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PROJECTIONS AND ANGLE SUMS OF PERMUTOHEDRA AND OTHER
POLYTOPES

THOMAS GODLAND AND ZAKHAR KABLUCHKO

ABSTRACT. Let (z1,...,z,) € R". Permutohedra of types A and B are convex polytopes in R"
defined by
Pl = conv{(Zg(1);- -, Ton)) : 0 € Sym(n)}
and
PP = conv{(e1%0(1), - -+ »EnTo(m)) & (E1,- -+ en) € {£1}", 0 € Sym(n)},

where Sym(n) denotes the group of permutations of the set {1,...,n}. We derive a closed formula
for the number of j-faces of GP; and GPE for a linear map G : R® — R? satisfying some minor
general position assumptions. In particular, we will show that the face numbers of the projected
permutohedra do not depend on the linear mapping G. Furthermore, we derive formulas for the
sum of the conic intrinsic volumes of the tangent cones of P and PP at all of their j-faces. The
same is done for the Grassmann angles. We generalize all these results to polytopes whose normal
fan is the fan of some hyperplane arrangement.

1. INTRODUCTION

In the work of Donoho and Tanner B] the following interesting statement can be found: The
number of j-faces of the image of the n-dimensional cube [0,1]” under a linear map G : R” — R¢
does not depend on the choice of GG provided G is in “general position”. That is to say, the cube is
an equiprojective polytope as defined by Shephard [23]. More precisely, by B, Eq. (1.6)] we have

£5(G[0,1]") = 2(”.) bl (” B 1); (11)

J l=n—d

for all 0 < j < d < n, where f;(P) denotes the number of j-faces of a polytope P, and G[0, 1]" is the
image of [0, 1]™ under G. In the present paper, we investigate similar questions for the permutohedra
of types A and B. These are the polytopes P and P2 in R" defined by

PA = P2y, ..., 2p) = conv{(Zy(1),- - - To(m)) 1 0 € Sym(n)}
and

PE.=PBxy,. .. x,) = conv{(e1Zo(1), - - - > EnTo(n)) © (€1,--.,6n) € {£1}",0 € Sym(n)}
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for a point (x1,...,x,) € R™. Here, Sym(n) denotes the group of all permutations of the set

These polytopes have been studied starting with the work of Schoute @] in 1911;
see ﬂa é . as well as @ Example 0.10], @ Section 5.3], M pp. 5860, 254-258] and ﬂ
Example 2.2.5]. We prove that under certain minor general posmon assumptions on the linear map
G : R™ — R?, the number of j-faces of the projected permutohedra GP2 and GPP is constant and
given by the formulas

fj(GP;?):2{nij}<[nﬁ;iJ—i—[nﬁ;j_zg}—i—...> (1.2)

forall 1 <j<d<mn-—1, provided that z; > ... > x,, and
f(GPP)=2T(n,n—j)(B(n—jn—d+1)+B(n—jn—d+3)+...), (1.3)

for all 1 < j < d < n, provided that z; > ... > x, > 0. Here, [2‘] and {Z} denote the Stirling
numbers of the first and second kind, respectively. The Stirling number of the first kind [Z] can
be defined as the number of permutations of the set {1,...,n} having exactly k cycles, while the
Stirling number of the second kind {Z} is defined as the number of partitions of the set {1,...,n}
into k£ non-empty, disjoint subsets. The numbers B(n, k) and T'(n, k) denote the B-analogues to
the Stirling numbers of the first and second kind, respectively, defined by the following formulas:

(t+1)(E+3) ... (t+2n—1) = kf::OB(n, k)tk, T(n,k) = f: gm~—k (Z) {7:}

m=k

It turns out that these results can be generalized to any polytope P C R"™ whose normal fan,
that is the set of normal cones at all faces I’ of P, coincides with the fan of some linear hyperplane
arrangement A. A linear hyperplane arrangement is a finite collection of distinct linear hyperplanes
in R™. The hyperplanes dissect the space into finitely many cones or chambers, and the fan of the
arrangement is the set of all faces of these chambers. The number of j-faces of the projected
polytope GP does not depend on the choice of the linear mapping G (under some minor general
position assumptions on GG) and can be expressed in terms of the coefficients of the (n — j)-th level
characteristic polynomials of the hyperplane arrangement A.

It is known [29, Theorem 7.16] that zonotopes, that is Minkowski sums of finitely many line
segments, are special cases of the named class of polytopes. One simple special example is the cube
[0,1]™ appearing in the formula (II). We show that the permutohedra of types A and B are also
special cases of this class of polytopes since their faces and normal fans can be characterized in
terms of reflection arrangements of types A,_1 and B, respectively. On the other hand, it turns
out that permutohedra are zonotopes only in some rare exceptional cases, namely if the numbers
T1,...,T, form an arithmetic sequence.

From the formulas ([L2]) and (L3]), we derive results on generalized angle sums of permutohedra.
In particular, we compute the sum of the d-th conic intrinsic volumes vy of the tangent cones Tr
of P2 and PP at their j-faces F as follows:

Z vd(TF(Pf)):{ ”}[Z:‘;], forall0<j<d<n-—1,

FeF;(PR) neJ

Z va(Tr(PB)) = T(n,n — j)B(n — j,n —d), forall0<j<d<n.
FeF;(P7)



PROJECTIONS AND ANGLE SUMS OF PERMUTOHEDRA AND OTHER POLYTOPES 3

The same is done for the sums of the d-th Grassmann angles 4 of the tangent cones. The corre-
sponding formulas are

Tp(Ph)) =27 " n-J forall 0<j<d<n—1
> ey =2{ " A4S T ] eranosjsasa-n,
FeF;(P4) =0

(o]
> wTe(PP)) =2T(n,n—35)> Bn—jn—d—-20—1), forall0<j<d<n.

FeF;(PB) =0
Moreover, we compute the same angle sums for the above-mentioned more general class of polytopes
whose normal fans are fans of hyperplane arrangements.

The paper is organized as follows. Section 2] introduces the necessary notation and some im-
portant but well-known definitions and results from convex and integral geometry. In Section B we
state the main results of this paper. In its first part, Section 3], we recall various characterizations
of the permutohedra, their faces, and normal fans. Section contains some necessary results on
general position. In Section B3] we state the formulas for the number of faces of the projected
permutohedra and more general polytopes mentioned above. Finally, Section B4 deals with the
angle sums of these polytopes. Section M is dedicated to the proofs of the results from Section [Bl

2. PRELIMINARIES

In this section, we are going to introduce necessary facts and notation from convex and integral
geometry. These facts are well-known and can be skipped at first reading.

2.1. Facts from convex geometry. For a set M C R denote by lin M and aff M the linear hull
and the affine hull of M, respectively. They are defined as the minimal linear and the minimal
affine subspace of R™ containing M, respectively. Equivalently, lin M can be defined as the set
of all linear combinations of elements in M, while aff M can be defined as the set of all affine
combinations of elements in M. Similarly, the convex hull of M is denoted by conv M and defined
as the minimal convex set containing M, or, equivalently,

conv M := {)\13:1+...+)\ma:m:meN,xl,...,ajmGM,)\1+...+)\m20,)\1+...+)\m:1}.
The positive hull of a set M is denoted by pos M and defined as
pos M := {A1x1+...+)\m:pm:mGN,xl,...,:Em EM,)\l,...,)\mZO}.

The relative interior of a set M is the set of all interior points of M relative to its affine hull aff M
and it is denoted by relint M. The set of interior points of M is denoted by int M.

A polyhedral set is an intersection of finitely many closed half-spaces (whose boundaries need
not pass through the origin). A bounded polyhedral set is called polytope. Equivalently, a polytope
can be defined as the convex hull of a finite set of points. A polyhedral cone (or just cone) is an
intersection of finitely many closed half-spaces whose boundaries contain the origin and therefore
a special case of the polyhedral sets. Equivalently, a polyhedral cone can be defined as the positive
hull of a finite set of points. The dimension of a polyhedral set P is defined as the dimension of its
affine hull aff P.

A supporting hyperplane for a polyhedral set P C R™ is an affine hyperplane H with the
property that H NP # () and P lies entirely in one of the closed half-spaces bounded by H.
A face of a polyhedral set P (of arbitrary dimension) is a set of the form FF = PN H, for a
supporting hyperplane H, or the set P itself. Equivalently, the faces of a polyhedral set P are
obtained by replacing some of the half-spaces, whose intersection defines the polyhedral set, by
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their boundaries and taking the intersection. The set of all faces of P is denoted by F(C') and the
set of all k-dimensional faces (or just k-faces) of P by Fi(P) for k € {0,...,n}. The number of
k-faces of P is denoted by fi(C) := #F(C). In general, the number of elements in a set M is
denoted by |M| or #M. The 0-dimensional faces are called vertices. In the case of a cone, the only
possible vertex is the origin.

The dual cone C° (or polar cone) of a cone C' C R™ is defined as

C°:={velR": (v,z) <0Vx e C}.
The tangent cone Tr(P) of a polyhedral set P C R™ at a face F' of P is defined by
Tp(P) ={z € R": fy+ex € P for some ¢ > 0},

where fj is any point in the relative interior of F. This definition does not depend on the choice
of fo. The normal cone of P at the face F' is defined as the dual of the tangent cone, that is
Np(P)=Tp(P)°.

2.2. Grassmann angles and conic intrinsic volumes. Now, we are going to introduce some
important geometric functionals of cones. Let C C R"™ be a cone and g be an n-dimensional
standard Gaussian distributed vector. Then, the k-th conic intrinsic volume of C is defined as

vE(C) = Z P(Ilc(g) € relint F), k=0,...,n,
Fe}'k(C)

where II¢ denotes the orthogonal projection on C, that is, IT(x) is the vector in C' which minimizes
the Euclidean distance to x € R".

The conic intrinsic volumes are the analogues of the usual intrinsic volumes in the setting of
conical or spherical geometry. Equivalently, the conic intrinsic volumes can be defined using the
spherical Steiner formula, as done in Section 6.5]. For further properties of conic intrinsic
volumes we refer to [2, Section 2.2] and , Section 6.5].

Following Grnbaum ], we define the Grassmann angles v;(C), k € {0,...,n}, of cone C as
follows. Let W,,_;. be random linear subspace of R" with uniform distribution on the Grassmannian
of all (n — k)-dimensional subspaces. Then, the k-th Grassmann angle of C' is defined as

Ww(C) :=P(W,_,NC #{0}), k=0,...,n.

If the lineality space C N —C of a cone C, which is the maximal linear subspace contained in C,
has dimension j € {0,...,n — 1}, the Grassmann angles satisfy

1= 70(C) = ... = 35(C) 2 7+1(C) = ... = 3a(C) = 0.

As proved in ﬂl_JJ, Eq. (2.5)], the Grassmann angles do not depend on the dimension of the ambient
linear subspace. This means that if we embed C' in RY with N > n, we obtain the same Grassmann
angles. Therefore, it is convenient to write yn(C) := 0 for all N > dimC. If C is not a linear
subspace, then 37;(C) is also known as the k-th conic quermassintegral; see 21, Egs. (1)-(4)]
or ]

The conic intrinsic volumes and Grassmann angles satisfy a linear relation, called the conic
Crofton formula. More precisely, we have

wC) =2 > vpi(C) (2.1)

i=1,3,5,...
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for all k € {0,...,n} and for every cone C' C R™ which is not a linear subspace, according to ,
p.261]. Consequently,

1 1
vp(C) = 5%—1(0) - §7k+1(0)7 (2.2)
for all £k € {0,...,n}, where in the cases k = 0 and k = n we have to define v_1(C) = 1 and
Yni1(C) = 0. Then, Z2) follows from (ZI) and the identity vo(C) + v2(C) + ... = 1/2; see |3,

Eq. (5.3)].

3. MAIN RESULTS

3.1. Permutohedra of types A and B. In this section, we introduce permutohedra of types A
and B, give an exact characterization of their faces, and compute their normal fans.

Definitions of the permutohedra. For x1,...,x, € R the permutohedron of type A is defined as the
following polytope in R™:

PA =PMxy,... x,) = conv {(Zo(1), -+ > To@m)) : 0 € Sym(n)},

where Sym(n) is the group of all permutations of the set {1,...,n}. The permutohedron lies in
the hyperplane {t e R" : t; +...+t, = x1 + ...+ x,} and therefore has at most dimension n — 1.
Similarly, the permutohedron of type B is defined as the following polytope in R™:

PB = PB(yy,... x,) = conv {(e1250), .- EnTom)) 1€ = (e1,...,60) € {£1}",0 € Sym(n)}.

Note that 77;§1 (21,...,xy,) does not change under permutations of z1, . . . , x,,, whereas 77,?(331, cey )
stays invariant under signed permutations. Therefore, it is not a restriction of generality to assume
that 1 > ... > x,, in the A-case and z1 > ... > z,, > 0 in the B-case.

The next lemma is due to Rado [20] (see also [28, Section 5.3], [4, p. 257] and [17, Corollary
B.3]) and describes P2 as a set of solutions to a finite system of affine inequalities.

Lemma 3.1. Assume that ©1 > ... > x,. Then, a point (t1,...,t,) € R™ belongs to the permuto-
hedron P (x1,...,x,) of type A if and only if

bt Flph=m1+...+ 2,
and, for every non-empty subset M C {1,...,n}, we have
Zti §$1++$|M\
ieM

An analogous result for the permutohedron of type B, together with a proof and references to
the original literature, can be found in ﬂﬂ, Corollary C.5.a].

Lemma 3.2. Assume that x1 > ... > x, > 0. Then, a point (t1,...,t,) € R™ belongs to the
permutohedron PE(xq,. .., x,) of type B if and only if for every non-empty subset M C {1,...,n},
we have

eM
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Faces of the permutohedra. We now state an exact characterization of the faces of both types of
permutohedra. To this end, we need to introduce some useful notation.

Let R, ; be the set of all ordered partitions (Bi,...,B;) of the set {1,...,n} into j non-
empty, disjoint and distinguishable subsets By, ..., B;. Furthermore, let 7, ; be the set of all pairs
(B,n), where B = (Bi,...,Bj1) is an ordered partition of the set {1,...,n} into j + 1 disjoint
distinguishable subsets such that Bi,..., B, are non-empty, whereas B;11 may be empty or not,
and n: By U...UB; — {£1}. In what follows, we write 7; := n(¢) for ease of notation.

Proposition 3.3. Suppose that x1 > ... > x,. Then, for j € {0,...,n — 1}, the j-dimensional
faces of 73;?(:171, ..., &y) are in one-to-one correspondence with the ordered partitions B € Ry n—;j.
The j-face corresponding to the ordered partition B = (B1,...,Bn_j) € Rpn—j is given by

Fg = conv{(Z(1), s To(n)) 1 0 € I}

Here, Ip C Sym(n) is the set of all permutations o € Sym(n) such that

O'(Bl) = {1,...,|B1|}, O'(Bg) = {|B1| +1,...,|B1 UB2|}, ceey
O'(Bn_j) = {|Bl U... UBn_j_1| + 1,...,n}.

Equivalently, the face Fi can be written as

FB:{(tl,...,tn)677;?(3:1,...,:5”): Z ti:x1+...+x|BlumuBlVlzl,...,n—j—l}.
i€B1U...UB;

Proposition 3.4. Suppose that x1 > ... > x, > 0. Then, for j € {0,...,n}, the j-dimensional
faces of PB(x1,...,x,) are in one-to-one correspondence with the pairs (B,n) € Tpn—;. The j-face
corresponding to the pair (B,n), where B = (Bi,...,Bp_j+1), is given by

Fgy = conv{(e1Z4(1), - -+ »EnTo(n)) : (0,€) € IBy}.

Here, I, C Sym(n) x {£1}" is the set of all pairs (o,¢) € Sym(n) x {£1}" such that

O'(Bl) = {1,...,|B1|}, O'(Bg) = {|B1| +1,...,|B1 UB2|}, ceey
O'(Bn_j+1) = {|Blu...UBn_j| —I—l,...,n}

and €; = n; for all t € By U...U B,_;, while the remaining ¢;’s take arbitrary values in the set
{£1}. Equivalently, the face Fp, can be written as

FB,n:{(tly---,tn)6P5($17---,33n): Z ’I’}Z‘ti:$1—|—...—|—ﬂj‘Blu___UBl\V/lzl,...,n—j}.
i€B1U...UB,

Proofs of Proposition B3lcan be found in [4, pp. 254-256] or in [28, Section 5.3]. Without proof,
versions of the same proposition are stated in ﬁ Proposition 2.6] and in Exercise 2.9 on p. 96
of ﬂ] For completeness, a proof of Proposition [3.4] (which may also be known) will be provided in

Section A1l

Normal fans of permutohedra. Following @, Chapter 7], a fan in R™ is defined as a family F of
non-empty cones with the following two properties:

(i) Every non-empty face of a cone in F is also a cone in F.
(ii) The intersection of any two cones in F is a face of both.
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For a non-empty polytope P C R™ the normal fan of P is defined as the set of normal cones of P,
that is

N(P):={Np(P): F € F(P)}.

For a hyperplane arrangement A, which is a finite set of linear hyperplanes in R™, the comple-
ment R™\ (Jyc 4 H is a disjoint union of open convex sets. The set of closures of these “regions”
is denoted by R(.A) and called the conical mosaic generated by A. Clearly, the set of all faces of
these cones defines a fan denoted by F(.A):

FA = |J FO).
CeR(A)

Also, we denote the set of j-dimensional cones of this fan by F;(A).
The following theorems exactly characterize the normal fans of the permutohedra of types A
and B. Denote by A(A,,—1) the hyperplane arrangement consisting of the hyperplanes

Similarly, let A(B,,) be the hyperplane arrangement that consists of the hyperplanes

{BeR": ;=41 1<i<j<n,
{BeR": 8, =—-p;}, 1<i<j<n, (3.3)
(BER": B; =0}, 1<i<n.

These arrangements, also called reflection arrangements of types A,,_1 and B,,, as well as the cones
they generate (called the Weyl chambers), will be further discussed in Section

Theorem 3.5. For x1 > ... > x, the normal fan N (P2(x1,...,x,)) of the permutohedron of type
A coincides with the fan F(A(An—1)) generated by the hyperplane arrangement A(A,—1).

Theorem 3.6. For x1 > ... > x, > 0 the normal fan N(PB(z1,...,2,)) of the permutohedron of
type B coincides with the fan F(A(By)) generated by the hyperplane arrangement A(By,).

Both theorems seem to be known, see, e.g., ﬂﬁ, Section 3.1], but for the sake of completeness
we will give their proofs in Section [l For example, the normal cones at the vertices of the
permutohedra coincide with the Weyl chambers of types A,,_1 and B,,, which was used to compute
their statistical dimension in B, Proposition 3.5].

3.2. Results on general position. Before stating our main results on the face numbers of pro-
jected permutohedra, we need to introduce the terminology of general position in the context of
hyperplane arrangements and polyhedral sets. Moreover, we formulate general position assumptions
for both types of permuthohedra that are necessary for our main results in Section

Let M be an affine subspace of R™. Denote by L C R™ the unique linear subspace such that
M =t + L holds for some t € R", that is the translation of M passing through the origin. We say
that M is in general position with respect to a linear subspace L' C R™ if

dim(L N L") = max(dim L + dim L' — n,0).

A linear subspace L’ is said to be in general position with respect to a polyhedral set P if the affine
hull of each face F' of P is in general position with respect to L'.

For a linear hyperplane arrangement 4 in R”, the lattice L(.A) generated by A consists of all
linear subspaces of R™ that can be represented as intersections of hyperplanes from A. Denote by
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L;(A) the set of j-dimensional subspaces from the lattice £(.A). A linear subspace L' C R" is said
to be in general position with respect to the hyperplane arrangement A, if all K € £(A) satisfy

dim(K N L') = max(dim L' 4+ dim K — n,0), (3.4)

that is, if L’ is in general position with respect to each K € L(A).
Now, we are able to formulate two equivalent general position assumptions that we need to
impose on a linear mapping G € R%*" in the case of a permutohedron of type A.

Corollary 3.7. Let 1 <d<n-—1and x> ... > x,. For a matrix G € RYX" with rank G = d,
the following two conditions are equivalent:

(A1) The (n — d)-dimensional linear subspace ker G is in general position with respect to
PMxy,... 1)

(A2) The d-dimensional linear subspace (ker G)* is in general position with respect to the
reflection arrangement A(A,—1) defined in (32).

An analogous result can be formulated for the permutohedron of type B.

Corollary 3.8. Let 1 <d <n and x; > ... > x, > 0. For a matriz G € R with rank G = d,
the following two conditions are equivalent:

(B1) The (n — d)-dimensional linear subspace ker G is in general position with respect to
'Pf(l‘l, ce ,l‘n).

(B2) The d-dimensional linear subspace (ker G)* is in general position with respect to the
reflection arrangement A(B,,) defined in ([3.3)).

Corollaries B.17 and B.§] follow from the more general Theorem B.II] which we will state in
Section B3l Therefore, their proofs will be postponed to Section

3.3. Face numbers of projected permutohedra and more general polytopes. In this sec-
tion, we state our main results on the number of faces of projected permutohedra of types A and
B and, more generally, of polytopes whose normal fan coincides with the fan generated by a hyper-
plane arrangement. In case of the named polytopes, the face numbers of the projected polytopes
are independent of the projection provided it satisfies some minor general position assumption.

Permutohedra of types A and B. The formulas will be stated in terms of Stirling numbers defined
as follows. The (signless) Stirling number of the first kind [Z] is the number of permutations of the
set {1,...,n} having exactly k cycles. Equivalently, these numbers can be defined as the coefficients
of the polynomial

t(t+1).....(t+n—1):§n:mt'f (3.5)

k=0

for n € Ny, with the convention that [}[] = 0 for n € Ny, k ¢ {0,...,n} and [8] = 1. The B-
analogues to the Stirling numbers of the first kind, denoted by B(n, k), are defined as the coefficients
of the polynomial

(t+1)(t—|—3)-...-(t+2n—1):Zn:B(n,k:)tk (3.6)
k=0

for n € N and, by convention, B(n,k) = 0 for k ¢ {0,...,n}. The triangular array of integers
B(n, k) appears as entry A028338 in [24].
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The Stirling number of the second kind {Z} is defined as the number of partitions of the set
{1,...,n} into k non-empty subsets. The B-analogues to the Stirling numbers of the second kind,
denoted by T'(n, k), are defined as

T(n,k) = f: gm—k (Z) {Z} (3.7)

m=k

They appear as entry A039755 in [24] and were studied by Suter [27].
Our main results for the permutohedra of types A and B are as follows.

Theorem 3.9. Let 1 > ... > x,, be given. For a matriz G € R¥™*™ with rank G = d and satisfying
one of the equivalent general position assumptions|(A1) or we have

(GPhy=2{ " nd KT
Ji(GPy) n—yj n—d+1] T ln—d+3 " ’
forall0<j<d<n-—1.

Theorem 3.10. Let x1 > ... >z, > 0 be given. For a matriz G € R™ with rank G = d satisfying
one of the equivalent general position assumptions|(B1) or we have

@GPy =2T(n,n—5)(B(n—jn—d+1)+Bn—jn—d+3)+...),
forall0 < j<d<n.
The proofs of Theorems and [3.10] are postponed to Section

A more general class of polytopes. We are able to formulate a more general result which is valid
for all polytopes P C R™ whose normal fan N(P) := {Np(P) : F € F(P)} coincides with the
fan F(A) := UCeR( oF (C) generated by some hyperplane arrangement A. Here, R(A) denotes
the conical mosaic in R™ consisting of the n-dimensional cones generated by A. In Theorems
and [3.6] we already observed that the permutohedra of types A and B are special cases of this class
of polytopes. Before stating the result, we need to introduce the characteristic polynomial of a
hyperplane arrangement.
The rank of a linear hyperplane arrangement A in R" is defined by

rank(A) = n — dim ( N H) rank(f)) = 0.

HeA
The characteristic polynomial x 4(t) of A can be defined by the following Whitney formula:
xa(t) = (=1)#cpmrank©); (3.8)

CCA
see, e.g., [18, Lemma 2.3.8] or [23, Theorem 2.4], as well as [25, Section 1.3] or [2d, Section 3.11.2]
for other definitions using the Mobius function on the intersection poset of A.
Similar to the case of the permutohedra, we need to impose certain general position assump-
tions on the linear mapping GG under consideration.

Theorem 3.11. Let P C R™ be a polytope such that the normal fan N(P) coincides with the
fan F(A) of some hyperplane arrangement A. For 1 < d < dim P and a matriz G € R>™ with
rank G = d the following two general position assumptions are equivalent:
(G1) The (n — d)-dimensional linear subspace ker G is in general position with respect to P.
(G2) The d-dimensional linear subspace (ker G)* is in general position with respect to the
hyperplane arrangement A.
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The proof of this theorem is postponed to Section

Theorem 3.12. Let P C R™ be a polytope such that the normal fan N'(P) coincides with the fan
F(A) of a hyperplane arrangement A. Moreover, let G € R¥™™ be a matriz with rank G = d such
that one of the equivalent general position assumptz’ons or is satisfied. Then, the number
of j-faces of the projected polytope GP is independent of the linear map G and given by

;i(GP) =2 Z (antgp1 +an s+,
MeL,_;(A)

for 0 < j < d < dim P, where the numbers a,i\/[ are (up to a sign) the coefficients of the characte-
ristic polynomial of the induced hyperplane arrangement A|M :={HNM : H € A, M ¢ H} in the
ambient space M :

Xap(t) =) (=1 T Faplh, (3.9)
0

3
<.

e
i

Also recall that L,—;(A) is set of all (n — j)-dimensional linear subspaces that can be represented
as intersections of hyperplanes from A. By convention, we have L, (A) := {R"}.

The proof of Theorem B.I2] is postponed to Section A3l As a consequence, the polytopes
considered in Theorem [3.12] belong to the class of equiprojective polytopes as defined in ]

Permutohedra and zonotopes as special cases. As mentioned above, the permutohedra are special
cases of the above class of polytopes since their normal fans coincide with the fans of reflection
arrangements. Thus, Theorems and can be derived from Theorem using formulas
for the coefficients of the characteristic polynomials of the reflection arrangements or rather their
restrictions to linear subspaces M € L,,_;j(A(An—1)), respectively, M € L,_;j(A(By)). These
coefficients were already computed by Amelunxen and Lotz [2, Lemma 6.5]. In Section 3 however,
we will prove Theorems and BI0 using an equivalent approach that includes computing the
number of faces of Weyl chambers that are non-trivially intersected by a linear subspace.

Besides permutohedra, the zonotopes are also a special case of the above class of polytopes
whose normal fan is the fan of a hyperplane arrangement. A zonotope Z = Z(V) C R" is a
Minkowski sum of a finite number of line segments, and therefore, can be written as

Z(V)=[-v,vu]+...+[-vp,vp] + 2

for some p € N, a matrix V = (vq,...,v,) € R"*? and z € R". Following @, Definition 7.13], a
zonotope Z = Z (V') can equivalently be defined as the image of a cube under an affine map, that
is,

Z(V)=V[-1L,+1P+z={Vy+z:y € [-1,+1]°}.
In the book of Ziegler [2d, Theorem 7.16] it is proved that for a zonotope Z = Z(V) C R", the
normal fan N(Z) of Z coincides with the fan F(A) of the hyperplane arrangement
A= AV = {Hl,...,Hp}

in R, where H; := {z € R" : (z,v;) = 0} fori = 1,...,p. It is known @, Example 7.15] that
77;§1 (n,n—1,...,2,1) is a zonotope and the natural question arises if the permutohedra of types A
and B are zonotopes for all (z1,...,x,) € R™. The following proposition shows that this is not the
case.
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Proposition 3.13. For x1 > ... > x,, the permutohedron P (x1,...,x,) of type A is a zonotope
if and only if x1,...,x, are in arithmetic progression, that is,
r1=a+n—-1b,xe=a+Mn-2),....,2p,1=a+b, x, =0a (3.10)

for some a € R and b > 0.
For x1 > ... > x, > 0, the permutohedron PB(zy,...,x,) of type B is a zonotope if and only
if x1,..., @y, are in arithmetic progression, that is if BI0) holds for some a > 0 and b > 0.

The proof is postponed to Section E.11

3.4. Angle sums of permutohedra, zonotopes and other polytopes. The next theorem
follows from Theorem 3.9 using a well-known formula from Affentranger and Schneider E] and will
be proved in Section 4l Recall that the Grassmann angles v, and the conic intrinsic volumes vy
were defined in Section

Theorem 3.14. Let x1 > ... > x, be given. We have
n n—j
> e ={" T (311)
n—j)|n—d
FeF;(Pi)
and
. j
> amrin=2f " Al (312)
FEFJ‘('P;?) =0
for0<j<d<n-—1.
The following theorem is an analogue of Theorem [3.14] in the B-case.

Theorem 3.15. Let x1 > ... > x, > 0 be given. We have

> w(Tr(PY)) =T(n,n—j)B(n —j,n—d) (3.13)
FeF;(PB)
and
> wTr(PP)) =2T(n,n—35)Y B(n—jn—d-21—1) (3.14)
FE]'-J'('P,.LB) =0

for0<j<d<n.

Note that 1)) and ([BI3]) recover results from Amelunxen and Lotz E |. Among other things,
they derived a formula for the j-th level characteristic polynomial of the reflection arrangements
A(A,_1) and A(B,), sce [2, Lemma 6.5], which yields the sums of the (n — d)-th conic intrinsic
volumes over all j- d1mens1onal regions from F(A(A,_1)), respectively F(A(B,)), see E, Theo-
rem 6.1]. These formulas coincide with the sums computed in (BI1) and BI3]) (with j replaced
by n — j). This does not come as a surprise since the normal fans of the permutohedra are the
fans of the corresponding reflection arrangements, following Theorems and The proofs of
Theorems [3.14] and are postponed to Section 4l

For more general polytopes whose normal fans are generated by a hyperplane arrangement,
the following result holds.
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Theorem 3.16. Let P C R™ be a polytope whose normal fan N (P) coincides with the fan F(A)
of a hyperplane arrangement A. Then, we have

Y w@eP) = > a)y,

FeF;(P) MeL,—;(A)

and

S TPy =2 > (@), e, s+

FG]'—J'(P) Meﬁn—j(A)

for 0 < j <d < dimP. Recall that the numbers a were defined in B3) and L;(A) denotes the
set of j-dimensional subspaces from the lattice of A. By convention, we put L,(A) = {R"}.

The proof of this theorem is also postponed to Section [£.4l Theorems [B.14] and can be
deduced from Theorem since the normal fans of the permutohedra of types A and B coincide
with the fans F(A(A,—1)) and F(A(B,)), respectively, following Theorems B.5] and Using the
known formulas E, Lemma 6.5] for the coefficients of the j-th level characteristic polynomials yields
the results. In Section 4] we are going to prove Theorems [3.14] and by using Theorems
and 3.10] on the face numbers of projected permutohedra of types A and B, respectively, and a
formula of Affentranger and Schneider @] Let us also mention that applying Theorem to a
full-dimensional zonotope P with d = n we recover a formula stated in |16, Theorem 12].

4. PROOFS

This section is dedicated to proving the main results from Section Bl In Section I we are
going to prove the characterization of the faces and the normal fans of permutohedra. Section
contains the proofs of the equivalences between the general position assumptions of Theorem B.1T]
and its Corollaries B.7 and B.8 from Section Moreover, in Section [4.3] we prove the main results
of this paper on the number of j-faces of the projected permutohedra and the more general class
of polytopes. Finally, we will also prove the results on the angle sums of the same polytopes in

Section (.41

4.1. Permutohedra: Proofs of Propositions B.4] and [3.13] and Theorems and
Before starting with the proofs, let us mention the well-known fact that the points (z5(1), -, Zo(n))
are indeed vertices of 73;;x for all o € Sym(n). Similarly, the points (61330(1), e ,€n$0—(n)) are vertices
of PB for all e € {£1}", 0 € Sym(n). Let us explain this in the B-case. It suffices to prove the
claim for the point = = (x1,...,z,) of P2 where z; > ... > 2, > 0. Suppose that there are points
y= (Y1,.--,yn) € P¥ and z = (21,...,2,) € PP such that z = (y + 2)/2. By Lemma B2 we
have |y;| < x; and |z1| < x1. Thus, we have y; = z; = x;. Given this, we can consider the second

coordinate in the same way. Inductively, we obtain y; = z; = x; for all i = 1,...,n, which means
that (z1,...,2,) is indeed a vertex of P5.
In the case where 21 > ... > x,,, the permutohedron P2 has dimension n — 1. Similarly, for

r1 > ... >z, > 0, the permutohedron P2 of type B has dimension n.

Faces of permutohedra of type B. We are going to prove Proposition B4l Suppose that z1 > ... >
xn > 0. Recall that 7y, ,—; denotes the set of all pairs (B,7), where B = (By,...,Bp—j+1) is
an ordered partition of the set {1,...,n} into n — j 4+ 1 disjoint distinguishable subsets such that
By, ..., B,_j are non-empty, whereas B,,_ ;1 may be empty or not, and  : BiU...UB,,_; — {£1}.
For PropositionB.4] we want to prove that there is a one-to-one correspondence between the j-faces
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of PB(x1,...,2,) and the pairs (B,7n) € Tpn—;, and that the j-face corresponding to the pair (B, n)
is given by

Fg, = conv{(alazg(l), e EnTa(n)) (0,€) € Iy} (4.1)
:{tepf(azl,...,a;n): Z mti:azl—k...—l—azmlu__uBlVlzl,...,n—j}. (4.2)
i€B1U...UB,

Here, Ip, C Sym(n) x {£1}" is the set of all pairs (o,e) € Sym(n) x {£1}" such that o(B;) =
{1,...,|B1|},O‘(Bg) = {|Bl| —|—1,...,|Bl UBQ|},... and g; = n; for i € By U ...UBn_j.

Proof of Proposition[37. Let F € F(PJB) be a face of PB(x1,...,2,) with 21 > ... > z, > 0.
Either, we have F' = PZ which means there is nothing to prove, or there is a supporting hyperplane
H={teR":aqt1 + ...+ aut, = b} for some a = (aq,...,a,) € R"\{0} and b € R such that

HNPEZ=F and PPcH ={tcR":ait; +... + ant, <b}. (4.3)

Without loss of generality, we may assume that ay > ... > «;, > 0 (otherwise apply a signed
permutation of {1,...,n} to (aq,...,a,) and all other objects). Then,

a1 = =0y >Oéi1+1:...:()éi2>...>Oéim71+1:...:()éim>Oéim+1:...:0én:0, (4.4)

group 1 group 2 group m group m + 1

for some m € {1,...,n} and 1 <i; < ... < i, <n. Note that for i, = n, no «;’s are required to
be zero, which means that the last group is empty. Then, P2 ¢ H~ implies that

QEIT(1) -+ WnEnToyy < b, foralle = (e1,...,e,) € {£1}",0 € Sym(n).
The first equation of (€3] implies that there is a pair (¢’,&’) € Sym(n) x {£1}" such that
E (1) F o F Qi€ L) = QIEIT (1) + - oo+ QnEnLor(m) = b.

Since the «;’s and the x;’s are non-increasing and non-negative, the swapping lemma (see, e.g., M,
p. 254]) states that a1e174(1) + - - . + QnERTo(y) attains its maximal value if we choose ¢; = +1 and
o(i) =i for all i € {1,...,n}. It follows that, in fact, we have

a1x1 + ...+ apz, = 0. (4.5)
Denote the groups of indices appearing in ([£4]) by
By ={1,....01}, ..., B ={im-1+1,...yim}, Bmti={im+1,...,n}, (4.6)
where B,,4+1 may or may not be empty. Defining in our case n; := 1 for all i € {1,...,4,,} we
obtain that, under (4.0, the set I, consists of all pairs (,¢) € Sym(n) x {£1}" such that
o(By) =By, ..., 0(Byn)=Bm, 0(Bnt1) = Bm+1

and g; = n; for all i € {1,...,4,,}. Consequently, from (L5]) and ([&4) it follows that
QIEIT (1) + -+ nEnTen) = b for all (o,¢) € I, (4.7)
Furthermore, it follows from (4.3)), (£4]) and the swapping lemma that
QUEIT (1) + -+ nEnTomy < b for all (o,¢) € (Sym(n) x {£1}")\Ip,. (4.8)

Indeed, if (0,€) ¢ Iy, then there is the possibility that we have a strictly negative term on the
left-hand side of (A8 which means that we could make it strictly larger by changing the sign of
this term. Thus, we can assume all these terms to be non-negative. Then, (o,¢) ¢ I3, implies that
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there is a pair of indices 1 <7 < j < n such that a; > a; und z,(;) < 7, (;) and we can apply the
swapping lemma to strictly increase the left-hand side.

According to (A1) and (@8], the vertices (€1Z4(1), - -,EnTo(n)) With (0,€) € I, are the only
vertices of P2 that belong to the supporting hyperplane H. It follows from m, Proposition 2.3]
that F'is the convex hull of these vertices, that is F' = Fj,, where

Fpy = conv {(€124(1)s - - - 1 EnZo(n)) : (0,€) € Iy} (4.9)

Essentially the same argument shows that, conversely, a set of the form Fj ,, is a face of PE. At
the beginning, we applied a signed permutation to all objects including (o, . .., ) to achieve that
the a;’s are non-increasing and non-negative. Applying the inverse signed permutation proves that
the faces of P2 coincide with the sets of the form Fg, as defined in (£3), for some pair (B,1) € Tp.m.
Furthermore, for two different pairs (B',7'), (B”,n") we have Ips ,» # Ign v, which implies that the
corresponding sets I v and Fpv ,» are different, since their sets of vertices are different. Finally,
the polytope Fp,, for (B,7) € Ty m, is isometric to the direct product Pﬁgﬂ X ... X Pl%m\ X P‘%mﬂ‘,
which follows from the description of the vertices of Fj,. It follows that dim Fjz, =n —m.

Now, we prove the equivalence of the representations ([@Il) and [@2]). To this end, we take
some pair (B,n) € T m, assuming without restriction of generality that

B Z:{l,...,il}, Bg:z{il—l-l,...,ig}, covy By ::{im—l—l,...,n},

where 1 <y < ... <y <n for some m e {1,...,n},and n; =1 for i € {1,...,ip}. Our goal is
to prove that Fp, = M, where

M = {tepf(xh...,:vn): Z ti:x1+"'+xBlu...uBl|Vl:1,...,m},
i€B1U..UB;

The inclusion Fp, C M holds trivially and we only need to prove that M C Fg,,.

Let « = (a1,...,a,) € R™{0} be such that condition (44l holds. The above arguments
show that the hyperplane H = {t € R" : ayty + ... + aut, = b} with b:= ayz1 + ... + apx, is a
supporting hyperplane of the face Fj ), that is

HNPZ =Fg, and PP CH :={tcR":ait; +...+ ant, <b}.
Suppose now that there is some y ¢ F,, such that y € M C PB < H~. This already yields
ayr + ..o+ @Y, =ayt ooy <t =z .+ 0, TG,

since y € H™, but y ¢ H. It follows that

m—1 7]
a'lm(yl + tte + yim) + Z (ail - CEil+1) Zyl
=1 i=1

= a1yt + .+ QG Y,
<oz + ...+, T,

m—1

_ i
= aim(ajl + ... +$im) + Z(ail — OéilJrl) Z.’L’i,
=1

=1

which is a contradiction to y € M. This proves that both representations (LI} and (£2]) are
equivalent. ]
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Normal fans of permutohedra. Before we start with the proofs of Theorems and 3.0] we need
to prove a short lemma concerning the interior of a polytope.

Lemma 4.1. Let P C R™ be a polytope with non-empty interior (i.e. dim P = n) such that P is
given by the following affine inequalities
P={zeR":lj(x) <0,...,lL,(x) <0}

for some m € N and affine-linear functions l;(z) = (z,y;) + bi, where y; € R™\{0} and b; € R,
i=1,...,m. Then, we have

intP={zeR":li(z) <0,...,ln(z) <0}

Proof. Suppose x € R™ satisfies the conditions /;(z) < 0,...,ln(z) < 0. Since the functions
li,...,ly are continuous, we also have l;(y) < 0,...,l,(y) < 0 for all y in some small enough
neighborhood of x. Thus, x lies in int P.

Now let z € P satisty l;(x) = 0 for some i € {1,...,m}. Then, in each neighborhood of z, we
can find a point y with /;(y) > 0. This means that x ¢ int P, thus completing the proof. O

Remark 4.2. For a j-face F' of a polyhedral set P C R™, the normal cone Np(P) is (n — j)-
dimensional. In order to prove this, assume that the linear hull M := lin Np(P) is k-dimensional
for some k < n —j. Then, we have M+ = M° C Np(P)° = Tr(P). But since dim M+ =n—k > j,
this is a contradiction to the fact that the maximal linear subspace L contained in Tp(P) is j-
dimensional. Also, since L C Tr(P), we have L+ D Np(P) and therefore dim Ng(P) < n — j.

Now, let 21 > ... > x, be given. For Theorem 3.5 we want to prove that N (P2 (z1,...,z,)) =
F(A(An-1)).

Proof of Theorem [33. From PropositionB3lwe know that each j-face of P2, fora j € {0,...,n—1},
is uniquely defined by an ordered partition B = (B, ..., Bn—j) € Ry n—; of the set {1,...,n} and
given by

FBZ{(tl,...,tn)G'P;?i Z ti:$1+---+x\81u...uBl| fOI"&HlZl,...,TL—j}.
i€B1U...UB,

Now, take a point ¢t € relint Fz. We claim that x satisfies the following conditions:
Z li=21+ ... +2|Bu..UBy Vi=1,...,n—j, (4.10)
i€B1U..UB,
and
S ti<am . tapy YMC{l,...n}:M¢g{B,BiUBy,....,BiU...UB,_;}. (411
ieM
In order to prove this, consider the affine subspace

Lp:= {(tl,...,tn)ER": Z ti=z1+ ... +2BU.UB foralllzl,...,n—j},
1€B1U..UB;

which is of dimension 5 since the conditions are linearly independent. Then, following Lemma [3.1]
we can represent Fg as the set of points (t1,...,t,) € Lg such that

dti<amit.tapn YMC{l,....n}:M¢{B,BiUB,...,BiU...UB,_;}.
eM
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Since dim Fg = j, the characterization of relint Fg in (£I1]) follows from Lemma ] applied to the
ambient affine subspace Lg instead of R".
Now, we want to determine the tangent cone T, (P;}'). By definition, the tangent cone is given
by
Tre (P2 = {v € R" : t + ev € P/ for some £ > 0},
where ¢ € relint Fjg. Following Lemma B.1] for a v € R™, the condition ¢ + v € P4 holds for some
€ > 0 if and only if
n

Z(ti—FEw) =x1+...+x, and Z(ti—i-svi) <o+t YM C{L,.. 0

i=1 i€M
Since t1 + ... +t, = x1 + ... + x,, the first condition is satisfied if and only if v; +... + v, = 0.
We observe that if we choose € > 0 small enough, the second condition is satisfied for all sets

M c {1,...,n} such that M ¢ {By,B1 U Bs,...,B; U...UB,_;}, due to [II]). For the sets
By,B1UBs,...,B1U...UB,_j, we obtain that

E (% S 07
1€B1U...UB;

following (4.I0)). Therefore, the tangent cone is given by

TFB('P;?):{UGR”Z’Ul—I—...—I-’Un:O, Z vi§0Vl:1,...,n—j—1}.

1€B1U..UB;

Thus, the corresponding normal cone is given by
Npg(P) = Trg(P)° = {z € R" : V1 <1y < ly <n—j iy € By, iz € By,, we have x;, > x;, }.

Note that the conditions of N, (P2 imply a;, = x4, for all iy,i9 € B, I = 1,...,n —j. The
cone Np,(P2) is an (n — j)-dimensional cone in the fan F(A(A,_1)) and it is easy to check that,
going through all ordered partitions B € Ry, ,—;, we obtain all (n — j)-dimensional cones of the fan
N(A(A,—1)); see, e.g., |15, Section 2.7]. This completes the proof. O

Now, let 21 > ... > z, > 0 be given. For Theorem B.6], we want to prove that the normal
fan N (P2 (x1,...,2,)) coincides with the fan F(A(B,)) generated by the hyperplane arrangement
A(By).

Proof of Theorem [Z.8. From Proposition B4 we know that each j-face of P2, for a j € {0,...,n},
is uniquely defined by a pair (B,7n) € T, n—j, where B = (By,..., B,_j11), and given by

F37n:{(t1,...,tn)€7)fl Z niti:$1+"'+$|B1U...UBl\v/lzla"'an_j}'
i€B1U...UB;

Now, we claim that
Trys, (PF) = {v ER": Y npui<0Vi=1,....n —j}. (4.12)
i€B1U...UB;
In order to prove this, take a point ¢ € relint Fjz,. Then,

> omti=ai4 .t xpu.os VI=1...n—] (4.13)
i€B1U...UB;
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and
Sl <wi4.oAwag YMC{l...,n}: M¢&{B,BiUB,,....BiU...UB,_j}. (4.14)
iEM
This can easily be justified in the same way as in the A-case using Lemmas and LIl Note
that ([@I3) implies that sgnt; = n; for all ¢ € By U...U B,_; such that ¢; # 0. Otherwise, if

M, = —sgnt;, for some iy € {1,...,n} with ¢;, # 0, we would have
B1U...UB; BiU...UB;
for some [ € {1,...,n — j} in contradiction to t € P5.

Now, recall that the tangent cone is defined by
TFM(PTJLB) = {veR": t +ev € PP for some ¢ > 0}

for t € relint Fjz,. In view of the characterization of points in PE stated in Lemma B.2] it follows
that v € Try, , (PF) if and only if there exists an ¢ > 0 such that

Z ti +evi| <@+ .o+ YM C{L,...,n}.

ieM
For all M C {1,...,n} with M ¢ {By,B1U Bsy,...,B1U...UB,_;} this condition is satisfied
due to ([@I4) provided € > 0 is small enough. If ¢; # 0 for all ¢ € B; U... U B,,_j, the remaining
conditions are equivalent to

S omiltitev) <ami+. 4 2o VI=1,...,n—] (4.15)
i€B1U...UB;

This follows from the fact that sgn(t; +ev;) = sgnt; = n; for € > 0 chosen small enough. By (£I3)),

we obtain
Z 1iU; S 07
i€B1U...UB;

forall { = 1,...,n —j. This proves (AI2]). At this point, it remains to prove that ¢; # 0 for all
i€ B1U...UB,_;. In order to do this, assume t; = 0 for some ¢ € B; and some [ € {1,...,n—j}.
Defining D; := (B1 U... U By)\{i}, we have

Z 77jtj = Z thj =x1+...+ Z|B,U..UBy|»

jE€D; JjEB1U...UB;

due to @I3). If D; = By U...U B, for some m < [, we obtain

xr1+ ... +x‘BlU...UBm‘ = E 77th =T +---+$|B1U...UBZ|7
JED;

in contradiction to z; > 0 for all i = 1,... n. If, on the other hand, D; # B1 U ... U B, for all
m < [, we have

1+ ...+ Bu.uB| = Z nit; <x1+...+zp,,
JED;

following (A.I4)). This is a contradiction to D; C By U ... U B; proving that t; # 0 for all i €
Blu...UBn_j.
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Thus, the normal cone of P2 at Fg,, is given by

NFB,n (PT?) = TFB,U (PT?)O
= {x eR": V1<l <ly<n-—jViy € By,i2 € By,, we have n;, x;; > ni,xi, > 0;

Vi € Bp_j+1 we have x; = 0}.

The cone Np, (P2) is an (n — j)-face of a Weyl chamber of type B,, and we can observe that, going
through all pairs (B,7) € Tpn—;, we obtain all (n — j)-dimensional cones of the fan N'(A(B,)); see,
e.g., |15, Section 2.4]. This completes the proof. O

Permutohedra and zonotopes. In order to prove Proposition B3], we need to verify that for x1 >
... > x,, the permutohedron P,‘?(ml,...,xn) of type A (respectively, for 1 > ... > x, > 0, the
permutohedron P2 (z1,...,x,) of type B) is a zonotope if and only if z1,...,z, are in arithmetic
progression, that is, ;41 — x; = x; — ;1 for all admissible j.

Proof of Proposition[3.13. We will prove both the A- and the B-case together and assume that
x1>...>xy and 1 > ... > x, > 0, respectively. In the book of Ziegler |29, Example 7.15], it is
shown that 77;?(71, n—1,...,1) is a zonotope. By shifting and rescaling, we obtain that

Pita+(n—1ba+ (n—2)b,...,a+b,a)

is also a zonotope for each a € R and b > 0. Similarly, we can also prove that P2 (n,n—1,...,1) is
a zonotope and therefore also P2 (a + (n — 1)b,a + (n — 2)b,...,a +b,a) for each a > 0 and b > 0.
This follows from the representation of PZ(n,n —1,...,1) as the following Minkowski sum of line
segments:

€ —¢€j € —¢j e t+ej e +ej
Pln—1,...,1)= Y [— — T% > [— — T% > [eiel.

1<i<j<n 1<i<j<n 1<i<n

In order to prove this, we observe that this Minkowski sum is invariant under signed permutations
of the coordinates. Additionally, we can compute the vertices of this Minkowski sum, that is, the
points of the Minkowski sum that maximize a linear function v — (c,v), R™ — R, for a vector
¢ € R", provided the maximizer is unique. Applying a signed permutation, we may assume that

¢1 > ¢ > ... > ¢, > 0. On the line segment [—=5%, %] the function v — (c,v) is uniquely

maximized by the right-hand boundary % provided ¢; > ¢;. For ¢; = ¢j, the maximizer is not
unique. Therefore, we may assume that ¢; > co > ... > ¢, > 0. Then, the unique maximizer of

v = (e, v) is given by the sum of the right-hand boundaries of the line segments:

v — Z ei;ej+ Z eZ—I_Te]_i_ZeZ

1<i<j<n 1<i<j<n 1<i<n
= E €; + E €;
1<i<j<n 1<i<n

=m,n—1,...,1)".

Hence, the vertices of the above Minkowski sum have the form (g10(n),e90(n—1),...,e,0(1)), for
alle € {£1}" 0 € Sym(n). This proves the representation of P2 (a+(n—1)b, a+(n—2)b,...,a+b,a)
as the Minkowski sum of certain line segments. In particular, this polytope is a zonotope.



PROJECTIONS AND ANGLE SUMS OF PERMUTOHEDRA AND OTHER POLYTOPES 19

To prove the other direction, assume that PA(z1, ..., x,) with n > 3 is a zonotope and use that
a polytope P is a zonotope if and only if every 2-dimensional face of P is centrally symmetric @,
p. 200]. Following Proposition B3] we know that the convex hull F' of the six points

(x0(1)7x0(2)7$0(3) y Ldy Ty - - ,l‘n), oc Sym(3)

is a 2-face of PA(z1,...,,). This face is centrally symmetric around some a = (a1,...,a,). This
means that for each vertex z of F', also 2a — z is a vertex of F. Thus, we obtain the conditions

2a1 — x1,2a1 — 9,201 — x3 € {1’1,%2,%3}.
From z1 > z9 > x3, we obtain
2a1 —x1 =23 and 2a; — 9 = X9

and therefore also x1 + x3 = 2x5. This yields x5 — x5 = 22 — 1. Analogously, by considering more
general 2-faces of PA(z1,...,x,), one proves that Zjy1 —x; = x; — ;1 for all admissible j. Thus,
1,...,T, are in arithmetic progression.

The proof that x1,...,x, are in arithmetic progression if 775 (1,...,xy,) is a zonotope follows
in the same way as in the A-case since the considered 2-faces of 73;;1 are also 2-faces of P2, following
Proposition 341 O

4.2. General position: Proofs of Theorem [B.11] and Corollaries B.7] and B.8l In this
section, we prove the equivalences of the general position assumptions stated in Sections [3.2] and 3.3]
In fact, Corollaries B.7] and follow from Theorem B.1T]

Let P C R™ be polytope such that the normal fan N (P) coincides with the fan of a hyperplane
arrangement A. For a 1 < d < dim P and a matrix G € R¥" with rank G = d, we want to prove
that the following two general position assumptions are equivalent:

(G1) The (n — d)-dimensional linear subspace ker G is in general position with respect to P.
(G2) The d-dimensional linear subspace (ker G)* is in general position with respect to the
hyperplane arrangement A.

Proof of Theorem[Z 11l Let F' € F(P) be a k-face of P for some k € {0,...,dim P} and let L be
the linear subspace parallel to aff ' with the same dimension as aff F', that is, aff ' = t+ L for some
t € R™. Then, the normal cone Np(P) is (n — k)-dimensional, due to Remark 2] and coincides
with some (n — k)-dimensional cone from the fan of A, that is, an (n — k)-face of the conical mosaic
generated by A. Thus, lin Ng(P) can be represented as an intersection of hyperplanes from A and
therefore is an element of the lattice £(.A).

On the other hand, by definition, Tr(P) contains the linear subspace L. Thus, we have
(aff F)* = L+ D Tp(P)° = Np(P). Since both Ng(P) and (aff )+ are (n — k)-dimensional, we
obtain

Lt = (aff F)* =1lin Np(P) € L,_i(A).

The same argumentation applied backwards shows that, conversely, each (n — k)-dimensional sub-
space K € L(A) coincides with lin Np(P) for some k-face F' of P. If we write aff F =t + L for
some t € R", as above, then we obtain K = (aff )+ = L*.

The equivalence of (G1) and (G2) follows easily from these observations. Condition is
not satisfied, if and only if

dim(L Nker G) # max{k — d,0}
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for some k € {0,...,dim P} and some k-dimensional linear subspace L such that aff FF = ¢+ L for
some k-face F' of P and t € R™. Following the above observation, L+ € £(A) and
dim ((ker G)*tn Ll) =n —dim(L + ker G)
=n — (dim(ker G) + dim L — dim(L Nker G))
=d—k+dim(L Nker G)
holds true, and we arrive at
dim ((ker G)* N L*) # max{0,d — k}.

Thus, (ker G)* is not in general position with respect to A and therefore,[[G2)]is not satisfied. Since
every K € L(A) can be represented as L as above, the same argument applies backwards. O

Now, let 1 > ... > z, and G € R¥™™ be a matrix with rankG =d, 1 <d<n—-1= dim?’;?.
We want to prove that the following conditions are equivalent:
(A1) The (n — d)-dimensional linear subspace ker G is in general position to P/ (21, ...,,).
(A2) The d-dimensional linear subspace (ker G)* is in general position with respect to the
reflection arrangement A(A4,_1),

where A(A,;,_1) is the hyperplane arrangement as defined in (B.2]).

Proof of Corollary[3.7. Following Theorem B.5] the normal fan N (P') coincides with F(A(A,_1)).
Thus, the equivalence of |(Al)|and is a special case of Theorem B.IT1 O

Now, let z1 > ... >z, > 0 and G € R4 he a matrix with rank G = d,1<d<n= dimPf.
For Corollary B.8, we want to verify that the following conditions are equivalent:

(B1) The (n — d)-dimensional linear subspace ker G is in general position to P2 (x1,...,z,).
(B2) The d-dimensional linear subspace (ker G)* is in general position with respect to the
reflection arrangement A(B,,),

where A(B,,) is the hyperplane arrangement as defined in (3.3)).

Proof of Corollary [3.8. Following Theorem[3.6] the normal fan A'(P2) is given by the fan F(A(B,,)).
Thus, the equivalence of and is a special case of Theorem B.111 O

4.3. Face numbers: Proofs of Theorems [3.9], and In this section, we are going to
prove our main results from Section on the number of j-faces of projected permutohedra and
more general polytopes. We start with the proof of Theorem and proceed with the similar
proofs of Theorems and 3100

The following lemma, known as Farkas’ Lemma, will be used in the proof of the named
theorems. For the proof, we refer to E, Lemma 2.4] and HE, Lemma 2.1].

Lemma 4.3 (Farkas). Let C C R" be a full-dimensional cone and L C R™ a linear subspace. Then,
we have

int(C)NL # 0 < C°N L+ = {0}.

Furthermore, we need a formula for the number of regions generated by a hyperplane ar-
rangement that are intersected by a linear subspace non-trivially. For the proof, we refer to ,
Theorem 3.1] or [14, Theorem 3.3 in combination with [14, Lemma 3.5].
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Lemma 4.4. Let Ly C R™ be a d-dimensional linear subspace that is in general position with
respect to a hyperplane arrangement A. Then, the number of regions in R(A) (which is the set of
closed polyhedral cones of the conical mosaic generated by A) intersected by Lq is given by

#HReR(A) :imtRNLy #0}=#{ReR(A): RN Ly #{0}} =2(apn—gs1+ an_giz+-..),
where the ay’s are defined by the characteristic polynomial x A(t) = zzzo(—l)"_kaktk.

Now, let P C R™ be a polytope such that the normal fan N/ (P) coincides with the fan F(.A) of
a hyperplane arrangement A. Moreover, let G € R¥*™ be a matrix with rank G = d < dim P such
that one of the equivalent general position assumptionsoris satisfied. For Theorem B.12]
we want to prove that the number of j-faces of the projected polytope GP is given by

[GPY=2 > () tal gt )
MeL,—;(A)

for 0 < j < d < dim P, where the numbers aﬂ/l are (up to a sign) the coefficients of the characteristic
polynomial of the hyperplane arrangement A|M := {HNM : H € A,M ¢ H} in the ambient
space M:

Xapr(t) =) (=1 Faplth,
0

3
.

e
i

Proof of Theorem [312. Consider first the case when P is full-dimensional. Let F be a j-face of P
and 0 < j < d < n be given. Then, following @] or E, Proposition 5.3], GF is a j-face of GP if
and only if

int Trp(P) Nker G = ()

since the general position assumption|(G1)|is satisfied. Using Farkas’ Lemmal4.3] this is equivalent
to

(ker G)* N Np(P) # {0}.
Thus, using that NV (P) = F(A) and, in particular, {Ng(P) : F € F;(P)} = F,—;(A), we obtain
[j(GP) = Z Liarer;cp)y

FeF;(P)

= Y L@ nNeP)o}

FeF;(P)

= Y. Ligaa noioy (4.16)
DE]'-’,ij(.A)

= > > L{((ker G)L M)A D£{0}}

MeL,_;(A) DeF,_j(A):DCM

since each (n — j)-dimensional cone D from the fan F(A) of the hyperplane arrangement A is
contained in a unique (n — j)-dimensional subspace M € L(A) that can be represented as an
intersection of hyperplanes from A. The (n — j)-dimensional cones D € F,_;(A) with D C M
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are the closures of the (n — j)-dimensional regions generated by the induced arrangement A|M =
{HNM :He A M ¢ H} in M and therefore, we obtain

fi(GP) = Z Z Lg((ker @)L NM)N R£{0}}-
MeL,_;(A) RER(A|M)

Due to general position assumption [[G2)] the subspace (ker G)* N M is of codimension n —d in M
and additionally in general position with respect to A|M in M. Thus, we can apply Lemma 4] to
the ambient linear subspace M and arrive at

fi@rPy =2 Y (algatalast ), (4.17)
MeL,_;(A)
which completes the proof in the full-dimensional case.
Now, suppose p := dim P < n. We want to restrict all arguments to the p-dimensional
linear subspace L satisfying aff P = ¢t + L for some t € R", and then apply the already known
full-dimensional case in the ambient space L. At first, we observe that rank(G|y) = d, since

dimker(G|r) = dim(LNker G) = p—d > 0 because ker G is in general position with respect to P due
to general position assumption Furthermore, we need to verify whether the conditions
and also hold in the restricted case where n is replaced by p, G is replaced by the restriction
G| of G to L, and A is replaced by AIL={HNL:H e ALLZ H} ={HNL:He A}. The
last equation is due to L' C lin Ng(P) for all faces I of P, and therefore, L+ C H for all H € A,
since the linear hull lin Np(P) coincides with an intersection of hyperplanes from A. Thus, we
also observe that the elements of A|L and A are in one-to-one correspondence via the mapping
H'+— H' 4 Lt and, the inverse map is given by H N L <+ H.

Also, following for P in R™, ker(G|z) is in general position with respect to K, for each
linear subspace K such that aff F' =t 4+ K for some face F' of P, since

dim(K Nker(G|r)) = dim(K N L Nker G) = dim(K Nker G).

Thus, |(G1)|is also satisfied if we restrict all objects to L. Then, is also satisfied in the restricted
version due to the equivalence of and [(G2)|proved in Theorem 311l Thus, we can apply (£I7)
in the restricted case to obtain

fiGry=2 > (adlyy +a) s+ ),
M'eL, (AL

since (A|L)|M" = A|M" and therefore x (41 (t) = xajm(t). Next we observe that the linear
subspaces M’ € L£,_;(A|L) are in one-to-one correspondence to the linear subspaces M € L,,_;(A)
via M’ + M’ + L+ =: M. Following the Whitney formula for the characteristic polynomial (3.8])
and the identity A\(M’ + LY) = (A|M') + L+, we obtain the relation

Xa(mr+L0) () = Xeany e (8) = " Pxame (1),

for all M’ € £,_;(A|L), and thus, a}!’ = a%:{f:. Hence, we arrive at

M’+L+ M'+L+ M M
fi(GP) =2 Z (@n—dr1 +nmgis +o) =2 Z (@n—gs1 T Gpgys +-- ),
M'eL,_;(A|L) MeL,_;(A)

which completes the proof. ]
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Permutohedron of type A. Now, we are going to prove the formulas for the number of faces of the
projected permutohedra of types A and B. Before starting with the proof of Theorem [3.9] we need
to introduce the Weyl chambers of type A, _1 and the corresponding reflection group and reflection
arrangement. The reflection group G(A,—1) of type A,—1 acts on R™ by permuting the coordinates
in an arbitrary way, that is, the n! elements of G(A,_1) are the linear mappings

gU:Rn%an (ﬁl)"')ﬁn)H(ﬁo‘(l)v"'vﬁo(n)%
where o € Sym(n). The closed fundamental Weyl chamber of type A,_1 is the cone

ClAn 1) = {(Brr---,Ba) ER™ : By > ... > By}

Then, the closed Weyl chambers of type A,_1 are the cones of the form ¢gC(A,_1), where g €
G(A,—1), that is, the cones

0;4 = {(517 s 7ﬁn) eR™: ﬁo(l) > 50'(2) > 2 ﬁo(n)}y oc Sym(n)
Equivalently, the Weyl chambers can be defined as the conical mosaic generated by the reflection
arrangement A(A,_1) consisting of the hyperplanes

{BeR": B =0}, 1<i<j<n.

Note that with this notation, the permutohedron P2(zy,...,,) for a point (z1,...,x,) € R" is
just the convex hull of all points g(x1,...,z,), where g € G(A,_1).

In order to prove Theorem [B.9] we need to evaluate the number of j-faces F' € F;(A(An—1))
that are intersected non-trivially by a d-dimensional linear subspace satisfying some general position
assumption.

Lemma 4.5. The number of j-faces of Weyl chambers of type A,—1 (where each face is counted
exactly once) intersected non-trivially by a d-dimensional subspace Lg in general position to the
reflection arrangement A(A,_1) is given by

n j j
3o =2 (i) ol )

FEF;(A(An-1))
forall j € {1,... ,n}.

Recall that the numbers [Z] and {Z} denote the Stirling numbers of the first and second kind,
respectively, as defined in Section

Note that for j = n, this result is already known. That is, the number of Weyl chambers of
type A,_1 intersected by a d-dimensional subspace L4 in general position with respect to A(A4,,—1)
is given by

n n
> Lpnnzon = X Loannson = 2<[n—d+ J i [n—d+3} +”'>;

FeF,(A(An-1)) oc€Sym(n)
(4.18)

see [14, Theorem 3.4]. The proof of Lemma is similar to that of [15, Theorem 2.8], where a
related formula has been established in a setting where the faces are counted with certain non-trivial
multiplicities.

Proof of Lemma[{.5] The j-dimensional faces of the Weyl chamber C4 are enumerated by collec-
tions of indices 1 <17 < ... <i4;_1 <n —1 as follows:

CMin, .. vijo1) ={BER": Byry = .. = Buiy) 2 -+ = Bo(iy141) = -+ = Bom) }
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It is easy to see that CA(iy, . . ., ij—1) may also be a j-face of another Weyl chamber C’?, for some o’ #
o (the permutations inside each group of equations of the defining conditions of C’f(il, coeytio1)
can be chosen arbitrary without changing the face itself).

Now, we will introduce a notation for all j-faces of all Weyl chambers of type A,,_1 in the way
that each face is counted exactly once. Recall that R, ; denotes the set of all ordered partitions
B = (Bi1,...,B;) of the set {1,...,n} into j disjoint non-empty subsets. For such an ordered
partition B, we define the polyhedral cone

Qp = {ﬁ eR": forall 1 <[} <ly <jandi € By,i2 € By, we have 3;, > ﬁiQ}.

Note that these conditions imply 3;, = B, for all 41,79 € By and all 1 <[ < 5. We can observe that
each j-face F' € F;(A(An—1)) coincides with Qg for a unique ordered partition B € R,, ; and that,
conversely, each cone Qg is a j-face from F;(A(A,—-1)). Thus, we have

Z Lipnr,£{o}) = Z LQ@unL #{0}}-
FeF;(A(An-1)) BERn, j

Now, we want to evaluate the right hand-side of the above equation. At first, consider the
case j < n—d. Since Ly is in general position with respect to A(A,,—1), we know that for each Qp
dim(Lg Nlin Q) = max(j + d —n,0) =0,
since lin Qp € L(A,,—1). Therefore, Lemma [.5] becomes trivial since both sides vanish. From now

on, assume that 7 > n —d+ 1. The j-dimensional linear hull of @5 is given by
Wp = {5 € R":forall 1 <[ <jand iy,iy € B; we have §3;, = ﬁiQ}.

Using y; := f3;, where ¢ € B; is arbitrary and [ = 1,...,7, as coordinates on Wp, allows us to
identify this linear hull with R7. This identification is linear (which is sufficient for what follows)
but not isometric. The subspace Wp naturally decomposes into j! Weyl chambers of type A;_; of
the form

W (ﬂ):{(ﬁl,...,ﬁn)EWB:yw()2...2%(»)}

where 7 € Sym(j). Note that the Weyl chamber in Wp corresponding to the identity permutation
m(i) =i for all 1 < i < jis @Qp itself. Since Ly C R™ has dimension d and is in general with
respect to the reflection arrangement A(A,,_1) and since Wp is an intersection of hyperplanes from
A(A,—1), as mentioned above, it follows that the subspace Ly N Wy C Wp has dimension d —n + j
and is in general position with respect to the reflection arrangement of type A;_; in Wj. This can
be easily verified using the definition ([34]). Thus, we obtain

J J
D LaewsmAon = D om0} = 2<[n s 1] + [n s 3} +. >

mESym(j) mE€Sym(j)

following (4.I8]) applied to Ly N Wy in the ambient linear subspace Wp. If we take the sum over
all ordered partitions B € R, j, we arrive at

Yo DY Lawameon =2 Y ([n_d+1]+{n_é+3}+...>. (4.19)

BER,; m€Sym(j) BER,,
The right-hand side of ([AI9) can be easily computed using that the number of (unordered) parti-
tions of {1,...,n} into j non-empty subsets is given by the Stirling number {?} of the second kind.
Therefore, the number of ordered partitions is given by j !{?}, since the sets of each partition can
be arranged in an arbitrary order. Moreover, since the j-face Qg can be represented as Wy (7') in
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j! ways and the sets By, ..., Bj are (up to their order) the same in all representations, the left-hand
side of (£I9]) can be rewritten as

3D LQunzetion-
BG'RnJ‘

Combining these results yields

n J J
> Lpnepon = ). Hosnieo) = Z{j}qn—cﬂrl] " {n—d+3} +>

FeF;(A(An-1)) BERn,;

which completes the proof. O

Now, we turn to the proof of Theorem Let G € R¥™™ be a matrix with rankG = d
satisfying one of the equivalent general position assumptions|(Al)|or Assume 1 > ... > z,.
We want to show that

ApAY n n—j n—j
f](GP")_Q{n—j}<[n—d+J + [n—d—i—iJ +>
holds forall 0 < j<d<n-—1.

Proof of Theorem [3.3. Since P2 is a polytope whose normal fan coincides with the fan generated
by A(A,—1) and the equivalent general positions assumptions and |(A2)| are satisfied, we can
apply (£I6]) from the proof of Theorem with P replaced by P4 and A replaced by A(A,_1),
and obtain

£GP = Z L (ker @)L nD£{0}} -
DeFn—j(A(An—1))

As was shown in the proof of Theorem B.IZ, (@I6) was applicable although P4 is not full-
dimensional. Following Lemma L5 we arrive at

s =2, M e L)

since (ker G)* has dimension d and is in general position with respect to the reflection arrangement
A(Ap—1), due to This completes the proof. O

Permutohedron of type B. For the proof of Theorem [B.10] we need to introduce the Weyl chambers
of type B,,. The reflection group G(By,) acts on R™ by permuting the coordinates in an arbitrary
way and multiplying an arbitrary number of coordinates by —1. Thus, the 2"n! elements of G(B,,)
are the linear mappings

Geo - R"™ — Rn, (51, - ,ﬁn) — (€1ﬁ0(1), . 7€nﬁo(n))7
where o € Sym(n) and ¢ = (e1,...,e,) € {£1}". The closed fundamental Weyl chamber of type
B,, is the cone
C(Bn) ={(B1,...,Bn) ER": p1 > ... > B, > 0}.
Then, the closed Weyl chambers of type By, are the cones gC(A,_1), where g € G(B,,), that is, the
cones
C’fg =A{(B1,...,8n) ER": 6150(1) > 6250(2) > .2 €nﬁg(n) >0}, ee{£l1}",0€ Sym(n).

Equivalently, the Weyl chambers of type B,, can be defined as the conical mosaic generated by the
reflection arrangement A(B,,) consisting of the hyperplanes (3.3]). Again, we observe that with this
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notation, the permutohedron P2 (z1,...,x,) for a point (z1,...,2,) € R™ is just the convex hulls
of all points g(x1,...,z,), where g € G(B,,).
In order to show Theorem B0, we need to prove the following lemma.

Lemma 4.6. The number of j-faces of Weyl chambers of type B, (where each face is counted
exactly once) intersected non-trivially by a d-dimensional subspace Lg in general position to A(By,)
18 given by
FeF;(A(Bn))
forall j € {1,...,n}.
Recall that the numbers B(n, k) and T'(n, k) are the B-analogues to the Stirling numbers of
the first and second kind, respectively, as defined in ([B.6]) and B7). Also note that for j = n,

this lemma is already known. That is, the number of Weyl chambers of type B,, intersected by a
d-dimensional subspace Ly in general position with respect to A(B,,) is given by

Y Lipnrton = >, Lics, nLaz{0})
FeFn(A(Bn)) (e,0)e{x£1}™ xSym(n)
=2(B(n,n—d+1)+B(n,n—d+3)+...); (4.20)

sec [14, Theorem 3.4] or [15, Theorem 2.4]. The proof of Lemma is similar to that of [15,
Theorem 2.1].

Proof of Lemma[{.6 Since this is proven similarly to Lemma .5 we will not give the proof in
full detail. At first, we will introduce the notation for all j-faces of all Weyl chambers of type B,
in the way that each face is counted exactly once. Recall that 7, ; denotes the set of all pairs
(B,n), where B = (B1,...,Bjt1) is an ordered partition of the set {1,...,n} into j + 1 disjoint
distinguishable subsets such that By, ..., B; are non-empty, whereas B;1 may be empty or not,
and n: ByU...UB; = {£1}. For ease of notation set n(i) =n;, i € By U...UB;. The j-face from
F;(A(By)) corresponding to (B,7) is then given by
QBJ? = {ﬁ cR":forall1 <3 <[ < i and i; € Bll,ig S Blz we have ’I’}ilﬁil > 771'251'2 > 0;
for all i € Bjy1 we have 3; = 0}.

Note that these conditions imply n;, 8;, = 1i,5i, for all i1,i2 € B; and all 1 <[ < j. Similarly to
the A-case, we obtain

Z ]l{FﬂLd?é{O}} = Z ]]'{QB,nnLd7é{0}}'
FeF;(A(Bn)) (Bn)€ETn,j

Now, we want to evaluate the right hand-side of the above equation. Like in the A-case,
Theorem BI0 becomes trivial for j < n — d. Thus, assume that j > n —d + 1. The j-dimensional
linear hull of Qg is given by

Wpn = {ﬁ e R": forall 1 <[ <jand i,iz € By we have n;, Bi; = 1i,5iy;
for all i € Bjy1 we have f3; = O}.

We can use y; :=;3; for i € Bjand [ =1,...,j as coordinates on Wp. Then, we can identify this
linear hull with R’/ and naturally decompose Wg,, into 27j! Weyl chambers of type B,, of the form

WBW(Wvé) ={(B1,---,8n) € Way 51y7r(1) 2.2 5jy7r(j) > 0},
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where m € Sym(j) and § = (61,...,d;) € {£1}/. Since Ly C R™ has dimension d and is in general
with respect to the reflection arrangement A(B,,) it follows from the definition that the subspace
Ly N Wpg C Wg has dimension d — n + j and is in general position with respect to the reflection
arrangement of type Bj; in Wp,. Thus, we obtain

> Lin,owes, (ro)2{0y) = 2(BU,n —d+ 1)+ B(j,n —d+3) +...),
(m,6)€Sym(5)x{+1}J
following (4.20) applied to Lg N Wp,, in the ambient linear subspace Wp,. We arrive at

Z Z L1y Wis,  (7,8){0}} (4.21)

(an)etrn,j (Wvé)ESym(j)X{il}j
=2 )  (BUn—d+1)+B@Gn—d+3)+...)
(Bn)ETn,
=2(B(j,n —d+1)+ B(j,n —d+3) +...) - #Tnj.

The number of elements in 7, ; is given by

i n\ (n—r R /n\ (r .
J— n—r — 9751 r—] — 9741 ;
#Ts= 32 i ity 2 () =200

The last equation follows from ([B.7]) and the first equation can be proved as follows. There are (:L)
possibilities to fix the elements of the set Bjy1, given it has cardinality r € {0,...,n — j}. Then,
there are 2"~" possibilities for the choice of signs of the other n —r elements in B, ..., B;. At last,
the number of ordered partitions of {1,...,n}\Bj;1 into j non-empty subsets is given by j!{"j_.r}.
Summing over all admissible values of r yields the first equation.

Moreover, since each j-face Qg can be represented as Wy v (7',0") in 2741 ways, the sum
in ([@2]]) can be rewritten as

Pit Y HQuanLaon
(B:n)ETn,j
Combining the above yields
FeF;(A(Bn))

which completes the proof. O

Now, we are finally able to present the proof of Theorem B.10l Let n > d and G € R™™ be a
matrix with rank G' = d satisfying one of the equivalent general position assumptions or
Assume 1 > ... >z, > 0. We want to prove that

F(GPEYy=2T(n,n—j)(B(n—jn—d+1)+Bn—jn—d+3)+...)
holds for all 0 < j < d < n.
Proof of Theorem [3I0. Since P2 is a polytope whose normal fan coincides with the fan generated

by A(B,,) and the equivalent general positions assumptions [(B1)| and |(B2)| are satisfied, we can
apply ([EI6) with P replaced by P2 and A replaced by A(B,). Thus, we obtain

£i(GPY) = > L4 DA (ker )L £{0}}
De]:n—j (A(Bn))
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=2T(n,n—j)(B(n—jn—d+1)+Bn—jn—d+3)+...).
where we applied Lemma in the last step. O

4.4. Angle Sums: Proofs of Theorems B.14] B.75] and B.16l The main ingredient in the
proofs of Theorems 314l 315 and B.10 is the following formula:

> u(Tr(P) = f;(P) ~ E [;(GP) (4.22)

FG}—J‘(P)

for a polyhedral set P C R™ with non-empty interior, a Gaussian random matrix G € R%™ and
all 0 < j < d < n. This formula (with the Gaussian projection G replaced by a projection on a
d-dimensional uniform subspace) is often used throughout the existing literature, most prominently
by Affentranger and Schneider ﬁ], and a detailed proof can be found in ﬂﬁ, Theorem 4.8]. Results
from Baryshnikov and Vitale ﬂﬂ] imply that the f-vector of the Gaussian projection of a polyhedral
set P has the same distribution as the f-vector of a uniform projection of P.

Suppose x1 > ... > x,. For Theorem B.14] we want to show that the formulas

Z (T (PA)) = 2{717:7'} i [n - Z—_;Z B 1]7 Z va(Tr(PL)) = {nﬁ]} [2:2]

FeF;(PA) =0 FeF;(Pa)
hold forall 1 <j<d<n-—1.

Proof of Theorem [3.14] Let first 1 < j < d <n—1 be given. Take a Gaussian random matrix G €
RI*™ meaning that its entries are independent and standard Gaussian distributed random variables.
This matrix has rank G = d a.s. since the rows of GG are a.s. linearly independent; see, e.g., the proof
of Theorem 4.17 in ﬂﬂ] Also, the random matrix G satisfies general position assumption a.s.
This can be justified by noting that ker G has a rotationally invariant distribution which implies
that ker G is uniformly distributed in the Grassmannian of all (n — d)-dimensional subspaces of
R™. This means that ker G is in general position with respect to each subspace L C R" a.s.,
following ﬂ2_1|, Lemma 13.2.1]. In particular, ker G is in general position with respect to 77,?. Thus
we can apply (£22)) and Theorem B9 and obtain

> alTr(Pl) = £i(P) —E £;(GP)

FeF;(Pi)
ij(P;?)—Q{ni]} <[ni;il} + [ni;—lj-?)] +>

ST P S PR L B O R

where we used Proposition B3 to determine the number of j-faces of P, which coincides with the
number of ordered partitions of the set {1,...,n} into n — j non-empty subsets. Note that for
x1 > ... > x, the permutohedron P is only (n — 1)-dimensional. The formula Z2Z) was still
applicable in the ambient linear subspace lin 77,? since the Grassmann angles do not depend on the
dimension of ambient linear subspace.

We can simplify the above formula using that

R
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Thus, we obtain

2 et =g, " (B (L L))
Sk 5 Dol LA

which completes the proof of (3.12]).
To deduce [BII)) we use the relation between the Grassmann angles and the conic intrinsic
volumes (22]), namely

1 1
vy (C) = 5%1—1(0) - §7d+1(0)7
for all d € {0,...,n} provided C is not a linear subspace, where in the cases d = 0 and d = n we

have to define yv_1(C) =1 and 7,41(C) =0. For d € {j +1,...,n — 1}, we have

> Ud(TF(Pf))Z% o (a(Tr(P) = v (Tr(Py)))

FeF;(Ps) FeF;(Ps)

L EL ] )

Ll

To complete the proof, note that in the case j = d we have v;(Tr(PS)) = vy j(Np(P2)), which
is the solid angle of Nz(P;'). By Theorem B3] the sum of these angles over all F' € F;(P2) is the
number of linear subspaces in £,,_;(A(Ap,—1)), which is given by {ni] . O

Now, suppose x1 > ... > x, > 0. In order to prove Theorem B.I5, we need to verify the
formulas

> w(Te(PY)) = T(n,n — j)B(n— j,n — d), (4.23)
FeF;(PP)

> qalTr(PP) =2T(n,n—4)> B(n—jn—d-21-1) (4.24)
FG}—J‘(’P,,}LB) =0

for 0 < j < d < n, where the numbers B(n,k) and T'(n, k) are the B-analogues to the Stirling
numbers of first and second kind, respectively, as defined in ([B.6]) and (B.7).

Proof of Theorem [314 Similarly to the proof of Theorem B.I4] we use the formula (£22]). Let
G € R¥*" he a Gaussian random matrix and let 0 < j < d < n. As seen in the proof of
Theorem [3.14], ker G = d a.s. and ker G is in general position with respect to each linear subspace
L C R™ a.s. Thus, ker G is also in general position with respect to P2 a.s. and therefore, general

position assumption |(B1)|is a.s. satisfied. Applying ([£22]) and Theorem B.I0, we obtain

> wuTr(PY)) = 1;(PY) —E f;(GP)
FEFJ‘('P,?)

= f{(P2y—2T(n,n — j)(B(n—j,n —d+1)+ B(n—j,n—d+3)+...).
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By Proposition B4} the number of j-faces of P is given by the number of pairs (B,7) € Tpn—;.
This number was already computed in the proof of Lemma and is given by

[i(PP) = #Tn—j = 2" (n = )T (n,n - j).
Using the equation
B(n,1) + B(n,3) + ... = B(n,0) + B(n,2) +... = 2" !,
we obtain
Z 14(Tr(PY))
FeF;(PF)
=2T(n,n—5)(2" 7 (n—j) = (B(n—jn—d+1)+B(n—jn—d+3)+...))

oo
= 2T(n,n—j)ZB(n—j,n—d—2l -1)
=0
which completes the proof of (£24]).
In order to prove (£23]), we use the relation (2.2)), and obtain for d € {j +1,...,n}

1

> w(Te(PF)) = 5 > (u(Tr(PY) = vara(Tr(PY)))
FeF;(PE) FeF;(PR)

=T(n,n—j)B(n—jn—d).
The case j = d is treated similarly to the A-case. O

At last, we want to prove Theorem 316l Let P C R™ be a polytope whose normal fan N (P)
coincides with the fan F(A) of a hyperplane arrangement A in R™. Then, we want to prove the

formulas
Z Ud(TF(P)) = Z anM—d7

FEF,(P) MELn—j(A)
Z Ya(Tr(P)) =2 Z (anlqy +aylas+..)
FEF,(P) MELp—j(A)

for 0 < j < d < dim P, where the numbers aj’ are defined by x 4/a(t) = Eizo(—l)j_ka%tk and
L;(A) denotes the set of j-dimensional subspaces from the lattice of A.

Proof of Theorem[316. Let G € R¥™™ be a Gaussian random matrix. In the same way as in
the proof of Theorem B.I4]l we can show that G satisfies the equivalent general position assump-
tions [[G1)] and [(G2)] a.s. Again, we use the formula (Z22)) applied to the ambient affine subspace
aff P. Together with Theorem [3.12] we obtain

Y. 1u(Tr(P)) = f;(P) - E f;(GP)

FeF;(P)

=fiP)=2 > (e g tar st (4.25)
MeL,—;(A)

for all 0 < j < d < dim P. For a j-face F of P, the corresponding normal cone Np(P) is (n — j)-
dimensional and since the normal fan of P is given by the fan F(A), we obtain f;(P) = #F,—;(A).
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The number of regions of the arrangements A can be expressed through the characteristic
polynomial by means of the Zaslavsky formula

#R(A) = (=1)"xa(=1);

see [25, Theorem 2.5]. Since each (n — j)-dimensional cone of the fan F(A) is uniquely contained
in an (n — j)-dimensional subspace M € L,,_;(.A), and since the (n — j)-dimensional cones of F(.A)

contained in M are the cones of the conical mosaic in M generated by the induced arrangement
AM :={HNM:He A M ¢ H}, we obtain

#Fnj(A)= > #{FeF, j(A):FcM}

MeL,—;(A)

= Y #R(AM)
MeL,—;(A)

= Z (=" x4 (—1).
MeL,_;(A)

Furthermore, we have
n—j n—j
Xap(=1) = D ()" T Fal (—1)F = (1) Y ",
k=0 k=0

Combining these results, we arrive at
n—j
fPy= > > al
MEL,_j(A) k=0
Now, we can insert this formula for f;(P) in (£25]) together with the identity
al+ad +.  =aM+ad ..,

see [14, Remark 3.2], and obtain

n—j
Yo wu@®) = > Da-2 > (@l talis+)
FeF;(P) MeL,—;(A) k=0 MeLy—j(A)
= Z (anlar+allgs+..)
MeL,_;(A)

for 0 <j<d<dimP.
The formula for the sums of the conic intrinsic volumes follows from relation (2.2I):

> T P) =1 Y (uaTr(P) ~ s (Tr(P)
FeF;(P) FeF;(P)

= Z ar]y—d

MeLy,_;(A)

for d € {j +1,...,n}. In the case j = d, the same argument as used at the end of the proof of
Theorem B.I4 shows that Y- ez (p) v (Tr(P)) = #Ln—j(A) = Xrrer, ;(a) dn_y since ap’; = 1.

aTL—] n
The proof is complete. O
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