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ABSTRACT. In this paper, via symbolic computation we deduce a family
of six new series for 1/, for example,

i 416738400 + 4777111 |, <1444> 147758475

k

oy 5780 1445 Vo5
where Wn(z) =37 (%) (”:k) (2:) (2:1::))33’“. In addition, we pose 17
new series for 1/ motivated by congruences; for example, we conjecture
that

L 4290k + 367 [ 2k
T (14, 1)T5(17,16) =
kz:;) 3136k <k> k( P ) k( P )

where T} (b, ¢) is the coefficient of z* in the expansion of (2% + bz + c)*.

5390
T )

1. INTRODUCTION

Let n € N = {0,1,2,...}. In 1894 J. Franel [8] introduced the usual
Franel numbers f, = >, (’;”)3 (n € N) and the Franel numbers f7g4) =
Y k=0 (Z)4 (n € N) of order four. By the Zeilberger algorithm (cf. [9]), the

sequence ( fr(L4))n>o satisfies the following recurrence first claimed by Franel:

(n+2)% £, = 4(1 +n)(3 4 4n) (5 + 4n) £V + 2(3 +2n) (7 + 9n + 3n?) £ 4.

n

M. Rogers and A. Straub [11] confirmed the suthor’s conjectural series for
1/m involving Franel polynomials.

In 2005 Y. Yang used mofular forms of level 10 to discover the following
curious identity relating Franel numbers of order four to Ramanujan-type
series for 1/m:

Z4k‘—|—1f 18
k=0 VST

More this kind of identities were deduced by S. Cooper [4] in 2012 via modu-
lar forms. For the classical Ramanujan-type series for 1/, one may consult
[1, 2, 10] and the nice survey given by Cooper [5, Chapter 14].

Key words and phrases. Ramanujan-type series for 1/m, congruences, binomial coeffi-
cients, symbolic computation.
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For n € N the polynomial
we =3 () )
-5 (%)) ()

at © = —1 coincides with (—1)" T(L4), this can be easily verified since the

sequence ((—1)"W,(—1))p>0 satisfies the same recurrence as ( f£4))n20. In
2011 the author [12, (3.1)-(3.10)] proposed ten identities of the form

> ak+b 1
S w () =%
m m i

k=0

where a, b, m are integers with am # 0, and C? is rational. They were later
confirmed in [6].
In this paper we establish six new series for 1/7 involving W, (x).

Theorem 1.1. We have the following identities:

o

45k + 8 9 215v/15
2 a0k <E> 127 (1.1)
k=0 &
> 1360k + 389 16 20515
Y ()
k=0
>, 735k + 124 49 101257
£ 200 5 567
f: 376380k + 69727 81 _ 260480V/5 (1.4)
2 (=320)F M\80)  3x ‘
i 348840k + 47461 324\ 13146252 (15)
i 1300% F\325) 7 127 '
. 41673840k + 4777111 1444\ 147758475 (16)
5780 M\145) T Vo '

k=0

We also have 9 conjectural series for 1/7 involving W, (x) as listed in the
following conjecture.



SOME NEW SERIES FOR 1/7 MOTIVATED BY CONGRUENCES 3

Conjecture 1.1. We have the following identities:

4k +1 1 72+ 424/3
St (1) TR
k=0
392k 65 387
Z = 10; < > f (18)
k=0
168k~+23 1652\/_
Z 112k < ) - ’ (1-9)
k=0
>, 1512k 257 05 1184
3;0 ( > _ L0V \/_ (1.10)
o (3200
k 1134
Z56 +9.0 _5 113 \/_7 (L11)
324k 4 1257
k=0
13000k — 1811 625 49356\/—
Z Tz R\ Ty ) T e (1.12)
k=0
Z 9360k — 1343, (900 _21515\/_ (1.13)
13008 13 ) '
k=0
Z 56355k -+ 2443 <_83521> _4669535f (1.14)
e~ (—5776)k 361
5928k + 253 1156 289511/2
T YWY, = . 1.1
Z 5780F ’“< 5 > A (1.15)

k=0

Remark 1.1. Note that the left-hand sides of (1.1)-(1.15) have the form
S22 olak 4+ b)Wy(z)/mF with ma an integer square. Motivated by congru-
ences, the author found (1.1)-(1.15) during August 23-29, 2020.

van Hamme [20] thought that classical Ramanujan-type series for 1/x
should have their p-adic analogues involving the p-adic Gamma function.
This does not hold in general for generalized Ramanujan-type series, for
example, the author [13, Conjecture 1.5] discovered the identity

i": 6n5;n1 < n) kz”:zo <2:>2 (2(:_—:)) Lon—k _ 8ﬁ£

(which was later confirmed in [6]) and conjectured its related p-adic congru-

ence
p—l n 2
ZGn—l om Z 2N (2(n — k) on—k 2
256" <n>k:0<k‘> <n—k>12 = ¢ (mod 1)

n=0

(with p any prime greater than 3) which has noting to do with the Legendre
symbol (_73)
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For the author’s philosophy to generate series for 1/7 via congruences,
one may consult the survey [13] and the recent paper [18, Section 1].

We will prove Theorem 1.1 in the next section, and present related con-
jectural congruences in Section 3. In Section 4-6, we will pose 8 other new
conjectural series for 1/m motivated by congruences.

2. PROOF OF THEOREM 1.1

Lemma 2.1. For |z| < 1/30, we have

> 1+4 T <1+4> Zf(4 (2.1)

and

where

T o3[G0 W SR

Proof. Let N be any nonnegative integer. Then

f: 2k W 1
S (T4 42 TP\ 421

Y CENC
¥

0o nmin{n,N} 2 o min{n,N k+ 2(1{3 _ j) n4+ -
—Zz Z 9 b b (—4)
n=0 =0 J k=j J J J
00 min{n,N} ~ 2 ~ min{n,N} . 2(k—3)
(%) [+ n—75) Gi)
S e () ()8 () )
nz::o ]EZ:O 7 2j ; k—j) (=4)+
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Similarly,
i\[: kz* W 1
L (L4 4z)PH 4z 41
min{n,N} N 2 ~ min{n,N} N (2(k—=7)
i (2] n+j n-—j %)
ZZ 2, (a) < 2j> 2 k(n—k><—4>k—j'

Clearly (*™) < (1+41)?™ = 4™ for all m € N. Thus

min{n,N} n_ j ( (If ])) n —j
. 1 L1 < ) =2
‘ ,; <k—J>( 4)k=i ,;(k—,])
and hence
e G ()Y ()
par i)\ 2 ) 2= \k-j) =0

no=3 () () ()

is the Legendre polyomial of degree n. Similarly,

min{n,N} N 2 ~ min{n,N} . (2(k—j))
() ) k() s
2 i)\ 2 ) & "\a—k) ey

min{n,N}

< Z 4N<”+]> <2j>mm{n N2 < n§ P, (2).

By the Laplace-Heine formula (cf. [19, p.194]),

n+1/2
P,(2) ~ ICha% it v3) as n — +00.

CV2nrV3

As 8(2 + v/3) < 29.86, we have n8"P,(2) < 30" if n is sufficiently. Recall
that |z| < 1/30.
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In view of the above,

£ i<”+f><->2<2sf:;>><—1>n—j
=2 Zf(“

mmoz (] )(”Zjﬁ@—@(ﬁii)(;i/?)

k=j

:—2znz<—4>n—j<;> (5o 2 G0

SR ()0
Bt

0<j<n
—1 259\ [2(n—4j—1
B O % ) e 1)
0<j<n J J J n—7j-—
So we have the desired result. O

Lemma 2.2. For any n € N we have

5Sn(dn + 1)((n + 2)s,42 — 16nsy,)
—(30n® + 54n? + Tn — 2) £ + 2(60n3 + 5802 + 17n + 2) fV).

n

(2.4)
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Proof. Let u,, denote the left-hand side or the right-hand side of (2.4). Via
the Zeilberger algorithm, we find that
(1+n)(3+n)>(5+ 4n)uy 0
X (344 4 2572n + 8198n? + 1332903 + 108751 + 4190n° + 600n°)
=224+ n)(9+ 4n)P(n)unr1 +4(1+n)(2+n)(3+4n)(5+ 4n)(9 + 4n)Q(n)u,
for alln=0,1,2,..., where
P(n) =62208 + 5062081 + 179941602 + 3578972n° + 4250502n"
+3104119n° + 1401609n° + 38070017 + 56940n° + 3600n°
and
Q(n) = 40108 + 1270050 4 16433512 4 11072913 + 408250 4 77901° +60015.

Note also that ug = 0, u; = 2150 and ug = 103680. As both sides of (2.4)
give the same integer sequence (uy)n>0, we have (2.4) as desired. O
Now we are able to present an auxiliary theorem.

Theorem 2.3. Let a,b and x be complex numbers with |x — 1| > 7.5. Then

wey (x_z)nZ:oWW" <1_5> (2.5)
- () :
— " (2az (52 — 7)k + a(10z — 13) + 10b(x — 1)(z — 2))%_

k=0

Proof. Note that |1/(4z —4)| < 1/30. Applying (2.1) with z = 1/(4z — 4),
we get

oo 1 1 - oo 154)
W, (1-=)= : 2.
Z (4x)n < x> r—1 Z (4x — 4)k (26)
n=0 k=0
If we have
= n 1 (102 — 14) (ko + 1) + 1
W, (1-=)= :
Z(43;)n < a:> 10(x—1 (x —2) Z (42 — 4)F I
n=0 k:(]

(2.7)
then combining (2.6) with (2.7) we immediately get (2.5). The identity (2.7)
is equivalent to the following one with z = 1/(4z — 4):

kz* 1
1-42)y — W,
51 —42) Lo (T4 4zt <1+4z>

. (2.8)
:Z (56— 82)(1 +42)k + 42(5 — 62)) fr2".
k=

Below we prove (2. 8) for |z| < 1/30. For convenience, we write [2™]f(2)
with m € N to denote the coefficient of 2™ in the power series expansion of

f(2).
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By Lemmas 2.1, for any n € N we have

+1 - k ! 1
" — 1622
E i 2_:1 1—1—4z k41 <1—|—4z>

=[2"*3(1 - 162?) i m(f{V + 4sp) 2™
m=0

—(n+2)(f + 4s,40) — 16n(f + 4s,,)
=(n+ 2)f(Jr2 —16nfY 4+ 4((n 4 2)spra — nSy).
Now let n € Z*. By the recurrence of ( fﬁff ))m207 we have
An(4n +1)(4n = D, = (0 4+ D212 — 220+ 130”30+ 10
and hence
n(dn + 1)((32n + 52) £, + (960 + 56) £V — 32(4n — 1) £
n+1 n n—1
—4n(4n + 1)(8n + 13) fY + 8n(dn + 1)(12n + 7) £V
—8(n+1)2f +16(2n + 1)(3n% + 3n + 1) fY

—4(30n° + 54n% + Tn — 2) £V 4+ 8(60n° + 58n% + 17n + 2) £V

n

=20n(4n 4+ 1)((n + 2)sp4+2 — nsy)
with the aid of Lemma 2.2. Combining this with the last paragraph, we get

[ "+1]5(16 2 _ 1)§: LW N
: : pt (1+42)F1 " F\ T+ 4z
— —5(n+2)f%, +80n s, —20((n +2)sp42 — nsp)
— —5(n+2) %, +8on s, — (32n +52) 1Y,
— (96n + 56) £ + 32(4n — 1) £V,
=[2""1](3222 — 122 — 5) <4 S k+ e+ kszk—1>
k=1

k=0

— [2"1)(322% + 82) kazk

k=0

In view of (2.2),

5(162—1)§:LW b
: (1+42)F1 F\ T+ 1z

=5(162% — 1)( + 682 +9002% +...) = =30 — 340z — 40202* — ...
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Combining this with the final result in the last paragraph, we find that

o
kzk—1 1
51622 - 1> Wy [ ——
(162 )k:1(1+42)k+1 k<1+4z>

=(4z+1)(8z —5) <4 i(kz + 1) fref ++ i kszk_1> —82(4z + 1) i frz"

k=0 k=1 k=0
and hence

o kl 1
5(4z — 1)
: ; 1+4 R <1+4>

_(Sz—5)< Z(k+1 i +Zk:szk 1) —Sszkz

k=0 k=0

This yields the desired (2.8).
The proof of Theorem 2.3 is now complete. O

Proof of Theorem 1.1. In light of Theorem 2.3, we have

. 45k + 8 9 1075 4/<;+1
2 407 W’“(E)‘n kzzo 7'

k=0
1360k + 389 . 9225 4k7 +1
> Cor e (15) =5 X ot
k=0 k—
Z 735k +124 <49> _10125 o~ 60k + 11 ,(4)
£~ 200 50) 784 k:o 196k k7
Z 376380k + 69727 . < 1> _5209600 17k + 3 i
P (—320)k 80 ( 324)k 7%
Z 348840k + 47461, < 4) _1314625 > 65k +9 0
—~ 1300% 325 Pt 1296'f ’
41673840k + 4777111 (1444 _ 147758475 < 408k + 47
kzzo 5780k (1445) 1444 ;;) 5776k 5 koo
By S. Cooper [4],
Z4k+1f i4k+1 @ _ 32V15
£ 36k Tk k:o( 6yt I 45m
Z 60k + 11f 147 17k + 3fk 1\/5
£ 196k TF T e (=324)F or
65k +9 1)  81V2 408k + 47 1y 76v/95
Z 1296~ 1 = 41 Z 5776k 1 = 5m

So we have the desired (1.1)-(1.6). This concludes the proof. O
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3. CONGRUENCES RELATED TO THE IDENTITIES (1.1)-(1.15)

In [13, Section 3] the author introduced the polynomials

Sp(z) = Zn: <Z>4xk (n=0,1,2,...) (3.1)

k=0
and made conjectures on Zi;é Sy, (z) modulo p? (with p an odd prime) for
each integer x among the numbers
1, =2, +£4, -9, 12, 16, —20, 36, —64, 196, —324, 1296, 5776.

See also [17, Conjectures 49-51].
Theorem 1.1 and its proof are actually motivated by our following conjec-
ture.

Conjecture 3.1. Let p be an odd prime. Then, for any p-adic integer
x # 0 (mod p) we have

1
(431;)19 (1 - —> ZSk 4z —4) (mod p). (3.2)

p

k=0
When
€ {2, j:g, +4, 5, 10, —15, 50, —80, 325, 1445},
we have the further congruence
p—1 1

2 (4z)F <1_ ‘) ZSk 4z —4) (mod p?). (3.3)

k=0
The identity (1.1) is motivated by the following conjecture on related
congruences.

Conjecture 3.2. (i) For any n € Z" we have

10"~ T 1-k 9 +
4 " 7.
ym kzo( 5k + 8)40 Wk<10>e

(ii) Let p 2,5 be a prime. Then

p—1
45k + 8 9\ _p —15 )

k=0
When (=22 > 2) =1, for any n € ZT the number

pn—1 p—1
45k +8 9 45k + 8 9
Wi (=) - W
> g Wi <1o> P~ Wi (10)

k=0

divided by (pn)? is a p-adic integer.

The identity (1.2) is motivated by the following conjecture on related
congruences.
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Conjecture 3.3. (i) For any n € Z" we have
n

1571

16
(1360k + 389)(—60)""1=*1, (15> cZt.

k=0
(ii) Let p > 5 be a prime. Then

1

1360k + 389 16 15 9

— Wi | — 779 —1 d .
(—60)F ’“<15> 2< ( P > ) (mod ¢7)

) =1, for any n € Z" the number

n—1 p—1
1360k + 389 9 1360k + 389 9
R —— V. V4 -
~ <1O> p,; (—60)F ’f<10>

p

Z'?‘
[en]

When

—~
’E‘»—A

i)

??‘

divided by (pn)? is a p-adic integer.
The identity (1.3) is motivated by the following conjecture on related
congruences.

Conjecture 3.4. (i) For any n € Z* we have

n—1n—1
50 — > (735K + 124)200" "' F W, <52> €zt
k=0

(ii) Let p # 2,5 be a prime. Then

p—1
T35k + 124 (49 _7 )
§ 1 .
T 200F <50> 32 <3969< D ) > (mod p)

When (%) =1, for any n € Z* the number
~1
' 735k + 124, (49 = 735k + 124 49
DT 2 o [ 22
Z 2008 (50) =P —r W <5o>
k=0 k=0
divided by (pn)? is a p-adic integer.

The identity (1.4) is motivated by the following conjecture on related
congruences.

Conjecture 3.5. (i) For any n € Z" we have

80n—1 1 e (81
- > (376380k + 69727)(—1)"320" " F W, < 80) €zt
k=0

ii) Let p # 2,5 be a prime. Then

p—1
376380k + 69727 81 P ) 9
Wil — ) ==1(209198 — | — 17 d .
(—320)F - <80> 3( <p> > (med 77)

B
i
o
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When ( ) =1, for any n € Z* the number

pn—1 p—1

376380k + 69727 81 376380k + 69727 81
> Wil ) —P2 e (5
£ (—320) 80 S (=320) 80

divided by (pn)? is a p-adic integer.

The identity (1.5) is motivated by the following conjecture on related
congruences.

Conjecture 3.6. (i) For any n € Z" we have

25n—1 L1 24
325 > (348840k + 47461)1300" '+ <§25> ezt
k=0

and this number is odd if and only if n € {2%: a € N}.
(ii) Let p # 2,5,13 be a prime. Then

p—1
348840k + 47461 324 -2 9
Wy 142384 —1 d .
k;) 1300% <325> 3 < < p ) > (mod p7)
When p=1,3 (mod 8), for any n € Z* the number

pi‘:l 348840k + 47461 324\ 1’2‘:1 348840k + 47461 324
— 1300k 325 1300% 325

divided by (pn)? is a p-adic integer.

The identity (1.6) is motivated by the following conjecture on related
congruences.

Conjecture 3.7. (i) For any n € Z" we have

144571 1 1444
+ €7t
41673840k + 4777111)5780" 1=k 117, T +
k=0

and this number is odd if and only if n € {2*: a € N}.
(ii) Let p # 2,5,17 be a prime. Then

p—1
41673840k + 4777111 1444 95 9
E W, 4777113 -2 d .

When ( 2) =1, for any n € ZT the number

pi‘:l 5928k + 253, 1156 pzl 5928k + 253 (1156
5780 e 5T80F Wi\

divided by (pn)? is a p-adic integer.

The identity (1.7) is motivated by our following conjecture on related
congruences (see also [16, A337332]).
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Conjecture 3.8. (i) For any integer n > 1, we have

8n—1 n—1

1
4k + D)6 RPw (-2 ) e Zt.
o > (4k + 1)6 k< 8) S

k=0

(ii) For any prime p > 5, we have

(=3)=V/4 (mod p)  ifp=1 (mod 12),
lpz_:lélk—klw 1\ ) -5(= 3)P=D/4 (mod p) ifp=>5 (mod 12),
p 6" F < > —(=3)P+5/4 (mod p) if p=7 (mod 12),

2

8
—(=3)P+tD/4 (mod p)  if p=11 (mod 12).

k=0
(iii) For any prime p > 3, we have
p—1
1 1
e
0

k=
422 — 2p (mod p?) ifp=1 (mo
(mod p?) if p=3 (mo

4) & p=2* +4y* (z,y € Z),
1),

d
d
Remark 3.1. Sun [18, Identity (I5)] asserts that

= 6k + 1 (2K ° 2 /[~

which is similar to (3.1). Similar to Conjecture 3.8, we conjecture that for
any integer n > 1 we have

n—1 2
o (2K
WE (6k +1)256" " ’f<k> Tr(8,—2) € Z*F,
n(n) k=0

and that for any odd prime p we have
6k + 1 2(0=1)/4p (mod p?) ifp=1 (mod 4),
Z Tornk Tk(& _2) = 1)/4 9 .
£ 256 —2(p+D/4p (mod p?) if p=3 (mod 4).

The identity (1.8) is motivated by the following conjecture on related
congruences.

Conjecture 3.9. (i) For any n € Z* we have

120 5(39% + 65)(—1)F 108" 1=k, 9 ezt
n & P12 '

(ii) Let p > 3 be a prime. Then

{392k +65 (49
(—108)F "R\ 12

Il
=3
/N
(0]
D
7 N\

L
N————
|
[\)
—
Y
S
N———
N————
=
o
(o
3
(V]
N~—

k=0
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When (£) =1, for any n € Z* the number

B ()05

— 399k + 65, ( 49>
k=0 k=0

(—108)F 12

divided by (pn)? is a p-adic integer.
(iii) For any prime p > 5, we have

108 12

k:O

2% —2p (mod p*) if (F2)=(§) = (§) =1 & p=a®+42¢7
2p—8z% (mod p*) if(5)=1, ()= (§) = —1 & p= 227 +21y°,

={ 1222 — 2p (mod p?) zf(_?z) = 1, (&) =(8) = -1 & p=32* + 143%,
2p — 242® (mod p®) if (§) =1, (32) = (§) = —1 & p =627+ 7y7,
0 (mod p?) if (52) =1,

where x and y are integers.

Remark 3.2. Note that the imaginary quadratic field Q(1/—42) has class
number four. For primes in the form 22 + dy? with z,y € Z, one my consult

the book [7].

The identity (1.9) is motivated by the following conjecture on related
congruences.

Conjecture 3.10. (i) For any n € Z* we have

16"~ 1=
6 § j (168K + 23)112" 1=k, (63> e 7+,
n prrt 16

(ii) Let p # 2,7 be a prime. Then
168k +23 (63 3 21
_13( 2= 2y,
et (2) o) 0(2) it
k=0
When (£) =1, for any n € Z* the number

pn—1 p—1
168k + 23 63 P 168k + 23 63
kZ_o Tk <E> -p(5) X T W (E)

divided by (pn)? is a p-adic integer.
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(iii) For any prime p > 3 with p # 7, we have
1

4z% —2p (mod p*) if (F2)=(§)=(§) =1 & p=a®+42¢7

2p — 8z° (mod p?) if () =1, (32) = (§) = —1 & p =227 + 21y,
={ 1222 — 2p (mod p?) zf(_Tz) = 1, (8)=(8)=—-1& p=3a? + 14y?%

2p — 242® (mod p®) if (§) =1, (33) = (§) = —1 & p =627 +7y7,

0 (mod p?) if (52 =—1,

where x and y are integers.

The identity (1.10) is motivated by the following conjecture on related
congruences.

Conjecture 3.11. (i) For any n € Z* we have

n—1

6471 405

» (1512k + 257)(—1)F320" ' F W, ( 64) e Z .
k=0

(ii) Let p # 2,5 be a prime. Then
p—1
1512k + 257 405 —35 ) 9
— Wi | —— 2849 - 279 ( - d .
kzzo (—320)" ’“( 64> 10( ( p ) <p>> (mod 7)
When (§) =1, for any n € Z" the number

pn—1 p—1
1512k + 257 405 P 1512k + 257 405
S Ty (A (1) (0
(—320) 64 5 (—320) 64
k=0 k=0
divided by (pn)? is a p-adic integer.
(iii) For any prime p > 5, we have

5 ot (%)

k=0

4% = 2p (mod p?) if (B)=(§)=(5) =1& p =2+ 7047,
2p— 82 (mod p?) if (B)=1, (}) =(8) = —1 & p=22"+35¢7,

=4 2022 —2p (mod p?) if (&) =1, (%) =(£) = -1 & p=5a? + 14y,
2872 — 2p (mod p?) if (%) =1, (§) = () =—1 & p="Ta? + 10y,
(0 (mod p?) if (52) =—1,

where x and y are integers.

Remark 3.3. Note that the imaginary quadratic field Q(1/—70) has class
number four.

The identity (1.11) is motivated by the following conjecture on related
congruences.
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Conjecture 3.12. (i) For any n € Z* we have

4n—1 n—1 2
- > (56K + 9)324" 1R, <Z5> ezt
k=0

(ii) Let p > 3 be a prime. Then

p—1
56k +9 25 D —35 5 9
—— Wi | — - (49— ) -4 - d .
kZ:O 324 k<4> 5( <p> <p>> (mod 77)
When (£) =1, for any n € Z* the number

pn—1 p—1

56k +9_ (25 P\ "= 56k +9 (25
3 wi (2)=p(B) S we (2
£ 324k ’“<4> p<5)k:0 324k ’“<4>

divided by (pn)? is a p-adic integer.
(iii) For any prime p > 5, we have

p—1
1 25
2 Sak Vb (Z)

k=0

(422 2 (mod p?) if (2) = (2) = (B) =1 & p =2 + T047,
2p — 827 (mod p?) if (5) =1, (})=(§) = —1 & p= 22" + 35¢?,
=4 202 — 2p (mod p?) if (&) =1, (%) =(£)=-1& p=>5a? + 14y,
2872 — 2p (mod p?) z'f(%) =1, () =(k) =—-1 & p =72 + 10y,
[0 (mod ) i (50) = -1,

where x and y are integers.

The identity (1.12) is motivated by the following conjecture on related
congruences.

Conjecture 3.13. (i) For any n > 1 we have

n—1n—1
9n > " (13000k — 1811)(—1)¥1296" '+, (—%) ez,
k=0
and this number is odd if and only if n is a power of two.
(ii) Let p > 3 be a prime. Then

p—1
13000k — 1811 625 P -39 9
— Wi | — | == [ 11882 ( —— | — 20937 d .
kzzo (—1296)" k< 9 > 5( < P ) > tmod 27)

When (_739) =1, for any n € Z* the number

pn—1 p—1

13000k — 1811 625 13000k — 1811 625
SR T 0 g, (2222 ZOUVUOR T 20 gy [ 222
kZ_O (—1296)F k< 9 > P> (—1206)F ’“< 9 >

divided by (pn)? is a p-adic integer.
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(iii) For any prime p > 5, we have
1

L 1 - < 625>
1o0avk k| T g
£~ (—1296) 9

4% = 2p (mod p?)  if (3)=(§) = (f) =1 & p=2a"+ 787,
8z% —2p (mod p?) if (2)=1, (§) = (f) = -1 & p =227 + 3997,
= 122% = 2p (mod p*) if ({5) =1, (3)=(§) = —1 & p = 32" + 264,
24z% — 2p (mod p?) if (§) =1, (%) = (&) =—1 & p=6a? + 13y,
[0 (mod p?) z'f(_T78) =-1,

where x and y are integers.

Remark 3.4. Note that the imaginary quadratic field Q(1/—78) has class
number four.

The identity (1.13) is motivated by the following conjecture on related
congruences.

Conjecture 3.14. (i) For any n > 1 we have

137112 900
> (9360k — 1343)1300" W, ( = | € Z*
- k:0(9360 343)1300 W, ( 13) ezt

and this number is odd if and only if n is a power of two.
(ii) Let p # 2,5,13 be a prime. Then

p—1

9360k — 1343 (900 _ p 39 )
S (25 ) = L (7944 (=2 ) — 14659 d p?).
kg 1300% ’“<13> 5< <p> >(m° P

When (_739) =1, for any n € Z* the number

pn—1 p—1
9360k — 1343 /900 9360k — 1343 /900
9360k — 1343 ., (900 '~ 9360k — 1343, (900
kzzo 1300% b ( 13 ) P kzzo 1300% b < 13 >

divided by (pn)? is a p-adic integer.
(iii) For any prime p > 5, we have

= 900
kZ:O 13008k (H)
(422 — 2p (mod p?) z'f(%): (&)= (&) =1& p=a®+ 787,
822 — 2p (mod p?) if(%) =1, (8)=(&) =-1& p =222+ 397,
=< 1227 —2p (mod p?) if (&) =1, (%) = (§) = —1 & p = 32* + 26y,
24z — 2p (mod p?) if (§) =1, (%) = (&) =—1& p=062%+13y?,
0 (mod p?) if (58) =1,

where x and y are integers.
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The identity (1.14) is motivated by the following conjecture on related
congruences.

Conjecture 3.15. (i) For any n € Z* we have

11l 21
50 > (56355k + 2443)(—1)F5776" 1 F W, (—%) ezt
k=0

(ii) Let p # 2,19 be a prime. Then

p—1
56355k + 2443 83521\ _ 7p 2 )
O T = (- ) = 426855 — 314128 d p?).
2 (—5776) k( 361 > 323( <p ) ) (mod )

When p=1,3 (mod 8), for any n € Z* the number

k=0

pil 56355k + 2443 [ 83521 pi 56355k + 2443 [ 83521
£ (=5T76)F  TF\ 361 (—5776)F R\ 361
divided by (pn)? is a p-adic integer.
(iii) For any prime p # 2,19, we have
U < 83521)
e Wi [~
£~ (=5776) 361
4% —2p (mod p?)  if (F2)=(§)=({5) =1 & p=2a”+130y
8z% —2p (mod p?) if (F2) =1, (§) = ({5) = —1 & p = 24® + 657,
=4 202% = 2p (mod p*) if (§) =1, (52) = ({5) = -1 & p = 52® + 26y
40z —2p (mod p?) if (&) =1, (_72) =(8) = -1 & p= 102" + 13y7,
[ POp,17 (mod p?) z'f(% =1,

where x and y are integers.

Remark 3.5. Note that the imaginary quadratic field Q(1/—130) has class
number four.

The identity (1.15) is motivated by the following conjecture on related
congruences.
Conjecture 3.16. (i) For any n € Z* we have

5n1n1

n

1156
(5928k 4 253)5780" 1 =F 1w, ( - >GZ+,
k=0

and this number is odd if and only if n € {2%: a € N}.
(ii) Let p # 2,5,17 be a prime. Then

p—1
5928k + 253 (1156 2 )
P20 (2 81744 — 60239 d p?).
kZ:O 5780F ’“<5> 85< <p> >(m0 P’
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When p=1,3 (mod 8), for any n € Z* the number

pn—1 p—1
5928k + 253 (1156 5928k + 253 (1156
PN T 20y (22 - W

kZ:O 5780% ’“< 5 > ka:O 5780F k( 5 )

divided by (pn)? is a p-adic integer.
(iii) For any prime p # 2,5,17, we have

p—1
1 1156
W,
Z5780'f k( 5 >
k=0

(422 — 2p (mod p?) z'f(_f):(g):(%):l&p:x2+130y,

822 — 2p (mod p?) if(_?z) =1, (%) = (1%) =—1 & p =2x° + 65y~
=< 202% — 2p (mod p?) if (B) =1, (_72):(%):—1&1):53: + 26y°,

4022 — 2p (mod p?) if (&) =1, (%):(g):—l&p—lox + 13y~

0 (mod p?) if (52) = -1,

where x and y are integers.

4. A NEW TYPE SERIES FOR 1/71' INVOLVING GENERALIZED CENTRAL
TRINOMIAL COEFFICIENTS

For b,c € Z and n € N the generalized trinomial coefficient T}, (b, ¢) denotes
the coefficient of " in the expansion of (22 + bz + ¢)".

In 2011, the author [12, 14] posed over 60 conjectural series for 1/7 of the
following seven types with a, b, ¢, d, m integers and mbed(b? — 4¢) nonzero.

Type 1. 5377 S5 () Tilb.o)

Type IL. 3330 %5 () () Tu(b. o).

Type IIL. Y732, “Hff (Qk) () Tr(b, ).

Type TV. 720 “HE () Ty (b, ).

Type V. > 0%, “HE(3) (%)Ti%k(b c).

Type VI. 3232, “EdETi(b, ),

Type VIL. 3002, “HE (30 Ti(b, o),

Though some of these new families of conjectural series for 1/7 have been

proved (see, e.g., [3]), the three conjectual series for 1/7 of type VI and two
of type VII remain open.

In a recent published paper [18] the author proposed four conjectural
series for 1/7 of a new type:

Type VIIL. 332, “EETL (b, ¢)Tk (bs, ci)?,
where a, b, by, ¢, cx, d, m are integers with mbb,cc,d(b? — 4c)(b? — 4c.) (bPex —
bie) # 0.
Here we introduce series for 1/m involving generalized central trinomial
coefficients of the following novel type:

Type IX. 32320 % () Thu(b, ) Th (bs, ),

mk
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where a, b, by, ¢, cx, d, m are integers with mbb,cc,d(b? — 4c)(b? — 4c.) (bPex —
bie) # 0.

Conjecture 4.1. We have the following identities:

>\ 4290k + 367 [ 2k 5390
3136+ (k:)k( , DT(17,16) = — (IX1)
k=0
and
>, 540k + 137 [ 2k 08
31365 < k >T’f(27 BUTk(14,81) = —(10+7V5).  (IX2)

k=0

The conjectural identity (IX1) is motivated by the author’s following con-
jecture on congruences.

Conjecture 4.2. (i) For any integer n > 1, we have
— n—1—k 2k
; Z 4290k + 367)3136 ) Te(14,1)T;(17,16).
k=

(ii) Let p be an odd prime with p # 7. Then

pz‘:l 4290k + 367 /2k
3136F k

k=
=P (1430 <_—1> + 39 <§> - 735) (mod p?).
2 P P

Moreover, when p =1 (mod 12), for any n € Z* the number

>Tk(14, 1)T(17,16)

pn—1

4290k + 367 <2l<;

Tp.(14, 1)1 (17,1
e () nasman)

bl
NN
o
3

-1
4290k + 367 [ 2k
— o T (14, )T (17,1
DI L <k> W14, 17417, 16)

divided by (pn)2(2:) is a p-adic integer.
(iii) For any prime p > 7, we have

p—1 2k
<_?1> Z 3(132k Ty (14,1) T3 (17, 16)

422 —2p (mod p?) ifp=1,4 (mod 15) & p = 2% + 15¢y% (x,y € Z),
={2p— 1222 (mod p?) ifp=2,8 (mod 15) & p = 322 + 5y% (x,y € Z),
0 (mod p?) if(_Tm) = -1

Remark 4.1. Note that the imaginary quadratic field Q(1/—15) has class
number two.
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The conjectural identity (IX2) is motivated by the following conjecture
on congruences.

Conjecture 4.3. (i) For any integer n > 1, we have
1

» ()

(ii) Let p be an odd prime with p # 7. Then

n

- 2k
Z (540k + 137)3136" 1 —F < i )Tk(2,81)Tk(14,81).
k=

|
—_

P

(]

540k + 137 (2k
T ( . )Tk(2, 81)T},(14, 81)

() () 20 5) e

Moreover, when p = +1,+9 (mod 40), for any n € Z* the number

Il
o

Wi >

pn—1

540k + 137 (2k
i T1.(2,81) T} (14, 81
kZ:O 3136k <k> k(2,81)Ti(14,81)

n—1
-1 540k + 137 [ 2k
— — E _ T.(2,81)T}. (14,81
p<p>k:0 3136k (k) k(v )k( ) )

divided by (pn)2(2:) is a p-adic integer.
(iii) For any prime p > 7, we have

1 p—1 (2k)
<_> kg LT (2,81) T3 (14,81)

p

4% —2p (mod p?) if B)=(§) =(§) =1& p=2a®+ 157,

8% —2p (mod p?) if (2)=1, (§) =(§) = -1 & p= 22" + 15¢?,
=4202% —2p (mod p*) if (§) =1, (2)=(§) = —1 & p= 52" +6y°

2p —122% (mod p?) if (§) =1, (2)=(§) = —1 & p = 32" + 10?,

(0 (mod p?) if (50) = —1,

where x and y are integers.

5. SERIES FOR 1/ INVOLVING Fy(z) := S_p_o (1) ("52%) (OF)an—F

As mentioned in [15, Remark 4.4], an identity of MacMahon implies that

the polynomial
"L n\ (nF 2k (2K
rw =3 (1) (") )
k=0

at © = —4 coincides with the Franel number f, = >~} (2)3 Conjecture 4.4
of Sun [15] lists ten conjectural series for 1/7 involving F,,(x) with x # —4;
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eight of them were later confirmed in [6], but the following two remain open:

2. 357k 4 103 [ 2k 90
k=0
=k (2 10
Zm<k>Fk(486) =3 (5.2)
k=0
Here we pose the following new conjecture.
Conjecture 5.1. We have the following identities:
= 6k+1 2k 24
— Fj(—324) =— 120V/1 .
kZ:O(_mg)k(k) k(—324) =5—1/375 + 120V10, (5.3)
4k +1 2k V30 5 v/ 145 + 30v/6
y Al ( ! > L(—20) = TV OTIVR (54
— (—160) 5 V145 + 30\/6
2. 1290k + 289 [ 2k 96\/
/7 F,(—2160 5.5
£ 27648F </<;> k(~2160) = (5:5)
. 804k + 49 [ 2k 120V/15
F,(12096) = .
Z;) 276480F < > (12096) T (56)
> 2 \" 27\ 3
24k F, = 44/15). .
kZ_O( +5)<135> k( 8> 27T(5\/6+ 5) (5.7)

Remark 5.1. The author found (5.3)-(5.7) during August 19-27, 2020. As
all of them converge quickly, one can easily check them via Mathematica or
Maple.

The identity (5.3) is motivated by [15, Conjecture 4.6] and the following
conjecture.

Conjecture 5.2. Let n > 1 be an integer. Then

n—1
1 (2K
&) Z F(6k + 1)1728" 71~ ’f(k >Fk(—324) € Z*,
=0

and this number is odd if and only if n € {2* +1: a € N}.

Remark 5.2. The reader might wonder how we found the right-hand side
of the identity (5.3). We thought that the left-hand side of (5.3) times
is an algebraic number and found the form of this algebraic number via
calculating its first 100 digits and using the Maple command identify.

The identity (5.4) is motivated by the following conjecture on related
congruences.
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Conjecture 5.3. (i) Let n > 1 be an integer. Then

n—l

2k
F(4k +1)160" 1 k<k>Fk(—20) c 7T,

0

and this number is odd if and only if n € {2* +1: a € N}.
(ii) For any odd prime p, we have

Fi(—20)

_ 422 —2p (mod p?) ifp=1,3 (mod 8) & p = 2%+ 2% (x,y € Z),
~ 10 (mod p?) if p=>5,7 (mod 8).

Remark 5.3. See [16, A337247] for a sequence related to the first part.
Part (i) of this conjecture implies that for any odd prime p # 5 we have

p—l 4/<;+ 1

(—160)F < > Fj,(=20) = 0 (mod p),

which was observed by the author on Jan. 18, 2012.

k=

[e=]

The identity (5.5) is motivated by the following conjecture on congruences.

Conjecture 5.4. (i) Let n > 1 be an integer. Then

n—1
2k
> " (1290k + 289)27648™ ' ~F < . >Fk(—2160) czZt,

1
n (2:) k=0

and this number is odd if and only if n € {2*+1: a € N}.
(ii) Let p > 3 be a prime. Then

p—1
1290k + 289 [ 2k 3 —15 9
F(—2160) = 104 | — 185 (| — d .
£ 276488 <k> x ) p( <p>+ ( P >> (mod 7)
Moreover, if (_75) =1 then for any n € Z™ the number
pn—1 _
1290k + 289 [ 2k 1290k + 289 [ 2k
_— Fj(—2160) — Fi.(—2160
kzzo 27648F <k> k(= ( >k§:: T 27648F <k> k( )

divided by (pn)2(27?) s a p-adic integer.
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(iii) Let p > 3 be a prime. Then

p—1 (2k)
k fe—
Sr6age L H(=2160)

k=0
4% —2p (mod p?) if (5)=(§)=(§) =(§) =1, p=a®+ 1657
22% —2p (mod p?) if (5H) = (§) = (§) = (f1) = 1, 2p = 27 + 165¢?,
2p —122% (mod p®) if (F)=(8)=—-1, (§) = () =1, p= 32> + 557,
2p — 622 (mod p?) if (FH)=(8)=1, (§) = (&) =1, 2p=32% + 557,

={202% — 2 (mod p?) if (51 = () =1, (§) = (§) = -1, p=>52 + 337,

102% = 2p (mod p?) if (5) = (f1) = —1, (§) = (§) =1, 2p = 52® + 33y?,
442 —2p (mod p?) if (51) = (§) =1, (&) = (&) =1, p=112% + 15y%,
2227 —2p (mod p*) if () =(§) =1, (B) = (f) = -1, 2p = 11a® + 1597,
0 (mod p?) if (58) = -1,

where x and y are integers.

Remark 5.4. Note that the imaginary quadratic field Q(1/—165) has class
number eight.

The identity (5.6) is motivated by the following conjecture on related
congruences.

Conjecture 5.5. (i) Let n > 1 be an integer. Then

n—l

2k
< L >Fk(12096) czZt,
k:O

and this number is odd if and only if n € {2* +1: a € N}.
(ii) Let p > 5 be a prime. Then

p—1
804k + 49 [ 2k —15 30 9
—_—— F,(12096) =p (95 —— ) — 46 d .
,;276480’“ <k> +(12096) p( <p> <p>> SR
Moreover, if p=1,3 (mod 8) then for any n € Z" the number

pn—1
804k + 49 (2% 804k + 49 (2k
ST () B (12096) F},(12096
l;) 276480F <k> k( ( >k§:: 276480% < > +(12096)

divided by (pn)2(27?) s a p-adic integer.
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(iii) Let p > 5 be a prime. Then

p—1 (2kk)

£ 276480F F1(12096)

(4% —2p (mod p?) if ()= (§)=(8) = (§) =1 & p = 2% 421097,
8z% —2p (mod p?) if (F2)=(8) =1, (§) =(8) = —1 & p =22 + 10597,
2p —122% (mod p?) if (F2)=(§)=1, (§) =(5) = —1 & p = 32" + 704,
2027 — 2p (mod p?) if (F2) = (§) = (§) = (§) = =1 & p = 522 + 4247,

=1{ 2p — 2422 (mod p?) z'f(_?z) = (g) =1, (1—5) = (7;) = —1 & p =622 + 352,

28z% — 2p (mod p?) if (F2)=(8)=—1, (§) = (&) =1 & p=Ta" + 304,
402% —2p (mod p*) if (F2)=(5) =1, (§) = (§) =1 & p = 102" + 2137,
562% —2p (mod p®) if (F2) = (§) =1, (§) =(5) =1 & p = 142> + 15¢?,
[0 (mod p?) if(%):—l,

where x and y are integers.

Remark 5.5. Note that the imaginary quadratic field Q(1/—210) has class
number eight.

The identity (5.7) is motivated by the following conjecture on related
congruences.

Conjecture 5.6. (i) Let n be any positive integer. Then

n—1

4t 2k 27
> 24k + 5)135”—1—k2k<k >Fk ( < > €zt
n(n—l) k=0

and this number is congruent to 5 modulo 8.
(ii) Let p > 5 be a prime. Then

S92 (W () < (30 (18) 4 (22))

Moreover, if (1?70) =1 then for any n € Z™ the number
pn—1 k n—1 k

24k + 5)2° [ 2k 27 —6 24k + 5)2% 2k 27
> ()R () () 2 e () (5
prt 135 k 8 p /)i 135 k 8

divided by (pn)2(27?) s a p-adic integer.
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(iii) Let p > 5 be a prime. Then
1,

Z 35k) < 287>

42% = 2p (mod p?) if (3)=(§)=(§) =1& p=a®+30y°

822 — 2p (mod p?) z’f(%) =1, (§) = (&) = -1 & p=22? + 15y,
=4 2p—122* (mod p?) if (§) =1, (%) =(£) = -1 & p =32 + 10y,

2022 — 2p (mod p?) z'f(g) =1, (%) = (g) =—1 & p =5z + 692,

0 (mod p?) if (50) = -1,

where x and y are integers.

Remark 5.6. Note that the imaginary quadratic field Q(1/—30) has class
number four.

6. ONE MORE CONJECTURAL SERIES FOR 1/m AND RELATED
CONGRUENCES

In Jan. 2012 the author (cf. [14, (8)]) conjectured that
2
* 980 + 5 (20 <= 5 () (T g
=—(2 2 6.1
S A P et e ve,
n=0 k=0 k

which remains open up to now. Here we pose a similar conjecture.

Conjecture 6.1. We have the following identity:

oo n_ (202 (2n—k))? k
SEEREUCLDS G o) ((B) -2 6
—  516m \n )=~ @) 16 2

This is motivated by the author’s following conjecture on related congru-
ences.

Conjecture 6.2. Let p > 3 be a prime. Then

et (R ()

k

Also,
_ n 2 1om— ok 2
e N Ny <_§ )’f
=01 () 16
_ 422 — 2p (mod p?) zf(%)—l&p—:n2+7y (r,y € Z)
~ 10 (mod p?) if (8) =-1 p=3,506 (mod 7)
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