoids the patterns 321 and 3412.

) A reduced decomposition of w consists of distinct letters.

) X is isomorphic to a Bott-Samelson variety.

) The Bruhat interval [e,w)] is isomorphic to By, the Boolean algebra of
rank £(w).

(6) The Bruhat interval polytope Qe . is combinatorially equivalent to the ¢(w)-

dimensional cube.

Recall that for a decomposition w = s;, ...s;, of a permutation w, the Bott-
Samelson variety Z,, is defined by the orbit space of Bs; B x --- x Bs;, B by the
right action of B in (Z.2). Then Z,, has an iterated CP!-bundle structure because
Bs;, B/B = CP'. Note that Bs;, B/B = X;, and Bs; B/B= F{(C?) =CP'. A
Bott-Samelson variety Z,, is not a toric variety in general, but it is diffeomorphic to
a toric variety, called a Bott manifold. We refer the reader to [13] for more details.

In this article, we study an analog of the equivalent statements (1)~(6) in The-
orem [Tl for Schubert varieties of complexity one. Whereas every toric Schubert
variety is smooth, not every Schubert variety of complexity one is smooth. For
example, the Schubert varieties X3214 and X3412 are of complexity one, but X314
is smooth and Xg412 is singular.

Jantzen [15] generalized the notion of Bott—Samelson varieties. For an ordered
tuple of permutations (wq,...,w,), the variety Z(w,....w,) is the orbit space of
BwB x -+ X Bw,B by the right action of B" in (£I]). Unfortunately, there
was no name for the variety Z,, . ., in [15], but now, it is called a generalized
Bott-Samelson variety (cf. [4] and [22]). When X, is a flag manifold for every
i=1,...,r, the variety Z(y, . . w,) is called a flag Bott-Samelson variety, see [11].

Theorem 1.2. For a permutation w in &,,, the following are equivalent:

(1) X, is smooth and of complexity one.

(2") w contains the pattern 321 exactly once and avoids the pattern 3412.

(3') There exists a reduced decomposition of w containing s;s;+18; as a factor
and no other repetitions.

(4) X is isomorphic to a flag Bott-Samelson variety Z,,,. . w,) such that
r=L(w) —2, wy = 8;Sj+18; for some 1 <k <r, w; =sj, fori#k, and
Ty s Jhe1sJk+1s---5Jr, 3,7 + 1 are pairwise distinct.

(5") The Bruhat interval [e,w] is isomorphic to &3 X By(y)—3.

(6") The Bruhat interval polytope Qe . is combinatorially equivalent to the prod-
uct of the hexagon and the cube I*(W)=3,

Theorem 1.3. For a permutation w in &, the following are equivalent:

(1) X, is singular and of complexity one.

(2") w contains the pattern 3412 exactly once and avoids the pattern 321.

(3") There exists a reduced decomposition of w containing S;1+18;Si+25i+1 GS a
factor and no other repetitions.

(4") Xy is isomorphic to a generalized Bott-Samelson variety Z(y, ... w,) such
that r = (w) — 3, Wk = 8j415;Sj428;+1 for some 1 < k <r, w; = s, for
i £k, and j1, ... Jk—1,Jk+1,---5Jr> o] + 1,7 + 2 are pairwise distinct.

(5"”) The Bruhat interval [e,w] is isomorphic to [e, 3412] X By(y)—4.

(6") The Bruhat interval polytope Qe is combinatorially equivalent to the prod-
uct of Qe 3412 and the cube THw)—4
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The equivalence between the first two statements (respectively, the second and
the third statements) in Theorems[[.2] and [[.3is an immediate consequence of [19]
and [24] (respectively, [7]). The following diagram shows how we prove the main
theorems in the paper. We prove Theorems and [[.3] in parallel.

Theorem [3.9]

(1) > (3)

Theorem I

Corollary

Like as a Bott—Samelson variety is diffeomorphic to a Bott manifold having a
higher rank torus action, a flag Bott—Samelson variety is diffeomorphic to a flag
Bott manifold which admits a higher rank torus action. Whereas a Bott manifold is
a toric variety, a flag Bott manifold is not a toric variety in general, but it becomes
a GKM manifold. In addition, we will see that every smooth Schubert variety of
complexity one is diffeomorphic to a flag Bott manifold.

This paper is organized as follows. Section 2] contains basic notions and facts
about symmetric groups, Schubert varieties, Bott—Samelson varieties and Bott tow-
ers. In Section 3l we introduce the various relation between the pattern avoidance
of a permutation and the complexity of a Schubert variety, and see the equivalence
among the first three statements in Theorems and In Section @, we in-
troduce the notions of flag Bott—Samelson varieties and generalized Bott—Samelson
varieties, and prove the implications (1’) = (4') = (5’) and (1”) = (4”) = (5”) in
Theorems and [[.3] respectively. In Section Bl we study the properties of Bruhat
intervals and Bruhat interval polytopes related to Schubert varieties of complexity
one, and then complete proofs of Theorems and In Section [B we intro-
duce the notion of flag Bott manifolds, and then show that every smooth Schubert
variety of complexity one is diffeomorphic to a flag Bott manifold.

2. PRELIMINARIES

In this section, we first prepare basic facts about symmetric groups and Schu-
bert varieties from [3], and then see the relation among Schubert varieties, Bott—
Samelson varieties, and Bott towers.

Let G = GL,(C) and B the set of upper triangular matrices in G. We denote
by T the set of diagonal matrices in G. Then, T = (C*)™. The homogeneous space
G/ B is a smooth projective variety can be identified with the set

FUCH) ={{0} CViCVaC - CV,=C") |dimcV; =i fori=1,...,n}

of chains of subspaces of C". The Weyl group of G is identified with the symmetric
group &,, on the set [n] == {1,2,...,n}. For an element w € &,,, we use the
one-line notation
w =w(lw(2) - w(n).
In this one-line notation, the identity element e is presented by e =12 --- n.
We denote the set of transpositions by

(2.1) T={(i,j)|1<i<j<n),
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which are permutations on [n] swapping ¢ and j. The simple transpositions s; are
the transpositions of the form

si=(i,i+1), fori=1,...,n—1.

Since &, is generated by simple transpositions, every w € &,, can be expressed as a
product of simple transpositions. If w =s;, ---s;, and ¢ is minimal among all such
expressions, then ¢ is called the length of w (written ¢(w) = ¢) and the expression
Siy + - 8, 18 called a reduced decomposition (or reduced expression or reduced word)
for w. We denote by R(w) the set consisting of all reduced decompositions of w. A
consecutive substring of a reduced decomposition is called a factor. For instance,
since

R(321) = {s18281, s28182} and R(3412) = {s2535152, $2515382},

no reduced decomposition for 3412 contains s;s;415; as a factor unlike 321.

The Bruhat order on &,, is defined by v < w if a reduced decomposition of v is
a substring of some reduced decomposition of w. Then &,, with the Bruhat order
is a graded poset, with rank function given by length. Figure [I] gives the Hasse
diagram for the Bruhat order on &y.

FIGURE 1. The Bruhat order on Ggy.

The complex torus T acts on G/B by the left multiplication, and the set of T-
fixed points is identified with &,,. More precisely, each element w € &,, corresponds
to a coordinate flag given by

({0} - <ew(1)> - <ew(l)aew(2)> ¢ G Vi = Cn)

where eq,...,e, are the standard basis vectors in C". We denote by wB this
standard coordinate flag. It is well-known that F¢(C™) has a Bruhat decomposition

Fuc") = | | BwB/B.
wes,

Moreover, the B-orbit BwB/B is isomorphic to C/*) and called a Schubert cell.
The (Zariski) closure of BwB/B is the Schubert variety X,,, and each Schubert
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variety decomposes into Schubert cells:

X, = | | BvB/B.
v<w

Note that most Schubert varieties are singular, and they are desingularized using
Bott—Samelson varieties. Let w be a permutation and consider a decomposition w =
(41,...,1¢) of w (not necessarily reduced). The Bott-Samelson variety associated
with w, denoted Z,, is the quotient of Bs; B x --- x Bs;,B by the action of
B’ := B x --- x B given by:

¢

(2.2) (b1, be) - (1s- .- pe) = (p1b1, by "paba, ..., b, peby)
for (by,...,by) € B® and (p1,...,pe) € Hf;:l Bs;, B. Then Z,, is smooth and it

has an iterated CP!-bundle structure because Bs; B/B = cP. Moreover, the
left multiplication of B on Bs;, B induces an action of B on Z, and we have a

B-equivariant map

Pw: Zw — G/B
defined by pw(p1,...,pe) = p1---peB. If w is a reduced decomposition of w, then
Pw gives a resolution of singularities for X,,. See [2| [§] for details.
A Bott—Samelson variety Z,, is not a toric variety in general, but it is diffeomor-
phic to a toric variety, called a Bott manifold.

Definition 2.1. [I3] A Bott tower is an iterated CP!-bundle:

By —— Byoy —— - — By ——— By,
I I I
P(Ca &) CP! {a point}

where each By, is the complex projectivization of the Whitney sum of a holomorphic
line bundle & over By_1 and the trivial bundle C. Each By is called a Bott manifold
(of height k).

Let «; be the tautological line bundle over B; and +;,; the pullback of v; by the
projection m; o ---omy1: By = Bj for i > j. For convenience, we define v; ; = ;.
Then for each k = 2,..., ¢, there exist a;; € Z for 1 < j < k such that

®aj,
&= Q& 1
1<j<k
in Definition 2] since the Picard number of By, is k (cf. [14] Exercise I11.7.9]). Each

Bott tower is determined by the list of the integers a; 5 (1 < j < k < {), and we
visualize them as an upper triangular matrix

0 a172 CL173 e CLL[
0 CLQ_]g e CL27[
0 ap—1.e
0

Note that each Bott manifold By is a smooth projective toric variety whose fan is
determined by the above matrix. The moment polytope of B, is combinatorially
equivalent to the ¢-dimensional cube I*.
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Theorem 2.2 ([I3| Proposition 3.10]). For w € &, let w = (i1,i2,...,i¢) be a
reduced decomposition. Then the Bott-Samelson variety Z,, is diffeomorphic to a
Bott manifold By determined by the integers

(23) a5k = <eij —€i;4+1,€4, — e’ik+1>

for 1 < j <k </ Here ey,..., e .1 are the standard basis vectors in R"*1 and
(-,+) is the standard inner product in R™"+1.

Note that most Schubert varieties are neither smooth nor toric. However toric
Schubert varieties are smooth and they are Bott manifolds. For a toric Schubert
variety X,,, every reduced decomposition of w consists of distinct letters, and hence
for the associated Bott manifold the integers a;x in (23] are either 0 or —1.

3. PATTERN AVOIDANCE AND THE COMPLEXITY

In this section, we define the complexity of a Schubert variety using the notion
of complexity of a torus action, and see the relation between the complexity of
a Schubert variety and patterns of a permutation. We also show the equivalence
among the first three statements in Theorems and [[3

Let X be a smooth complex projective algebraic variety having an action of
algebraic torus T = (C*)™. When the maximal T-orbit in X has codimension k, we
call the number k the complexity of the action.

Every Schubert variety X,, is a T-invariant irreducible subvariety of F¢(C™).
Note that the T-fixed point set of X,, is the set of coordinate flags uB for u < w.
That is, there is a bijection between (X,,)T and the Bruhat interval

[e,w] = {ve&, |v<wi]
Using the Pliicker embedding, we get a moment map p: F€(C™) — R™ which sends
uB — (u=(1),...,u"(n)),
and the image p(F¢(C™)) is a simple convex polytope
Perm,,_; := Conv{(w(l),...,w(n)) € R" |w € &,},
called the permutohedron.
The notion of Bruhat interval polytopes was introduced in [25] as a generalization
of the notion of permutohedra. For two elements v and w in &,, with v < w in
Bruhat order, the Bruhat interval polytope @, is the convex polytope given by

the convex hull of the points (u(1),...,u(n)) € R™ for v < u < w. Then for a
Schubert variety X,,, the moment map image p(X,,) becomes the Bruhat interval
polytope

Qew-1 = Conv{(u(l),...,u(n)) eR" |u <w '},
and moreover, the images p(uB) for all u < w are the vertices of the Bruhat interval
polytope Q¢ 1.
Proposition 3.1 (cf. [25] Proposition 6.20] and references therein). The vertices
of Qe.w—1 are the points (u(1),...,u(n)) € R™ for allu < w™?.

We refer the readers to [21] for more details on moment maps and the correspon-
dence between Schubert varieties and Bruhat interval polytopes.

1For v,w in &, with v < w in Bruhat order, the Bruhat interval [v,w] is the subposet of
(6n, <) consisting of all the permutations u with v < u < w, and the Bruhat interval [e, w] is also
known as the principal order ideal of w, see [23].
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Remark 3.2 (cf. [2I, Remark 4.4]). For every w € &,, with n < 4, @, and
Qy-1 -1 are combinatorially equivalent. However, for w = 35412 in &5, the Bruhat
interval polytopes Q.,., and Q). ,,—1 are not combinatorially equivalent. In fact, their
f-vectors are different:

f(Qe,35412) = (60,123,82,19,1) and f(Qe,45132) = (60,122,81,19,1),

50 (¢, has one more edge than Q. ,,-1. These vectors are computed by a computer
program SageMath.

Note that the complex dimension of a maximal T-orbit in X, is the same as
the real dimension of the moment map image p(X,). Hence we can define the
complexity of X, as follows:

c(w) = dime Xy — dimg Q-1 = £(w) — dimp Q¢ 4-1.

See [21], Section 6] for more details. For example, ¢(3142) = 3—3 = 0 and ¢(4132) =
4 —3 =1, see Figure[2

1432

(1) Qe,3142*1 = Qe,2413. (2) Qe,413271 = Qe,2431.

FIGURE 2. Moment map images of X3140 and X4132.

For a permutation w € &,,, the dimension of the polytope Q. ., is related to a
reduced decomposition of w. The support of w is the set of distinct letters appearing
in a reduced decomposition of w, and we denote it by supp(w). In fact, supp(w) is
the same as the set of atoms in the Bruhat interval [e, w].

It follows from [20, Corollary 7.13] that the dimension of a Bruhat interval
polytope ¢, is determined by the number of edges emanating from the vertex
(1,2,...,n), and moreover, by [20, Remark 7.5(5)], that number is the same as the
cardinality of supp(w). Indeed, the vertices connecting to the vertex (1,2,...,n)
by an edge are presented by

(1,2,...i—1,i+1,4,i+2,...,n)
ith
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for all s; € supp(w). Therefore, the complexity of X,, is determined by the support
of w:

c(w) = {(w) — |supp(w)].
It means that ¢(w) equals the number of repeated letters in a reduced decomposition
of w. In [24], Tenner denoted this quantity by rep(w) and found a relation with
patterns in w.

Definition 3.3. Forw € G,, and p € & with k < n, we say that the permutation w
contains the pattern p if there exists a sequence 1 < i1 < --- < i < n such that
w(iy) - - w(ig) is in the same relative order as p(1) - - - p(k). If w does not contain p,
then we say that w avoids p, or is p-avoiding.

For example, the permutation 4231 in &4 has the pattern 321 twice. Let
[321; 3412](w) be the number of distinct 321-and 3412-patterns in a permutation w.
Then we can interpret Theorem 2.17 in [24] in terms of the complexity of X,,.

Theorem 3.4. [24, Theorem 2.17] For a permutation w in &, we have
(1) c¢(w) =0 if and only if [321;3412](w) = 0, and
(2) c(w) =1 if and only if [321;3412](w) = 1.

Example 3.5. For w € &4, [321;3412](w) = 1 if and only if w is one of the
following permutations

1432,3214, 4132, 4213, 2431, 3241, 3412.

The first six permutations contains the 321-pattern once, and the last one avoids
it.

Recall that not every Schubert variety is smooth, and Lakshmibai and Sandhya
characterized the smoothness of Schubert varieties in terms of pattern avoidance.

Theorem 3.6. [19] For a permutation w € &, the Schubert variety X,, is smooth
if and only if w avoids the patterns 3412 and 4231.

Combining Theorems [3.4] and B.6] we obtain the following proposition. It shows
the equivalence between the first two statements in Theorems and [[.3

Proposition 3.7. For w € &, the following hold:

(1) Xy is a toric variety if and only if w avoids the patterns both 321 and 3412;

(2) X is smooth and of complexity one if and only if w has the pattern 321
ezactly once and avoids the pattern 3412; and

(3) Xy is singular and of complexity one if and only if w has the pattern 3412
exactly once and avoids the pattern 321.

In general, c¢(w) < [321;3412](w) and the equality holds only when w avoids
every pattern in the set

{4321, 34512,45123,35412,43512,45132,45213, 53412, 45312, 45231},

see [24, Theorem 3.2]. For example, the permutation 4321 has four distinct 321-
patterns but ¢(4321) = 3. In the set above, every pattern except 4321 has the
pattern 3412. Since w avoids the pattern 3412 when X, is smooth, we get the
following proposition.

Proposition 3.8. For a smooth Schubert variety X,,, the complezity of X, is less
than or equal to the number of distinct 321-patterns in w, and the equality holds if
and only if w avoids 4321.
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Since ¢(w) equals the number of repeated letters in a reduced decomposition
of w, Theorem B.4[1) implies that a permutation w € &,, avoids both 321-and
3412-patterns if and only if every reduced decomposition of w consists of distinct
letters. Daly characterized the reduced decomposition of the permutations satisfy-
ing [321;3412](w) = 1 as follows.

Theorem 3.9. [7] For a permutation w € &, the following hold:

(1) w contains exactly one 321 pattern and avoids 3412 if and only if there
exists a reduced decomposition of w containing s;s;+15; as a factor and no
other repetitions.

(2) w contains exactly one 3412 pattern and avoids 321 if and only if there
exists a reduced decomposition of w containing S;y+15;S;+2Si+1 as a factor
and no other repetitions.

The above theorem shows the equivalence between the second and the third
statements in Theorems and
It is also shown in [6] that there is a one-to-one correspondence between

{w € &,,| w contains exactly one 321 pattern and avoids 3412}
and
{w € &,41| w contains exactly one 3412 pattern and avoids 321},
and the cardinality of the set is given in[A001871/in OEIS [I]. Thus we obtain that
#{Xw C FLC™) | X, is smooth and of complexity one}
= #{X,» C FOC")| X, is singular and of complexity one}.
4. FLAG BOTT-SAMELSON VARIETIES AND
GENERALIZED BOTT-SAMELSON VARIETIES

In this section, we recall flag Bott—Samelson varieties from [I1] and generalized
Bott—Samelson varieties from [15].

Let G = GL,,(C). For a subset I C [n] :={1,...,n}, we define the subgroup W;
of W by

Wi = (s; | i €lI.

Then the parabolic subgroup P; of G corresponding to I is defined by
P; = Bw;B C G,

where wy is the longest element in W7.

Definition 4.1 ([I1], Definition 2.1]). Let Z = (I3, ..., I) be a sequence of subsets
of [n]. The flag Bott-Samelson variety Zz is defined by the orbit space

ZI = (Ph X X P]T)/@,
where the right action © of B" := B x --- x B on [[,_, P, is defined by
—_——— =

T

(41) 6((]?1, v 7pT)7 (b17 sy bT)) = (plblu bflp2b27 sy b;_llp’rbr)
for (p1,...,pr) € [1h—y Pr, and (by,...,b,) € B".
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Note that P, /B = FO(C) for k = 1,...,r. Hence if || = --- = |I,| = 1,
then Z7 becomes a Bott—Samelson variety. Each Bott—Samelson variety can be
described as an iterated CP'-bundle, whereas each flag Bott—Samelson variety can
be described as an iterated bundle whose fiber at each stage is a flag manifold.

We recall properties of flag Bott—Samelson varieties from [l Proposition 2.3].
The flag Bott—Samelson variety Zz is a smooth projective variety and admits a nice

decomposition of affine cells. For (w1, ...,w,) € [[,_, Wr,, we define Zéwl r)
and Z(wlva-,wr) in Z7 by
Zlwy,...wn) = (BurB x -+ x Bw,B)/O,

Z(wl,...,wT) = (BwlB X X BwTB)/('a.

.....

) & CZhmn ),

For wy, € Wy, , since BwyB = | |+ew; BuvB, we have that

v<wy

(4.2) Zlwror) = |_| Zloy o)

(v1,-.0s vr)el'[zzl WIk
v Swy for k=1,..., I8

Note that Z7 = Z(w,l ,,,,,
in Wy, fork=1,...,7r.

Example 4.2. Let Z = ({1,2},{3}). Then we have that
ZZ = Zze,e) U Zésl,e) U 2252,6) U Zéslsg,e) U 225251,6) U Zéslsgsl,e)
L de)SS) L Zésl,s?,) L ZESZ,SS) L Z{mz)SS) L Zészsl,s?,) Uz

wr,), where T = (I, ..., I,) and wy, is the longest element

/
(s18251,83)"

Each Z/

(w1,w2) is isomorphic to an affine cell as follows:

/ ~ (O ! ~ 7! ~ 7! ~ 1
Zie,e) = C Zisie) = Zisgie) = Zlessg) =T
(C2

~ ~ ~ 3 ~ 4
Zéslsgsl,e) — 225152,53) — 225251,53) ~C ’ 22515251753) ~ C~.

/ ~ 7! ~ 7! ~ 7!
Z(slsg,e) — Z(5251,e) — Z(51753) — Z(

~
52,83) —

The multiplication map

pr: Zz — G/B, [p1,...,pr] = p1---pB

is well-defined because of the definition of the right action ©. The maximal torus T
acts on a generalized Bott—Samelson variety Z(,, ... w,) by

t-lgu,. o g0 = [tgr, 92, - g0
We note that the multiplication map pz is T-equivariant.

Proposition 4.3 ([I1, Proposition 2.7]). Let (w1,...,w;) € [Ti_, Wr,. Suppose
that wy -+~ w, = v and L(wy) + -+ - + L(wy) = L(v). Then the multiplication map pz
induces a birational morphism:

.....
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Example 4.4. Let G = GL3(C), and let Z = ({1}, {2}, {1}). Then the flag Bott—
Samelson variety Z7 has the decomposition:

ZI = Zée,e,e) U Zzsl,e,e) U ZZB,SQ,B) U ZE
Uz Uz,

51,52,€)

/ !/
) L Z(e)82751) L Z(

e,e,51) €,81 51,52,51)°

/ ~
(w1,w2,w3) —
Bwywaws B/ B except for (wy,ws,ws) = (s1,e€,s1). Moreover, one can see that the

multiplication map pz is injective on Zz \ (Z(,, . o U Z(;, o U200 . )

By Proposition[4.3] the multiplication map pr induces the isomorphism Z

Corollary 4.5. Suppose that I, ..., I, are pairwise disjoint subsets of [n]. Then
the multiplication map pz with T = (I1,...,1I,.) induces an isomorphism between
Z(wy,...owy) and its image Xy, ..., as T-varieties, where wy is an element in Wi, .

Proof. We first note that X, ..., = |—|v<w1~~~wr BvB/B. Since I1,..., I, are pair-
wise disjoint and wy € Wy, , we have that

v<w W, <= v=uv1--v, and oy <wgin Wr,.
Therefore, we get that
(4.3) Xy ow, = | ] Bu; ---v,.B/B.

(@1or) €My Wi,
v <wy, for k=1,...,r

This implies that the Schubert variety X,,,....o, can be decomposed into affine cells

indexed by elements in [],_,[e,wy], where [e,wy] is a Bruhat interval in Wr,.

Moreover, since I, ..., I, are pairwise disjoint, we know that £(vy ---v,.) = £(v1) +

-+« + £(v;). Hence by Proposition 3] the multiplication map p; induces a T-

equivariant isomorphism

ZEU17~~~;UT) >~ Bv, ---v,B/B
for each (v1,...,v,) € [[5_; Wr,. Hence by combining the above isomorphism with
equations ([@2)) and ([@3]), the result follows. O

Example 4.6. Continuing Example 2] the multiplication map pz induces the
isomorphisms:

Ee o = BeB/B, ngl o = Bs1B/B,
ZZS%B) = BSQB/B’ 225152,6) = B8182B/Ba
Z65251x€) = BSQSIB/B’ ZESISQSI,E) = BS15251B/B7
Zée-,sfi) = BSgB/B, 2251,53) = 381833/37
§52753) = BS283B/B’ Zéswz,ss) = BS18283B/37

>~ BSQSngB/B, 22515251_’53) &= 3818281833/3

(s251,53)
Since we have the decomposition X,, = ||
Zr =7

v<w BvB/B, we get an isomorphism
X, 505155 Indeed, {1,2} N {3} = 0.

s15281,83) —
Theorem 4.7. FEvery Schubert variety X,, of complexity one is T-equivariantly

isomorphic to a generalized Bott—Samelson variety. If X, is of complexity one and
smooth, then it is T-equivariantly isomorphic to a flag Bott-Samelson variety.

Proof. By Proposition [37] and Theorem B.9] if X, is smooth, then there exists a
reduced decomposition w = s;, ---s;, of w containing s;s;415; as a factor and no
other repetitions. On the other hand, if X,, is singular, then there exists a reduced
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decomposition w = s;, ---5;, of w containing s;115;5,+25;+1 as a factor and no
other repetitions. Hence there is a reduced decomposition w such that

(1) if X, is smooth, then (iq,7g+1,%q+2) = (i, + 1,4) for some 1 < g < £ —2;

and
(2) if X, is singular, then (iq, ig41,q+2,%q+3) = (1 +1,4,1+ 2,4+ 1) for some
1<g<i-3.
Now we define a sequence Z = (I, ..., I,) as follows:

(1) If X,, is smooth, then r = ¢ — 2 and we set

(i) if1<k<q,
Lo={{ii+1} ifk=gq,
{ik+2} if k>gq.

(2) If X,, is singular, then r = £ — 3 and we set

{ir} if 1 <k<yg,
In=<q{i,i+1,i+2} ifk=gq,
{ikJrB} if £ > q.
Then, in any case, the subsets Iy, ..., I, are pairwise disjoint. Moreover, if X,, is

smooth, then the concatenation of longest elements in W7, is the same as w. Hence
by Corollary [£5] the Schubert variety X, is T-equivariantly isomorphic to the flag
Bott—Samelson variety Zz.

If X, is singular, then we set

Sig if1<k<yg,
wi = § Sit18iSi+2si+1  if k=gq,
84,43 ifg<k<r

Then (w1, ..., w,) € [[h_; Wi, and w = ws ... w,. Hence by Corollary .5, X, is T-
equivariantly isomorphic to the generalized Bott—Samelson variety Z(y, . w,)- O

The above theorem proves the implications (1) = (4') and (1”) = (4”) in
Theorems and [[.3] respectively.
The following proposition can be checked easily and we omit the proof.

Proposition 4.8. There is a natural bijection between the set of T-fized points in
w,) and the product of Bruhat intervals

.

[e,wi] X -+ X [e,wy].

If a Schubert variety X,, and a generalized Bott—Samelson variety Z(,, ... «,) are
isomorphic as T-varieties, then they have the same set of T-fixed points. Hence we
get the following.

Corollary 4.9. If a Schubert variety X, is isomorphic to a generalized Bott—
Samelson variety Z,, ... w,) as T-varieties, then the Bruhat interval [e,w] is iso-
morphic to the product of Bruhat intervals [];._, (e, wg].

The above corollary shows the implications (4') = (5') and (4”) = (5”) in
Theorems and [[.3] respectively.
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5. BRUHAT INTERVALS AND BRUHAT INTERVAL POLYTOPES

In this section, we study the properties of the Bruhat interval [e,w] and the
Bruhat interval polytope Q. ., for a permutation w with ¢(w) < 1. We will complete
proofs of Theorems and

Recall that the following seven permutations in Sy

1432, 3214, 4132, 4213, 2431, 3241, 3412

satisfy [321;3412](w) = 1 (in Example B.5]). One can easily check that

o If w is either 1432 or 3214, then the Bruhat interval [e, w] is isomorphic to
&3 and the Bruhat interval polytope Qe is combinatorially equivalent to
the hexagon Permsy.

e If w is one of the permutations 4132,4213,2431 and 3241, then the Bruhat
interval [e, w] is isomorphic to &3 x B and the Bruhat interval polytope
Qe,w is combinatorially equivalent to the hexagonal prism, Permy xI.

o If w = 3412, then the Bruhat interval [e,w] and Q.. are given in Fig-
ure Bl Thus [e, w] is isomorphic to neither &3 x By nor By, and Qe 4 is
combinatorially equivalent to neither the hexagonal prism nor a 4-cube.

Here, 9B, denotes the Boolean algebra of length ¢. The above situation happens in
general and we have the following lemma that is obvious but plays a role in our
argument.

Lemma 5.1. For any positive integer i, the following hold:
(1) if w = 8;8;418;, then [e,w] is isomorphic to &3 as a poset, and Qe s
combinatorially equivalent to the heragon Perms; and
(2) if w = $i+18:Si+28i+1, then [e,w] is isomorphic to [e,3412] as a poset, and
Qe,w 15 combinatorially equivalent to Qe 3412.

FIGURE 3. The Bruhat interval [e,3412] and the Bruhat interval
polytope Qe za12-
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Therefore, if w = $;418;8;+28;+1 for some positive integer i, then [e, w] is isomor-
phic to neither &3 x B nor By, and (., is combinatorially equivalent to neither
the hexagonal prism nor a 4-cube.

Proposition 5.2. For a permutation w in &, the following hold:
(1) If the Bruhat interval [e,w] is isomorphic to &3 x By,)—3 (as a poset),
then X, is smooth and of complexity one.
(2) If the Bruhat interval [e, w] is isomorphic to [e, 3412] X B y()—4 (as a poset),
then X, is singular and of complexity one.

Note that the converse of each statement in the above proposition is also true
by Theroem [£7] and Corollary .9

Proof of Proposition[5.2. Let us prove the first statement. Assume that the Bruhat
interval [e, w] is isomorphic to a poset &3 x B,_3. Note that

(1) &3 x By_3 has £ — 1 atoms;

(2) G35 x By_3 has rank ¢; and

(3) every subinterval of &3 x By_3 is isomorphic to &3 x By (k < £ —3) or

By (K <L-1).

From (1) and (2) above, we get c¢(w) = 1. If X,, is not smooth, then w con-
tains 3412 exactly once and avoids 321. Then by Theorem [3.9] there is a reduced
decomposition w of w such that

W= Siy " Sip_1Sipp1 5 SingaSing1Sings " g and igy1 = ip + 1, igpo = ip + 2.

However, the interval [e, s;, 1184, Si,+2Si,+1]) 18 a subinterval of neither Gz x By_3
nor By by (3). Therefore, X,, is smooth.

Now we prove the second statement. Note that [e,3412] x B¢~% and &3 x B3,
Since we already showed that X,, is smooth and c¢(w) = 1 if and only if [e, w] is
isomorphic to &3 x B,_3 in the above, it is enough to show that ¢(w) = 1. Since
the poset [e,3412] x By_4 has ¢ — 1 atoms and is of rank ¢, if [e, w] is isomorphic
to [e, 3412] x By_4, then we get ¢(w) = 1. This proves the proposition. O

Therefore, the first five statements in Theorems and [[.3] are equivalent.

Now we determine the combinatorial type of the Bruhat interval polytope Qe w
when ¢(w) = 1. The combinatorial aspects of Bruhat interval polytopes are well-
studied in [25]. Every face of a Bruhat interval polytope is itself a Bruhat interval
polytope. However, for a subinterval [z, y] of an interval [v, w], Q. , may not be a
face of Q. For a subinterval [z, y| of [v,w], we introduce a directed graph G3/
which will be used to determine whether @ , is a face of Q..

Let v < w in &,,. For u € [v,w], we define

T(u, [v,w]) = {(i,j) € T | u < u(i,j) <w, L(u(i,j)) — £(u) =1},

L(u, [v,w]) = {(i,4) € T [ v < u(i,j) <u, €(u) = L(uli,5)) = 1},
where T is the set of transpositions in &,,, see (Z.I)). We first construct a labelled
graph G, on [n] = {1,...,n} having an edge between the vertices a and b if and
only if (a,b) € T'(z, [x,y])-
Theorem 5.3. [25] Let [x,y] C [v,w]. We define the graph G} as follows:

(1) The vertices of Gy are {1,2,...,n}, with vertices i and j identified if they
are in the same connected component of the graph Gy .



ON SCHUBERT VARIETIES OF COMPLEXITY ONE 15

(2) There is a directed edge i — j if (i,5) € T(y, [v,w]).

(8) There is a directed edge j — 1 if (i,7) € T(x,[v,w]).
Then the Bruhat interval polytope Q. is a face of the Bruhat interval polytope
Qu,w tf and only if the graph G} is a directed acyclic graph.

Remark 5.4. The above theorem used Lemma 4.18 in [25]. Unfortunately, the
proof of the lemma had a gap. Recently, the gap has been corrected by Caselli,
D’Adderio and Marietti, see [5, Remarks 5.5].

Example 5.5. Let w = 1432, x = 1324, and y = 1342. Then we have T'(z, [z,y]) =
{3,4)}, T(y,le,w]) = {(2,3)}, and T(x,[e,w]) = {(2,3)}. Hence G&Y is not
acyclic, and thus @, is not a face of Q. .. See Figure @

4
7 5 3 — 4 1 2) (3,4
~
(1) Gis24,1342. (2) G13511305-

FIGURE 4. Examples of G, , and G°7.

We will use the following fact. Let a,b € &, which do not have s, in their
supports. Then we have that

(5.1) a<b <= s.a<sb <= as, <bs,.

In particular,

(5.2) £(b) — l(a) = £(s,b) — £(sra) = £(bs;) — £(asy).
Hence
(5.3) T(a,[a,b]) = T(sra,[sra, s.b]).

For @ = s,w or ws,, in order to see which subinterval of [v, @] gives a face of Q,.a,
we prepare the following lemma.

Lemma 5.6. Let u,v,w € &, withv <u < w and s, ¢ supp(w). Then

(1) T(u, [v, srw]) = L(u, [v,w]) and T(u, [v,ws,]) = T(u, [v,w]);

(2) T(uv [U7 Srw]) = T(uv [va]) U {(u_l(r)v u_l(r + 1))};

(3) T(u, [v,ws;]) = T(u, [v,w]) U{(r,r +1)};

(4) T(syu, v, s,w]) = T(u, [v,w]);

(5) T(syu, [v, spw]) = T(u, [v,w]) U {(u™'(r),u" (r+1))};

(6) T(usy,[v,ws,]) = )}; and
[v, wsr]

{(sr(1), (7)) | (i,5) € T(u, [v,w]
(7) T(usr, [v,wsy]) = {(s:(i),5:(4) | (i, 7) € L(u, [v,w])} U{(r,r + 1)}
t

Proof. The first statement is clear from the definition of T'(u, [v,w]) and the as-
sumption s, ¢ supp(w). In (2)~(5), the inclusion (D) is clear and hence it is
enough to check the inclusion (C).

In (2) and (3), for (i,j) € T(u,[v,s.w]) (respectively, (i,j) € T(u,[v,ws.])),
if s, € supp(u(i,5)), then u(i,j) = s,u = u(u=(r),u"1(r + 1)) (respectively,
u(i, j) = us, = u(r,r + 1)); otherwise, (,5) € T(u, [v,w]). This proves (2) and (3).
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In (4) and (5), we use (5.1) and (5.2). For (i,5) € T(s,u, [v,s,w]) in (4), since
spu < spuli, j) < spw and £(spu(i,j)) — €(spu) = 1, we have v < u(i,j) <
w and £(u(i,j)) — (u) = 1. This proves that (i,j) € T(u,[v,w]). In (5), if
(1,7) € T(syu,[v,s,w]), then s,u(i,j) = w or s,v < spu(i,j) < spu. Note that
sru(u_l(r),u_l(r—i—l)) = u. Thus if s,u(i, j) = u, then (4,5) = (u=(r),u"1(r+1));
otherwise, (i,7) € T'(u,[v,w]).

Let us prove (6). It follows from (51 and (2] that there exists z € [us,., ws,]
such that ¢(z) — ¢(us,) = 1 if and only if there exists 2z’ € [u,w] such that z = 2’s,
and £(2")—£(u) = 1. Here, 2’ is of the form 2’ = u(i, 5) for some (4, j) € T (u, [v,w]).
Since z = u(i,j)s, = usr(sr( ), sr(7)), we get

T(usr, [v,wsr]) 2 {(sr(i), () | (i,5) € T(u, [v,w])}.

On the other hand, if 2's, = us.(i’,5") for (i',j') € T(us,,[v,ws,]), then 2’ =
us,(i',7")sr = u(s,(i"), s-(j')) and 2’ < w. Hence there exists (i,5) € T(u, [v,w])
such that (i',5") = (s,(¢), s,(j)). This proves (6).

Finally, we prove (7). If (i,7) € T(usy, [v,ws;]), then us,(i,j) = u or vs, <
usr(1,7) < usp. If usT(i,j) = u, then (4,7) = (r,r + 1). I vs, < us,(4,5) < us,,
then there exists v’ € [v,w] such that us,(i,j) = u's, and v’ < uw. Then v/ =
usr(i,7)sr = u(sr(i),s-(j)). Note that

C(u) = L(u') = Llusy) — £(u'sy) = L(usy) = L(usy(i, ) = 1.
Hence (s,(%), s:(j)) € T(u, [v,w]). Thus, we get

T(usr, [v,wsr]) € {(s(i), 5r (7)) | (i,5) € L(u, [v,w])} U{(r,r + 1)}

On the other hand, (r,r + 1) € T(us,,[v,ws,]) clearly. For (i,7) € T(u,[v,w]),
since v < u(i,j) < uw and £(u) — L(u(i, 7)) = 1, we get vs, < u(i,j)s, < us, and

(usy) — l(u(i,j)s,) = 1 by (6I) and (52)). Note that u(i, j)s, = us,(s,(2), s-(4))-
Therefore, (s,(7), s-(j)) € T(us,, [v,ws,]). This proves (7). O

Proposition 5.7. For v,w in &, with v < w, if s, & supp(w), then both Qu s,.w
and Q. s, are combinatorially equivalent to the polytope Q. % I.

Proof. Note that for u € &,, with u < s,w (respectively, u < ws,.), if s, € supp(u),
then there is a unique u’ such that s,u’ = u (respectively, u’s, = u) because
sr ¢ supp(w). We set

- {u if s, ¢ supp(u),

~

= . and W = SpW Or WSy-.
u' if s, € supp(u)
Then what we have to prove is that for any [z, y] C [v, @],
Qq.,y is a face of Q, 5 if and only if Qz j is a face of Qy 4,
which is equivalent to
(%) Gy W is acyclic if and only if G2'% #g 1s acyclic
by Theorem We will prove (x) in the following.
Note that for each [z, y] C [v, @], there are three possibilities:
(i) (2,9) = (z,9), i.e., s & supp(y),
(ii) (z,9) = (2',y"), i.e., s, € supp(z), and
(ii) (%,9) = (z,vy), i.e., s & supp(x) but s, € supp(y).
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Since s, ¢ supp(w), the graph Gz ; has no directed edge between [r] and [n] \ [r].
We prove (x) by showing that G” o is the directed graph G357 5 With one directed
edge added between [r] and [n ]\[r] in (i) and (ii) and with a palr of vertices in [r]
and [n]\[r] identified in (iii).

Case 1: @ = s,w. Note that in cases (i) and (i), T(z,[z,y]) = T(%,|[%,
by (E3). Hence the vertex set of Gg: is the same as that of G35, In case (i),
follows from (1) and (2) of Lemma [5.6] that

T(x,[v,spw]) = T(Z, [v,w])

ul)
it

and
T(y, [v, s,w]) = T(g. [v,w]) U{(y~ (r).y ™ (r + 1)}

Hence the graph Gg;;f is obtained from G;g’ by adding a directed edge from
y~r(r) € [r] to y~r(r+1) € [n]\ [r]. In case (ii), it follows from (4) and (5)
of Lemma that
T(ya [’U, STw]) = T(:lj, [va w])
and

I(z, v, s;w]) = L, [v,w]) U{(() 7 (r), (@) (r + 1))}
Hence the graph G2'¥ is obtained from G35 by adding a directed edge from
(@)Y (r+1) € [n]\[r] to (Z)~1(r) € [r]. In case (iii), by (1) and (4) of Lemma [.6]
we have

T(z, [v,s,w]) = T(&, [v,w]) and T(y, [v, s,w]) = T(F, [v, w]).

Since
[,9) U {(z" " (r), 2 (r + 1))}

(@,
;f is obtained from G35 by identifying the vertices
1\ [r]. This proves Case 1.

T(w,[zy) =T
by Lemma [5.6)2), the graph G¥
7 Y(r)efrland 27 (r+1) € [n

Case 2: @ = ws,. In case (i), since T(x, [x,y]) = T(%, [Z,7]), the vertex set of
G2 is the same as that of G35 - Tt follows from (1) and (3) of Lemma [E.6] that

—( €T, [Uv wsr]) = I(‘%v [Uv w])

and
T(y, [v,wsr]) =T (g, [v;w]) U{(r,r + 1)}
Hence the graph G’/ U is obtained from G
r+ 1. In case (ii), s1nce (i, 5)sr = Zsr(8r(7), 8-(5)) = x(5-(3), 57 (j)), we get
)

T(x, [z,y]) = {(s:(i), sr(5)) | (i,5) € T(z,[2.9])}

similarly to the proof of (6) in Lemma [5.6l Hence G, is obtained from Gz ; by
interchanging the labelling of the vertices r and r+1. By (6) and (7) of Lemma[5.6]
we have

(i

5 by adding a directed edge from r to
r(J

T(y [v, wsr]) = {(sr (i), 5-(5)) | (i,4) € T(5, [v,w])}
and

Lz, [v,ws,]) = {(s:(0),5(7)) | (0 7) € L(Z, [v,w])} U{(r,r + 1)}.
Thus the graph G¥- ;“/“ is obtained from G ~’1f’ by interchanging the labelling of the
vertices r and 7 + 1 and then adding a dlrected edge from r + 1 to r. In case (iii),
it follows from (1) and (6) of Lemma [5.6] that

Z(IE, [va ws?‘]) = I(iv [va w])
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and

T(y, [v, wsr]) = {(s-(1),5:-(4)) | (,5) € T(, [v,w])}.
Note that

T(x, [z, y]) =T(,[Z,9) U{(r,r + 1)}
by Lemma [5.6(3). Hence the graph G, is obtained from Gz 5 by adding an edge
between the vertices r and r + 1. Therefore, the graph Gg:? is obtained from G3'7
by identifying the vertices r and r + 1. (Il

The above proposition implies that .. is combinatorially equivalent to the
cube I if X, is of complexity zero, i.e., a reduced decomposition of w consists
of distinct letters.

Theorem 5.8. For a permutation w in &, the following hold:

(1) the Schubert variety X, is smooth and of complexity one if and only if Qe w
is combinatorially equivalent to the polytope Permg x I*(*)=3  and

(2) the Schubert variety X,, is singular and of complexity one if and only if
Qe,w 15 combinatorially equivalent to the polytope Qe 3412 X THw)—4,

Proof. Since both the polytopes Permy x I/()=3 and Q. 3412 x I**)~* are £(w) — 1
dimensional, we get ¢(w) = 1. Hence it suffices to prove the ‘only if’ part in each
statement.

If a Schubert variety X,, is smooth and of complexity one, then w has a reduced
decomposition w of the form:

W= Siy *** Sig_y Sy, Sigy1 Sig Sigyn " Sip_y and g1 =i + 1.

Hence the polytope Q. ., is combinatorially equivalent to Qe,sik sipt18i, X JEw)—=3 =~

Permy x I*(®)=3 by Lemma [5.1] and Proposition 5.0 If X, is singular and of com-
plexity one, then w has a reduced decomposition w of the form:

W= Siy """ Sig_1Sipy1 Sk Sinr2Sipg1Sings " Sie—y and let1 = Uk + 1, lk+2 = 1 + 2.

Hence Qe is combinatorially equivalent to Qe,s,, 115, si, +25i, +1 w [lw)—4 o~ Qe 3412 %
I*@)=4 by Lemma [5.1] and Proposition [5.71 U

The first statement in the above theorem shows the equivalence between (1)
and (6") in Theorem [[2] and hence it proves Theorem The second statement
in the above theorem shows the equivalence between (1”) and (6”) in Theorem [[3]
and hence it proves Theorem

Note that for a permutation w in &,,, the following hold:

(1) w avoids the patterns 3412 and 4231 if and only if w™! avoids those patterns,
and
(2) [321;3412](w) = 1 if and only if [321;3412](w™ 1) = 1.
Hence X, is smooth and of complexity one if and only if X,,-: is smooth and of
complexity one.

Corollary 5.9. For w € &, if [321;3412](w) = 1, then the Bruhat interval poly-
topes Qe and Q. ,—1 are combinatorially equivalent.

Therefore, for a Schubert variety X, of complexity one, X,, is smooth if and
only if the moment polytope (). -1 is simple.
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6. FLAG BOTT MANIFOLDS

Like as a Bott—Samelson variety is diffeomorphic to a Bott manifold with a
higher rank torus action, a flag Bott—Samelson variety is diffeomorphic to a flag
Bott manifold with a higher rank torus action. Whereas a Bott manifold is a toric
variety, a flag Bott manifold is not a toric variety in general, but it becomes a GKM
manifold, see [I8]. We have previously observed in Theorem [£7] that there is an
isomorphism between a smooth Schubert variety and a flag Bott—Samelson variety.
Using the diffeomorphism between a flag Bott—Samelson variety and a certain flag
Bott manifold, we will provide a formula for the cohomology ring of a smooth
Schubert variety of complexity one.

Recall that for a holomorphic vector bundle F over a complex manifold M, there
is an associated flag-bundle F¢(E) obtained from E by replacing each fiber E, by
the full flag manifold F¢(E,).

Definition 6.1 ([I8 Deifnition 2.1]). A flag Bott tower is an iterated flag-bundle
Fr X Foog T I 7 IS Fy = {a point}

of manifolds Fj, = F¢ (Q e@rr ,(cm)>, where £ ](cm) is a holomorphic line bundle
over Fi_1 for each 1 < m < ny and 1 < k < r. Each Fj is called a flag Bott
manifold (of height k).
Because we are considering an iterated full flag-bundle, there is an isomorphism
Y ZM x - X L™ — Pic(F)).
Therefore, there is a sequence

(agﬁ), aé’}?, .. ,a,(cnj)l)k)

of integer vectors with a;fz) € Z"™ which maps to §,(€m) via 1. Hence a set

{ag‘n;)}lgménk,lékkgr of integer vectors determines a flag Bott manifold.

Theorem 6.2. [I1, Theorem 4.10] Let T = (I1,...,1,) be a sequence of subsets
of [n], where I, = {uk1,...,Ukn,} for 1 < k < r. Assume that each Iy is an
interval. Then the flag Bott—Samelson variety Zz is diffeomorphic to a flag Bott
manifold F, determined by the vectors

a;jz) = (a;fz)(l), . .,agz)(nj)) S 1<m<npandl<j<k<r)

where
(m)

aj;k (p) = <e“j,p - e“j,nj+l’e“k,m - euk,nk+1>

for 1. < p < nj;. Here, ey, ,,.. are the standard basis vectors of R™+1

for1<Ek<r.

. 7euk,nk+l

Theorem 6.3. Let X,, be a smooth Schubert variety of complexity one. Then X,

is diffeomorphic to a flag Bott manifold of height {(w) — 2
Fo(w)—2 iy Fo(w)—3 g Fi Fo = {a point},

where Fy — Fq—1 is a FL(C?)-bundle for some 1 < g < l(w) — 2 and Fr, — Fr_1
is a CPl-bundle for every k # q. Furthermore, the iterated bundle structure is
completely determined by a reduced decomposition of w.

T
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Proof. Let ¢(w) = ¢. From the proof of Theorem 7l we may assume that X,, is
isomorphic to a flag Bott—Samelson variety Zz, where Z = (I1,..., Is—2) of length
¢ — 2 consists of the sets

(i) if1<k<q,
L= {ii+1) ifk=q
{ik+2} if k>gq.

Note that w = (i1,...,4g-1,%,%+ 1,4,4g43,...,%¢). Thus X, is diffeomorphic to a
flag Bott manifold of height ¢ — 2 by Theorem Furthermore, for each 1 < k <
¢ — 2, the manifold Fj, is determined as follows.

(1) If 1 < k < g, then ng, = 1 and Fj, = FL(C P &), where & is a holomorphic

line bundle determined by a sequence (agll)g, e ,aggl_)l ) of integers, where

1) _
aj7k = <ei]. —€;41,€j), — eik+1> € 7.

(2) k=g, thenn; = 1 for j < k =g and nj, = 2 and F = FUC @ P @

122)), where 5,21) and 5,22) determined by sequences (agg, e ,agljlﬁq) and
(af;, ceey a((127)17q) of integers, respectively. Here, we have that

(1) _
a;, = (e; —e; 1,6 —€;2) € Z,

(2)
a;, = (e; —e€;1,€11—€2) € Z

(3) If k > g, then ni, = 1 and Fj, = FUC & &), where & is a holomorphic
(1) 1)

line bundle determined by a sequence (a;,...,a; ;) of integer vectors,
where
<eij —€i;+1,€i 40 — eik+2+1> lf] <4q,
a e
= (<ei —€i42,€i, 5, — eik+2+1>7 <ei+1 —€i+2,€i 5 — eik+2+1>) if J=4q
<eij+2 €041, €y — eik+2+1> lf.] >q.
This proves the theorem. (I

Combining Theorem with Theorems 7] and [6.3] we conclude that every
smooth Schubert variety of complexity < 1 is isomorphic to a flag Bott—Samelson
variety, and hence it is diffeomorphic to a flag Bott manifold whose height is de-
termined by the length ¢(w) and the complexity ¢(w). Therefore, using [16, Corol-
lary 4.4], we provide the cohomology ring H*(X,,; Z) of a smooth Schubert variety
X with e(w) < 1.

Corollary 6.4. Let X,, be a smooth Schubert variety of complexity one. Suppose
that w = 84, ... 84, 15i8i118iSi,,5 - - - 5i, 15 a reduced decomposition of w. Then the

cohomology ring H*(X,;Z) is given as follows:

H*(Xuw;Z) 2 2y, Yjmg41 | 1 <G <€=2](I1,...,Ip—2).
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Here, y; 1 ’s are degree two elements and I, is the ideal given as follows.
k—1
Fork<q: Ii=01—-yr1)1—yr2)—|1— Zaf,iyﬂ ,
j=1
fork=q: Iy =(1=yg1)(1—yg2)(1 —yg3)
g—1 q—1
Sl ERp SUFTZES N EED DEFT7EN B
j=1 j=1

fork>q: Ii=01—yr1)(1—yr2)

1 1 1
1= >0 Ay — aMyen +agh (2)y,2)
1<j<k-1,
J#q
Example 6.5. Suppose that w = s1525835453. Then the Schubert variety X,, is
smooth of complexity one. By Theorem [6.2] the Schubert variety X, is diffeomor-
phic to a flag Bott manifold of height 3 with ny = no = 1 and n3 = 2 which is
determined by the following integer vectors:

agl,% = (ey —ez,ex —e3) = —1,
a% =(e; —e3z,e3 —e5) =0, af% = (e; —ea,e4 —e5) =0,
agg = (ex —e3,e3 —e5) = —1, agg = (ex —e3,eq4 —e5) = 0.
Therefore, by Corollary [6.4] the cohomology ring of X, is
HY(Xu; Z) Z Z[Yja, - Yyng+1 | 1 <G < 3]/ (I, ..o 1),
where
Li=0-y1)d-y2)—1,
Iy =(1-y21)(1 —y22) — (L +y1,1),
I3=(1-y31)(1 —y32)(1 —y33) — (1 +y2,1)-
This gives relations among generators:
Y11+ Y12 =Y1,14%12 =0,
Y21t Y22+ Y11 =y21Y22 =0,
Y31+ Y32 T Y33+ Y210 = Y3,1Ys2 + Y3,1¥3,3 + Y3,2¥3,3 = Y3,1¥3,2¥3,3 = 0.
Therefore, by setting y1 = y1,1, ¥2 = ¥2,1, Y3 = ¥3,1, Ya = Y3,2, we have that
H*(Xy;Z) 2 Zly, ..., y4) /1,
where [ is an ideal generated by

Y y2(y1 + y2)s (Y2 + y3)ys + (Y2 + ys + Ya)ya, Ysya(ya + ys + ya).

We enclose this section by mentioning other studies on the cohomology rings
of smooth Schubert varieties. Indeed, the cohomology rings of smooth Schubert
varieties are studied in [I2] (also, see [9]). We will demonstrate their result for
a specific permutation 23541, which is the one considered in Example First
we recall from [9] that this permutation is related to a partition as follows. For
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a given partition A = (0 < A < --- < \,), one may associate a permutation
w=w(1)...w(n) by the recursive rule

w(i) = max({1, ..., N1\ {w(@),...,w(i —1)}).

For example, if A = (2,3,5,5,5), then the corresponding permutation is 23541. We
denote by X, the Schubert variety given by the permutation coming from A. The
presentation for the cohomology ring of X is given as follows:

(61) H*(XX,Z) = Z[l‘l, ceey xn]/<h>\i_i+1(i) | 1 S ) S 7’L>
where h,,(N) is the complete homogeneous symmetric function:
hm(N) ::hm(xlv'-'aIN): Z Liy = Ly, -
1<i3 < <im <N

For the partition A = (2,3,5,5,5), the ideal J := (hy,—i+1(1) | 1 < i < n) on
the right hand side of (G is generated by the complete homogeneous symmetric
polynomials

ha(1) = af,

ha(2) = 22 + (z1 + 29) 2o,

h3(3) = (21 + 2o + x3)27 + (21202 + 23) (22 + 23) + (21 + 29 + 23)23,

ho(4) = 22 + (z1 + x2)xz2 + (21 + T2 + x3)z3 + (T1 + T2 + T3 + T4) 24,
(

Moreover, we get that Z[z1,...,x5]/J = Z]zy,...,x4]/J’, where
J' = (a7, (x1 + @2)w2, (w1 + T2 + 3)23, (21 + 2 + @3)23 + (¥1 + 2 + T3 + T4)T4).

By sending y1 — —x1, y2 — 21 + X2, y3 — X3, Y4 — T4, we obtain an isomorphism
Zlx1,...,xzs5)/I = Zly1,...,ys5)/J" between the two cohomology ring representa-
tions. For instance, we have that

(y2 + y3)ys + (Y2 + ys + ya)ya — (21 + @2 + x3)x3 + (1 + 22 + 3 + T4) T4,

Ysya(y2 + Y3 + ya)
— LL‘3£L‘4($1 + 2o +x3 + 1'4)

=23((x1 + 22 + x3)xs + (v1 + 22 + T3 + T4)4) — (T1 + T2 + 3:3)3:§

Remark 6.6. The notion of flag Bott—Samelson variety can be defined in a gen-
eral Lie type, where G is a simply-connected semisimple algebraic group over C.
Furthermore, Proposition [£3] Corollary 5, and Theorem are still true in a
general Lie type.
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