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COUNTING THE PARTS DIVISIBLE BY k IN ALL THE

PARTITIONS OF n WHOSE PARTS HAVE MULTIPLICITY LESS

THAN k

DANIEL HERDEN, MARK R. SEPANSKI, JONATHAN STANFILL, CORDELL C.
HAMMON, JOEL HENNINGSEN, HENRY ICKES, JORGE MARCHENA MENENDEZ,

TAYLOR POE, INDALECIO RUIZ, EDWARD L. SMITH

Abstract. Recent results by Andrews and Merca on the number of even parts
in all partitions of n into distinct parts, a(n), were derived via generating
functions. This paper extends these results to the number of parts divisible
by k in all the partitions of n for which the multiplicity of each part is strictly
less than k, ak(n). Moreover, a combinatorial proof is provided using an
extension of Glaisher’s bijection. Finally, we give the generating functions for
this new family of integer sequences and use it to verify generalized pentagonal,
triangular, and square power recurrence relations.

Contents

1. Introduction 1
2. Initial Definitions and Statement of Main Theorem 3
3. Combinatorial Identities 5
3.1. Combinatorial Definitions 5
3.2. Bijection between Bk,m(n) and Ck,m(n) for m = 0, 1 7
3.3. Bijection between Ak(n) ∪̇A′

k(n) and Ck,0(n) ∪̇Ck,1(n) 7
3.4. Proof of Main Result 8
4. Connections to Andrews, Merca 8
5. The Generating Function for ak(n) 9
6. Recurrence Relations for ak(n) 10
7. Concluding Remarks 12
References 14

1. Introduction

Partitions of integers is a subject deeply intertwined with myriad subfields of
mathematics and has been studied by a host of great mathematicians, Leibniz, Eu-
ler, Sylvester, Rogers, Hardy, MacMahon, Ramanujan, and Rademacher, to name
only a few [1].

The celebrated Euler Partition Identity [1, Corollary 1.2] says that the number
of partitions of n into odd parts is equal to the number of partitions of n into
distinct parts. Glaisher [8] found a beautiful combinatorial proof and extension of
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this result. Namely, for any k ≥ 2, the number of partitions of n with no part
divisible by k is equal to the number of partitions of n with each part repeated
less than k times. Euler’s Identity is a special case of Glaisher’s result for k = 2.
Franklin [6] also found an extension for which Euler’s Identity is a special case when
j = 0.

Theorem 1.1 ([12]). For any partition λ = (λm1

1 , λm2

2 , . . . , λmℓ

ℓ ), denote by γO(λ)
the number of even bases λi, and by γD(λ) the number of repeated bases λi. Then,
for j ≥ 0, the number of partitions of n with γO(λ) = j is equal to the number of
partitions of n with γD(λ) = j.

There have been many related results that count partitions with particular prop-
erties. Most notable among them may be the Rogers-Ramanujan Identity [1, Corol-
lary 7.6] that the number of partitions of n in which the difference between any two
parts is at least 2 equals the number of partitions of n into parts ≡ 1 or 4 mod 5.

In this paper, we want to concentrate on Franklin’s result. Theorem 1.1 has been
rediscovered byWilf [14] and, more recently, by Andrews [2] and Fu, Tang [7]. In [2],
Andrews used generating functions to prove a conjecture of Beck that the number
of partitions of n with γO(λ) = 1 equals the difference between the number of parts
in all odd partitions of n and the number of parts in all distinct partitions of n.
Later, Ballantine and Bielak [4] gave a combinatorial proof of Beck’s conjecture,
while Yang [16] and Li, Wang [10] provided generalizations. Li and Wang also
investigated analogues of Beck’s conjecture for compositions [9]. In [3], Andrews
and Merca introduced new identities which link the number of even parts in the
partitions of n into distinct parts, a(n), to partitions of n with γO(λ) = 1.

In this note, we give a combinatorial proof of a generalization of the results
in [3]. In that paper, Andrews and Merca introduced four additional sequences:
the number of partitions of n into an odd (even, respectively) number of parts in
which the set of even parts has only one element and the number of partitions of n
in which exactly one part is repeated and this part is odd (even, respectively).

Here, see §2, we let

ak(n)

count the number of parts that are divisible by k in all partitions of n for which
the multiplicity of each part is strictly less than k. We let

bk,0(n) and bk,1(n)

count the partitions λ = (λm1

1 , λm2

2 , . . . , λmℓ

ℓ ) of n satisfying (1) exactly one λi is
divisible by k and (2) the corresponding exponent mi is divisible by k (bk,0(n)) or
not divisible by k (bk,1(n)). Finally, we let

ck,0(n) and ck,1(n)

count the partitions λ = (λm1

1 , λm2

2 , . . . , λmℓ

ℓ ) of n satisfying (1) exactly one λmi

i

has mi ≥ k and (2) the corresponding λi is divisible by k (ck,0(n)) or not divisible
by k (ck,1(n)).

Our main result (Theorem 2.4), generalizing [3] for k = 2, is

bk,0(n) = ck,0(n),

bk,1(n) = ck,1(n),

ak(n) = bk,1(n)− (k − 1)bk,0(n) = ck,1(n)− (k − 1)ck,0(n).
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Combinatorial proofs are given in §3. We recently discovered that Li, Wang, [11,
Theorems 1.11 and 1.13], already have a preprint that gives a very different proof
of this result.

The sequence a(n) from Andrews and Merca [3] appears in the OEIS as A116680.
However, the family of integer sequences ak(n) appears to be new (for k > 2) and
quite interesting. A table of small values may be found in §5. In that same section,
the generating function is also provided,

ak(n) =

∞
∏

n=1

1− qkn

1− qn
·

∞
∑

n=1

qkn + 2q2kn + · · ·+ (k − 1)q(k−1)kn

1 + qkn + q2kn + · · ·+ q(k−1)kn
.

In §6, using the generating function, we show that the sequences ak(n) satisfy
the generalized pentagonal number recurrence relation when k ∤ n (Theorem 6.1),

ak(n) = ak(n− 1) + ak(n− 2)− ak(n− 5)− ak(n− 7)

+ ak(n− 12) + ak(n− 15)− ak(n− 22)− ak(n− 26) + · · · .

They also satisfy the triangular number recurrence relation when k is even and n
is odd (Theorem 6.2),

ak(n) = ak(n− 1) + ak(n− 3)− ak(n− 6)− ak(n− 10)

+ ak(n− 15) + ak(n− 21)− ak(n− 28)− ak(n− 36) + · · · ,

and, still for k even and n odd, the square power recurrence relation (Theorem 6.3),

ak(n) = ak(n− 1) + ak(n− 2)− ak(n− 4)− ak(n− 8)

+ ak(n− 9) + ak(n− 18)− ak(n− 16)− ak(n− 32) + · · · ,

while for k and n both even we have the square power identity (Theorem 6.4),

ak(n− 1)− ak(n− 4) + ak(n− 9)− ak(n− 16) + · · ·
= ak(n− 2)− ak(n− 8) + ak(n− 18)− ak(n− 32) + · · · .

We also show that this identity is shared with the partition function (Theorem 6.5),

p(n− 1)− p(n− 4) + p(n− 9)− p(n− 16) + · · ·
= p(n− 2)− p(n− 8) + p(n− 18)− p(n− 32) + · · · = [p(n)− pDO(n)]/2,

for n even, where pDO(n) is the number of partitions of n into distinct odd parts.
In addition, we give some thoughts and conjectures on some intriguing new

possible recurrence relations.

2. Initial Definitions and Statement of Main Theorem

For n ∈ Z≥0, let P(n) be the set of partitions of n. In general, for λ ∈ P(n), we
write

λ = (λm1

1 , λm2

2 , . . . , λmℓ

ℓ )

with distinct λi, each mi ≥ 1, and n =
∑ℓ

i=1 miλi, and we consider partitions
equivalent up to reordering. We refer to mi as the multiplicity of the part λi.
When concatenating such sequences, we combine terms with the same base and
add the corresponding exponents.



4 HERDEN, SEPANSKI, STANFILL, . . .

Definition 2.1. Let n, k ∈ Z≥0 with k ≥ 2. Let

ak(n)

count the number of parts (with multiplicity) that are divisible by k in all partitions
of n for which the multiplicity of each part is strictly less than k.

For example, the partitions of n = 9 are

(9), (8, 1), (7, 2), (7, 12), (6, 3), (6, 2, 1), (6, 13), (5, 4), (5, 3, 1), (5, 22),

(5, 2, 12), (5, 14), (42, 1), (4, 3, 2), (4, 3, 12), (4, 22, 1), (4, 2, 13), (4, 15),

(33), (32, 2, 1), (32, 13), (3, 23), (3, 22, 12), (3, 2, 14), (3, 16), (24, 1),

(23, 13), (22, 15), (2, 17), (19).

The partitions of 9 with the multiplicity of each part less than k = 3 are

(9), (8, 1), (7, 2), (7, 12), (6, 3), (6, 2, 1), (5, 4), (5, 3, 1), (5, 22),

(5, 2, 12), (42, 1), (4, 3, 2), (4, 3, 12), (4, 22, 1), (32, 2, 1), (3, 22, 12).

Of these, the ones that have parts divisible by 3 are

(9), (6, 3), (6, 2, 1), (5, 3, 1), (4, 3, 2), (4, 3, 12), (32, 2, 1), (3, 22, 12).

As a3(9) counts the parts divisible by 3 with multiplicity, we see that

a3(9) = 10.

Definition 2.2. Let n, k ∈ Z≥0 with k ≥ 2.

(a) Let
bk,0(n)

count all λ ∈ P(n), λ = (λm1

1 , λm2

2 , . . . , λmℓ

ℓ ), satisfying
(1) exactly one λi is divisible by k, and
(2) the corresponding exponent mi is divisible by k.

(b) Let
bk,1(n)

count all λ ∈ P(n), λ = (λm1

1 , λm2

2 , . . . , λmℓ

ℓ ), satisfying
(1) exactly one λi is divisible by k, and
(2) the corresponding exponent mi is not divisible by k.

For example, the partitions of n = 9 with exactly one base λi divisible by k = 3
are

(9), (6, 2, 1), (6, 13), (5, 3, 1), (4, 3, 2), (4, 3, 12), (33),

(32, 2, 1), (32, 13), (3, 23), (3, 22, 12), (3, 2, 14), (3, 16).

Of these, the only one whose corresponding exponent mi is divisible by 3 is

(33)

so
b3,0(9) = 1 and b3,1(9) = 12.

Definition 2.3. Let n, k ∈ Z≥0 with k ≥ 2.

(a) Let
ck,0(n)

count all λ ∈ P(n), λ = (λm1

1 , λm2

2 , . . . , λmℓ

ℓ ), satisfying
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(1) exactly one λmi

i has mi ≥ k, and
(2) the corresponding λi is divisible by k.

(b) Let

ck,1(n)

count all λ ∈ P(n), λ = (λm1

1 , λm2

2 , . . . , λmℓ

ℓ ), satisfying
(1) exactly one λmi

i has mi ≥ k, and
(2) the corresponding λi is not divisible by k.

For example, the partitions of n = 9 with exactly one λi with multiplicity mi at
least k = 3 are

(6, 13), (5, 14), (4, 2, 13), (4, 15), (33), (32, 13), (3, 23),

(3, 2, 14), (3, 16), (24, 1), (22, 15), (2, 17), (19).

Of these, the only one whose corresponding λi is divisible by 3 is

(33)

so

c3,0(9) = 1 and c3,1(9) = 12.

We will prove the following result in this paper. Li, Wang have a preprint, [11,
Theorems 1.11 and 1.13], that gives an alternate proof of this result.

Main Theorem 2.4. For all n, k ∈ Z≥0 with k ≥ 2, the following holds:

(a) bk,0(n) = ck,0(n) and bk,1(n) = ck,1(n)
(b) ak(n) = bk,1(n)− (k − 1)bk,0(n) = ck,1(n)− (k − 1)ck,0(n).

For n = 9 and k = 3, we have a3(9) = 10 = b3,1(9)−2b3,0(9) = c3,1(9)−2c3,0(9).

3. Combinatorial Identities

3.1. Combinatorial Definitions.

Definition 3.1. Let

Ak(n) = {(λ = (λm1

1 , λm2

2 , . . . , λmℓ

ℓ ), λi0 ,m) |
λ ∈ P(n), mi < k ∀i, 1 ≤ i0 ≤ ℓ, k | λi0 , 0 ≤ m < mi0}.

By construction,

ak(n) = |Ak(n)|.
Let

A′
k(n) = {(λ = (λm1

1 , λm2

2 , . . . , λmℓ

ℓ ), λi0 ,m) |
λ ∈ P(n), 1 ≤ i0 ≤ ℓ, mi < k ∀i 6= i0, mi0 ≥ k, k | λi0 , 0 ≤ m < k}.

For example, continuing with n = 9 and k = 3,

A3(9) = {((9), 9, 0), ((6, 3), 6, 0), ((6, 3), 3, 0), ((6, 2, 1), 6, 0),
((5, 3, 1), 3, 0), ((4, 3, 2), 3, 0), ((4, 3, 12), 3, 0),

((32, 2, 1), 3, 0), ((32, 2, 1), 3, 1), ((3, 22, 12), 3, 0)}
and

A′
3(9) ={((33), 3, 0), ((33), 3, 1), ((33), 3, 2)}.



6 HERDEN, SEPANSKI, STANFILL, . . .

Definition 3.2. Let

Bk,0(n) = {λ = (λm1

1 , λm2

2 , . . . , λmℓ

ℓ , ab) ∈ P(n) | k ∤ λi ∀i, k | a, k | b},

and

Bk,1(n) = {λ = (λm1

1 , λm2

2 , . . . , λmℓ

ℓ , ab) ∈ P(n) | k ∤ λi ∀i, k | a, k ∤ b}.

Note that ℓ may be zero above and that b ≥ 1. By construction, we have for
m = 0, 1,

bk,m(n) = |Bk,m(n)|.

Continuing with n = 9 and k = 3, we see that

B3,0(9) = {(33)}

and

B3,1(9) = {(9), (6, 2, 1), (6, 13), (5, 3, 1), (4, 3, 2), (4, 3, 12),

(32, 2, 1), (32, 13), (3, 23), (3, 22, 12), (3, 2, 14), (3, 16)}.

Definition 3.3. Let

Ck,0(n) = {λ = (λm1

1 , λm2

2 , . . . , λmℓ

ℓ , ab) ∈ P(n) | mi < k ∀i, b ≥ k, k | a},

and

Ck,1(n) = {λ = (λm1

1 , λm2

2 , . . . , λmℓ

ℓ , ab) ∈ P(n) | mi < k ∀i, b ≥ k, k ∤ a}.

Note that ℓ may be zero above and that b ≥ 1. By construction, we have

ck,m(n) = |Ck,m(n)|

for m = 0, 1, and

|A′
k(n)| = kck,0(n).

Again with n = 9 and k = 3, we see that

C3,0(9) ={(33)}

and

C3,1(9) = {(6, 13), (5, 14), (4, 2, 13), (4, 15), (32, 13), (3, 23),
(3, 2, 14), (3, 16), (24, 1), (22, 15), (2, 17), (19)}.

In the next sections, we will exhibit bijections between

Bk,m(n) and Ck,m(n)

for m = 0, 1, and between

Ak(n) ∪̇A′
k(n) and Ck,0(n) ∪̇Ck,1(n).
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3.2. Bijection between Bk,m(n) and Ck,m(n) for m = 0, 1. The following bi-
jection is an extension of Glaisher’s combinatorial proof [8] of the Euler Partition
Identity.

Theorem 3.4. Let

λ = (λm1

1 , λm2

2 , . . . , λmℓ

ℓ , ab) ∈ Bk,m(n).

Expand each mi in base k as

mi =
∑

j∈Si

cijk
j

with 0 < cij < k for j in some index set Si.
Write ⌢ for sequence concatenation. The mapping

λ 7→ ((kjλi)
cij )1≤i≤ℓ, j∈Si

⌢ (ba)

gives a bijection between

Bk,m(n)←→ Ck,m(n),

for m = 0, 1. (Note that b may also appear once among the kjλi. In that case,
combine those two terms with the same base by adding the corresponding exponents.)

Proof. For injectivity, first note that b in the statement of the Theorem is uniquely
recovered from its image as the only part of the partition on the right hand side
with multiplicity at least k. The value of a is then uniquely recovered by writing
the exponent of b as a + r with 0 ≤ r < k and k | a. The λmi

i are then uniquely
recovered by undoing the base k expansion with the remaining terms (including br

when r 6= 0), i.e., extracting the largest power of k dividing each term, moving it
to the exponent, and combining terms with the same base.

Surjectivity is similar. Start with ν = (νn1

1 , νn2

2 , . . . , νnℓ

ℓ , bα) ∈ Ck,m(n). Write
α as a + r with 0 ≤ r < k and k | a. The preimage of ν is constructed via a, b,
and the λmi

i resulting from undoing the base k expansion on the remaining terms
(including br when r 6= 0) as above. �

Remark 3.5. Our bijection B2,m(n) ←→ C2,m(n) provides an alternative proof of
Theorem 1.1 for the case j = 1. In particular, note that this bijection extends canon-
ically to a bijection B2,0(n)∪̇B2,1(n)←→ C2,0(n)∪̇C2,1(n), where B2,0(n)∪̇B2,1(n)
is the collection of all partitions λ of n with γO(λ) = 1 and C2,0(n)∪̇C2,1(n) is the
collection of all partitions λ of n with γD(λ) = 1.

3.3. Bijection between Ak(n) ∪̇A′
k(n) and Ck,0(n) ∪̇Ck,1(n).

Theorem 3.6. Let

µ = (λ = (λm1

1 , λm2

2 , . . . , λmℓ

ℓ ), λi0 ,m) ∈ Ak(n) ∪̇A′
k(n).

Write ⌢ for sequence concatenation. The mapping

µ 7→ (λmi

i )i6=i0 ⌢ (λm
i0 , (mi0 −m)λi0 )

gives a bijection between

Ak(n) ∪̇A′
k(n)←→ Ck,0(n) ∪̇Ck,1(n).

(Note that (mi0 − m) may also appear once among the λi, i 6= i0. In that case,
combine those two terms with the same base by adding the corresponding exponents.)
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Proof. For injectivity, first note that the λi0 in the statement of the theorem is
uniquely recovered from its image by writing the unique exponent that is at least
k as λi0 + r where 0 ≤ r < k and k | λi0 . Then m is recovered uniquely as
the exponent of λi0 (so as 0 if λi0 does not appear). From that, mi0 is obtained
from the base of the λi0 + r exponent by adding m. After that, removing λm

i0 and

(mi0 −m)λi0 from the partition determines the remaining λmi

i , i 6= i0.
Surjectivity is similar. Start with ν = (νn1

1 , νn2

2 , . . . , νnℓ

ℓ , ba) ∈ Ck,0(n) ∪̇Ck,1(n).
To construct its preimage, write a as λi0 + r with 0 ≤ r < k and k | λi0 . Let m be
the exponent of λi0 , and let mi0 be b+m. The rest of the λmi

i , i 6= i0, are chosen to
be the remaining terms after removing λm

i0
and (mi0−m)λi0 from the partition. �

3.4. Proof of Main Result.

Combinatorial proof of Theorem 2.4. This is immediate as we now have

bk,m(n) = |Bk,m(n)| = |Ck,m(n)| = ck,m(n),

while

ak(n) + kck,0(n) = | Ak(n) ∪̇A′
k(n) |= | Ck,0(n) ∪̇Ck,1(n) |= ck,0(n) + ck,1(n),

gives

ak(n) = ck,1(n)− (k − 1)ck,0(n). �

4. Connections to Andrews, Merca

Theorem 4.1. Comparing our notation to that of Andrews, Merca [3], we have
the following correlations.

(a) a(n) = a2(n), ce(n) = c2,0(n) and co(n) = c2,1(n).

(b) be(n) =

{

b2,0(n) if n is even,

b2,1(n) if n is odd,
and bo(n) =

{

b2,1(n) if n is even,

b2,0(n) if n is odd.

Proof. (a) follows trivially from the definitions of ak(n) and ck,m(n). For instance,
by definition a(n) and a2(n) both count the number of even parts in all partitions
of n into distinct parts. For (b), let λ = (λm1

1 , λm2

2 , . . . , λmℓ

ℓ , ab) be an element of
Bk,0(n) ∪̇Bk,1(n). If we take n to be even, and if 2 | b, then there must be an even
number of odd parts in λ, and if 2 ∤ b, then there must be an odd number of odd
parts in λ. So, b2,0(n) = be(n) and b2,1 = bo(n). For n odd, we argue similarly. �

From this, [3, Theorem 1.4] and [3, Theorem 1.5] become special cases of Theo-
rem 2.4 for k = 2.
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5. The Generating Function for ak(n)

For k ≥ 2, the following calculation of formal power series provides the generating
function of the sequence ak(n).

∞
∑

n=0

ak(n)q
n

=
d

dz

[ ∞
∏

n=1
k∤n

(1+qn+(qn)2+ · · ·+(qn)k−1)
∞
∏

n=1
k|n

(1+zqn+(zqn)2+ · · ·+(zqn)k−1)

]

z=1

=

∞
∏

n=1
k∤n

1− qkn

1− qn
· d
dz

[ ∞
∏

n=1
k|n

1− zkqkn

1− zqn

]

z=1

=

∞
∏

n=1
k∤n

1− qkn

1− qn
·
[ ∞
∏

n=1
k|n

1− zkqkn

1− zqn
·

∞
∑

n=1
k|n

qn+2qn(zqn)+ · · ·+(k − 1)qn(zqn)k−2

1+zqn+(zqn)2+ · · ·+(zqn)k−1

]

z=1

=

∞
∏

n=1

1− qkn

1− qn
·

∞
∑

n=1

qkn + 2q2kn + · · ·+ (k − 1)q(k−1)kn

1 + qkn + q2kn + · · ·+ q(k−1)kn

Table 1 lists ak(n) for some small values of n and k. The sequence a2(n) is
documented on OEIS [13, A116680].

k = 2 k = 3 k = 4 k = 5 k = 6 k = 7 k = 8
n = 0 0 0 0 0 0 0 0
n = 1 0 0 0 0 0 0 0
n = 2 1 0 0 0 0 0 0
n = 3 1 1 0 0 0 0 0
n = 4 1 1 1 0 0 0 0
n = 5 2 2 1 1 0 0 0
n = 6 4 4 2 1 1 0 0
n = 7 5 6 3 2 1 1 0
n = 8 5 9 6 3 2 1 1
n = 9 8 10 8 5 3 2 1
n = 10 11 16 13 8 5 3 2
n = 11 14 21 18 12 7 5 3
n = 12 18 31 26 17 12 7 5
n = 13 23 39 36 25 16 11 7
n = 14 29 54 51 35 24 16 11
n = 15 37 69 68 48 33 23 15

Table 1. Small Values of ak(n)

Remark 5.1. It can easily be verified from the definitions that

ak(n) =











0 for 1 ≤ n < k,

p(n− k) for k ≤ n < 2k,

p(k) + 1 for n = 2k

for all k ≥ 3, where p(n) denotes Euler’s partition function. These patterns are
manifest in Table 1.
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6. Recurrence Relations for ak(n)

One deduces the following two recurrence relations for ak(n) from the generating
function, from which setting k = 2 recovers those found in [3]. Note that these
recurrence relations are also satisfied by p(n).

Theorem 6.1. For k ∤ n, the sequence ak(n) satisfies the generalized pentagonal
number recurrence relation

ak(n) = ak(n− 1) + ak(n− 2)− ak(n− 5)− ak(n− 7)

+ ak(n− 12) + ak(n− 15)− ak(n− 22)− ak(n− 26) + · · · .

Proof. From the generating function for ak(n), one can write

(q; q)∞

∞
∑

n=0

ak(n)q
n = (qk; qk)∞

∞
∑

n=1

qkn + 2q2kn + · · ·+ (k − 1)q(k−1)kn

1 + qkn + q2kn + · · ·+ q(k−1)kn
,

where (a; q)∞ represents the q-series or q-Pochhammer symbol

(a; q)∞ =

∞
∏

n=0

(1− aqn).

Substituting Euler’s pentagonal number theorem [1, Corollary 1.7] on the l.h.s.,

(q; q)∞ =

∞
∑

n=−∞
(−1)nqn(3n−1)/2,

and noting that the r.h.s. is a power series in qk leads to the recurrence relation.
Namely, the coefficients of all qn, k ∤ n, are equal to zero, hence it quickly follows
that

0 = ak(n)− ak(n− 1)− ak(n− 2) + ak(n− 5) + ak(n− 7)− · · · . �

Theorem 6.2. For k even, n odd, the sequence ak(n) satisfies the triangular num-
ber recurrence relation

ak(n) = ak(n− 1) + ak(n− 3)− ak(n− 6)− ak(n− 10)

+ ak(n− 15) + ak(n− 21)− ak(n− 28)− ak(n− 36) + · · · .

Proof. From the generating function for ak(n), one can further write

(q; q)∞(−q2; q2)∞
∞
∑

n=0

ak(n)q
n

= (−q2; q2)∞(qk; qk)∞

∞
∑

n=1

qkn + 2q2kn + · · ·+ (k − 1)q(k−1)kn

1 + qkn + q2kn + · · ·+ q(k−1)kn
.

Substituting on the l.h.s. the theta identity [1, Equation (2.2.13)],

(q; q)∞(−q2; q2)∞ =
(q2; q2)∞
(−q; q2)∞

=

∞
∑

n=0

(−q)n(n+1)/2,

and noting that the r.h.s. is a power series in q2 leads to the recurrence relation.
Namely, the coefficients of all qn, k even, n odd, are equal to zero, hence it quickly
follows that

0 = ak(n)− ak(n− 1)− ak(n− 3) + ak(n− 6) + ak(n− 10)− · · · . �
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We include another particularly nice set of recurrence relations for ak(n) which
involves square powers and their doubles. Once again, these recurrence relations
are shared by p(n) (see [5, Theorem 1]).

Theorem 6.3. For k even, n odd, the sequence ak(n) satisfies the square power
recurrence relation

ak(n) =

⌊√n⌋
∑

m=1

(−1)m−1ak(n−m2) +

⌊√n
2 ⌋

∑

m=1

(−1)m−1ak(n− 2m2).

Thus

ak(n) = ak(n− 1) + ak(n− 2)− ak(n− 4)− ak(n− 8)

+ ak(n− 9) + ak(n− 18)− ak(n− 16)− ak(n− 32) + · · · .

Proof. From the generating function for ak(n) we define the series

fk(q) = (q; q)∞(q; q2)∞

∞
∑

n=0

ak(n)q
n(6.1)

= (q; q2)∞(qk; qk)∞

∞
∑

n=1

qkn + 2q2kn + · · ·+ (k − 1)q(k−1)kn

1 + qkn + q2kn + · · ·+ q(k−1)kn
.

Using Euler’s identity

(−q; q)∞ =
1

(q; q2)∞
,

one substitutes Gauss’s square power identity [1, Equation (2.2.12)] on the l.h.s,

(q; q)∞(q; q2)∞ =
(q; q)∞
(−q; q)∞

=

∞
∑

m=−∞
(−1)mqm

2

.

Thus, the coefficient of qn of the series fk(q) is given by

∞
∑

m=−∞
(−1)mak(n−m2) = a(n)− 2

⌊√n⌋
∑

m=1

(−1)m−1ak(n−m2).(6.2)

Next we consider the series

gk(q) = (q; q)∞(−q; q2)∞
∞
∑

n=0

ak(n)q
n(6.3)

= (−q; q2)∞(qk; qk)∞

∞
∑

n=1

qkn + 2q2kn + · · ·+ (k − 1)q(k−1)kn

1 + qkn + q2kn + · · ·+ q(k−1)kn
.

Using once more Gauss’s square power identity, on the l.h.s we can substitute

(q; q)∞(−q; q2)∞ =
(q2; q2)∞
(−q2; q2)∞

=

∞
∑

m=−∞
(−1)m(q2)m

2

=

∞
∑

m=−∞
(−1)mq2m

2

,

and the coefficient of qn of the series gk(q) is given by

∞
∑

m=−∞
(−1)mak(n− 2m2) = a(n)− 2

⌊√n
2 ⌋

∑

m=1

(−1)m−1ak(n− 2m2).(6.4)
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Comparing the r.h.s of Equations (6.1) and (6.3), we see gk(q) = fk(−q). Hence,
as n is odd, the expressions in Equations (6.2) and (6.4) differ only by a sign. In
particular, adding gives

2a(n)− 2

⌊√n⌋
∑

m=1

(−1)m−1ak(n−m2)− 2

⌊√n
2 ⌋

∑

m=1

(−1)m−1ak(n− 2m2) = 0,

and the desired recurrence follows. �

Theorem 6.3 has the following surprising counterpart for the case k and n even.

Theorem 6.4. For k and n both even, we have the identity

⌊√n⌋
∑

m=1

(−1)m−1ak(n−m2) =

⌊√n
2 ⌋

∑

m=1

(−1)m−1ak(n− 2m2).

Proof. We define the series fk(q) and gk(q) with gk(q) = fk(−q) as in the proof of
Theorem 6.3. This time n is even, and the expressions in Equations (6.2) and (6.4)
must be equal. In particular,

a(n)− 2

⌊√n⌋
∑

m=1

(−1)m−1ak(n−m2) = a(n)− 2

⌊√n
2 ⌋

∑

m=1

(−1)m−1ak(n− 2m2),

and the desired identity follows. �

As would be expected, the identity of Theorem 6.4 is once again shared by p(n).

Theorem 6.5. For n even, we have the identity

⌊√n⌋
∑

m=1

(−1)m−1p(n−m2) =

⌊√n
2 ⌋

∑

m=1

(−1)m−1p(n− 2m2) =
p(n)− pDO(n)

2
,

where pDO(n) denotes the number of partitions of n into distinct odd parts.

Proof. The proof of the first equality is similar to Theorems 6.3 and 6.4, using the
series

(q; q)∞(q; q2)∞

∞
∑

n=0

p(n)qn= (q; q2)∞ and (q; q)∞(−q; q2)∞
∞
∑

n=0

p(n)qn= (−q; q2)∞.

The second equality then immediately follows from an identity in [5, Theorem 1]
for n even,

p(n)−
⌊√n⌋
∑

m=1

(−1)m−1p(n−m2)−
⌊√n

2 ⌋
∑

m=1

(−1)m−1p(n− 2m2) = pDO(n). �

7. Concluding Remarks

When considering the proof of Theorem 6.2, one notices that multiplying by
(−q2; q2)∞ leads directly to the triangular number recurrence relation. This nat-
urally raises the question of what recurrence relations occur, if any, when one
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multiplies instead by (−qm; qm)∞, 3 ≤ m ≤ k. In particular, for m | k, one obtains

(q; q)∞(−qm; qm)∞

∞
∑

n=0

ak(n)q
n

= (−qm; qm)∞(qk; qk)∞

∞
∑

n=1

qkn + 2q2kn + · · ·+ (k − 1)q(k−1)kn

1 + qkn + q2kn + · · ·+ q(k−1)kn
,

where the r.h.s. is now a power series in qm, which implies resulting recurrence
relations for all m ∤ n. However, writing a closed expression for these relations
would require a closed power series representation for (q; q)∞(−qm; qm)∞, m ≥ 3.
While using Mathematica [15] allows one to find these relations for specific values
of m, k, n, to the best of our knowledge there does not appear to exist any closed
form for the recurrence relations for m ≥ 3.

Similarly, Theorems 6.3 and 6.4 originally resulted from multiplying the generat-
ing function for ak(n) by either (q; q2)∞ or (−q; q2)∞ and investigating the resulting
recurrence relations

ak(n) = 2

⌊√n⌋
∑

m=1

(−1)m−1ak(n−m2), ak(n) = 2

⌊√n
2 ⌋

∑

m=1

(−1)m−1ak(n− 2m2).

Neither of these is generally true, but it came as quite a surprise that for even k
and arbitrary n the one recurrence relation holds if and only if the other holds,
which is now an easy consequence of Theorems 6.3 and 6.4. It is also interesting
to note that both recurrence relations seem to hold quite often when considering
k = 2, 4. In particular, for k = 2, both recurrences are valid for the following list
of values n ≤ 500:

1, 5, 11, 22, 23, 27, 30, 41, 61, 65, 66, 71, 72, 79, 93, 100, 115, 116, 117, 120,

122, 124, 131, 135, 166, 183, 191, 203, 204, 214, 216, 223, 224, 229, 236,

252, 258, 262, 286, 288, 289, 291, 311, 316, 321, 324, 331, 336, 341, 350, 361,

366, 367, 378, 383, 390, 403, 414, 416, 418, 425, 440, 468, 470, 471, 488.

Note that these are precisely the values of n for which the term qn is missing in the
power series

(q; q2)∞(q2; q2)∞

∞
∑

n=1

q2n

1 + q2n
= (q; q)∞

∞
∑

n=1

q2n

1 + q2n
.

For k = 4, both recurrences are valid for the following list of values n ≤ 500:

1, 2, 3, 6, 19, 53, 54, 58, 99, 143, 164, 170, 173, 257, 283, 302, 328, 338, 356, 359, 376, 473.

We do not currently observe a pattern appearing in either of these lists. This leads
to a few interesting questions:

(1) Are the sets of valid n values for k = 2, 4 finite or infinite?
(2) Is there a way to characterize these sets in a closed form?

We conclude by remarking that it may be interesting to investigate analogies for
ak(n) of the other relations for p(n) in [5] and that the conjectured inequalities re-
garding a(n) = a2(n) in Andrews, Merca [3, Conjecture 1.6] extend quite naturally
to ak(n), k ≥ 3. Combinatorial proofs for our results in §6 are very welcome.



14 HERDEN, SEPANSKI, STANFILL, . . .

References

[1] G. Andrews, The Theory of Partitions, Cambridge University Press, Cambridge (1998).
[2] G. Andrews, Euler’s partition identity and two problems of George Beck, Math. Student 86,

no. 1–2, 115–119 (2017).
[3] G. Andrews, M. Merca, On the number of even parts in all partitions of n into distinct parts,

Ann. Comb. 24, 47–54 (2020).
[4] C. Ballantine, R. Bielak, On the number of even parts in all partitions of n into distinct

parts, Ann. Comb. 23, 511–525 (2019).
[5] Y. Choliy, L.W. Kolitsch, A.V. Sills, Partition recurrences, Integers 18B, Paper A1, 15 pp.

(2018).
[6] F. Franklin, On partitions, Johns Hopkins Univ. Circular 2(22), 72 (1883).
[7] S. Fu, D. Tang, Generalizing a partition theorem of Andrews, Math. Student 86, no. 3–4,

91–96 (2017).
[8] J.W.L. Glaisher, A theorem in partitions, Messenger of Math. 12, 158–170 (1883).
[9] R. Li, A.Y.Z. Wang, Composition analogues of Beck’s conjectures on partitions, European

J. Combin. 81, 210–220 (2019).
[10] R. Li, A.Y.Z. Wang, Generalization of two problems of George Beck, Discrete Math. 343,

111805, 12 pp. (2020).
[11] R. Li, A.Y.Z. Wang, The dual form of Beck type identities, preprint.
[12] I. Pak, Partition bijections, a survey, Ramanujan J. 12, 5–75 (2006).
[13] N. J. A. Sloane, The On-Line Encyclopedia of Integer Sequences, published electronically at

http://oeis.org
[14] H.S. Wilf, Identically distributed pairs of partition statistics, Sém. Lothar. Combin. 44, B44c,

3 pp. (2000).
[15] Wolfram Research, Inc., Mathematica Edition: Version 12.1 (2020),

http://www.wolfram.com/mathematica/

[16] J. Yang, Combinatorial proofs and generalizations of conjectures related to Euler’s partition

theorem, European J. Combin. 76, 62–72 (2019).

Email address: daniel herden@baylor.edu, mark sepanski@baylor.edu

http://oeis.org

	1. Introduction
	2. Initial Definitions and Statement of Main Theorem
	3. Combinatorial Identities
	3.1. Combinatorial Definitions
	3.2. Bijection between Bk,m(n) and Ck,m(n) for m=0,1
	3.3. Bijection between Ak(n)   A'k(n) and Ck,0(n)   Ck,1(n)
	3.4. Proof of Main Result

	4. Connections to Andrews, Merca
	5. The Generating Function for ak(n)
	6. Recurrence Relations for ak(n)
	7. Concluding Remarks
	References

