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Abstract

We present new functional equations for the species of plane and of planar (in the
sense of Harary and Palmer, 1973) 2-trees and some associated pointed species. We
then deduce the explicit molecular expansion of these species, i.e. a classification of
their structures according to their stabilizers. There result explicit formulas in terms
of Catalan numbers for their associated generating series, including the asymmetry
index series. This work is closely related to the enumeration of polyene hydrocarbons
of molecular formula C,H,, ;2.

1 Introduction

We define recursively the class @ of 2-dimensional trees (in brief 2-trees) as the smallest class
of simple graphs such that

1. the single edge is in @,

2. if a simple graph G has a vertex z of degree 2 whose neighbors are adjacent and such
that G <z is in @, then G is in Q.

One can see that a 2-tree is essentially composed of triangles (complete graph on 3 vertices)
glued together along edges in a tree-like fashion.

Note that all 2-trees are planar simple graphs. However, by a planar 2-tree, we mean here
a 2-tree admitting an embedding in the plane in such a way that all faces (except possibly the
outer face) are triangles, and we call plane 2-tree a 2-tree equipped with such an embedding.
This terminology agrees with Harary and Palmer [§]. In Figure 3, we show a correspondence
between plane 2-trees and (unrooted) triangulations of polygons in the plane which is also
a correspondence between planar 2-trees and (unrooted) triangulations of polygons in space
(no orientation), also known as triangulations of the disc, see [4] . Figure 1 gives an example
of an unlabelled and a triangle-labelled planar 2-tree, Figure 2 shows two different plane
2-trees which are in fact the same planar 2-tree since they are isomorphic simple graphs. We
point out the work of Palmer and Read, [15], who enumerate plane embeddings of 2-trees
without any condition on the faces, and which they also call plane 2-trees. Planar 2-trees (in
our sense) are closely related to acyclic polyene hydro-carbons of molecular formula C,H, 42
(planar trees in the hexagonal lattice); see [5].



Figure 2: Two different plane 2-trees, one planar 2-tree

We follow the approach of Fowler and al. in [6, 7] for general 2-trees. However, we go
further here, giving explicitly the molecular expansion of plane and planar 2-trees, which
could not be done in the general case. This is a stronger result than simple labelled and
unlabelled enumeration since it gives a classification of the different structures according to
stabilizers. For instance, it permits us to have an explicit enumeration of the symmetric and
asymmetric parts of these species. Moreover, we obtain closed formulas for all coefficients
appearing in these expansions.

To derive these results we use functional equations in the context of the combinatorial
theory of species and deduce the molecular expansions and all the associated series. In the
following, we label 2-trees at triangles and we denote by X the species of singletons, i.e. of
simple triangles. Recall that a combinatorial species is a class of finite labelled structures,
closed under relabelling along bijections. To each species F' we associate series : F'(x), the
exponential generating series of labelled structures; ]5(:1;), the ordinary generating series of
unlabelled structures; F'(z), the generating series of unlabelled asymmetric structures; Zp
and , g, the cycle and asymmetry index series. The usual shapes of these series for any
species [ are as follows .
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Figure 3: Correspondence between triangulations of a polygon and plane 2-trees

where f,, f, and £, are the numbers of labelled, unlabelled and unlabelled asymmetric F-
structures respectively, over an n-element set, and f,, ,,, . is the number of F-structures left
fixed under a given permutation of cycle type 171272 . ... For a definition of the asymmetry
index series, see [3].

To illustrate the notion of molecular expansion, we give here the first few terms of this
decomposition for the species @, of plane 2-trees (Eq. (5) and Figure 4) and @, of planar
2-trees (Eq. (6) and Figure 5). As usual, F, denotes the species of n-element sets and Cj,
of 3-element (oriented) cycles. For complete explicit expansions see Theorem 7 for plane
2-trees and Theorem 12 for planar 2-trees.
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Figure 4: First terms of the molecular expansion of the species @, of plane 2-trees
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Figure 5: First terms of the molecular expansion of the species @, of planar 2-trees

The expansion of @, involves species Py¢(X,Y) and P¢(X,Y’) that are described in
Section 2. They are two-sort variants of the species of P introduced by J. Labelle in [14].

In this paper, we call degree of an edge of a 2-tree, the number (less than or equal to
2) of triangles to which it belongs. Let us introduce the auxiliary species A which can be
defined as follows:

o A represents the species of plane 2-trees pointed at an external edge, i.e. an edge of
degree at most 1,

o A is isomorphic to the species of planar 2-trees pointed at an external edge equipped
with an orientation,

o A is characterized by the functional equation
A=1+4+XA*, (7)

illustrated in Figure 6.

Figure 6: A =1+ X A?



Note that the species A can also be viewed as the species of rooted triangulations of polygons.
This species is fundamental for the following and we will use it several times. We can see
that it is asymmetric, i.e. the automorphism group of each of its structures is trivial; thus the
molecular expansion and the associated series have the same coefficients in their expression.
As expected, these coefficients are the Catalan numbers.

Proposition 1. The molecular expansion of the species A = A(X) is

AX) =Y e, X, (3)

neN

where ¢, = 711?(2:) (Catalan numbers). More generally, if A¥(X) = X, cne® X k& > 1,
then
155
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Proof. The formula for ¢, follows directly from a simple application of the Lagrange inver-
sion on the relation (7). It can also be computed by expanding in series the algebraic solution
A(X) = (1 &1 &4X)/2X of (7). For the ¢®, we work with the unlabelled generating

series. First, we remark that

sy = Y (e () A+ > ety (O ==

. . 7
=0 1=0

where [-] represents the floor function. This formula is easily shown by recurrence on k
distinguishing two cases depending on the parity of & and using the fact that A*(z) =
1(A(x) 1), which follows from (7). Next, extracting the coefficient of 2™ in this expression
gives the result. The second expression for ¢{®) is obtained by a simple application of the
composite Lagrange inversion formula on equation (7). ]

For instance, for k from 1 up to 6, we have
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In order to lighten notations, we slighty extend the definition of the Catalan numbers as
follows:

n+1\n

In other words, ¢, is the ususal Catalan number if n is a nonnegative integer, and 0 otherwise.

¢ = (2")X(n € N). (13)

We will use two dissymmetry formulas, analogous to the case of classical 2-trees (see
Fowler and al. in [6, 7]); the same proof applies in the case of plane and planar 2-trees and
is omitted.

Theorem 1. DISSYMMETRY THEOREM FOR PLANE AND PLANAR 2-TREES. The species
Q. of plane 2-trees and @, of planar 2-trees satisfy the following isomorphisms of species

a; + 0z = G + az, (14)

and
a; + @, = a, + a;, (15)

where the exponents <; A and A represent the pointing of 2-trees at an edge (Figure 7a), at
a triangle (Figure 7b) and at a triangle with one of its edges distinguished (Figure 7c).

a) b) Q)

Figure 7: Examples of the exponents: a) < b) A and ¢) A

The rest of the paper is organized as follows. In the next section, we introduce and study
the auxiliary two-sort species PP(X,Y) and P2°(X,Y’) which are needed for the expression
of the species @7 and @) in terms of A. In Section 3, we give addition formulas for the
substitution of an asymmetric species Y = B(X) into the species Fo(Y'), C5(Y), PP(X,Y)
and PY(X,Y). These results are put together in Section 4 to give the molecular expansion
of the species @, and @,. All the coeflicients that occur in the expressions are given explicitly
in terms of Catalan numbers. Finally, the labelled, unlabelled and asymmetric enumeration
of plane and planar 2-trees is carried out in Section 5.

2 The auxiliary molecular species PP'°(X,Y) and PP(X,Y)

This section is devoted to the study of some particular molecular species. A molecular species
M is a species having only one isomorphy type. In other words, any two M-structures are



isomorphic. A molecular species is characterized by the fact that it is indecomposable under
the combinatorial sum :

M is molecular < (M =F+4+G= F=0o0r G=0). (16)

It is often very useful to write a molecular species in the form

M= (17)
where X" represents the species of lists of length n and H is a subgroup of the symmetric
group S,. We write H < S,,. In fact, H is the stabilizer of some M-structure on [n] =
{1,2...n} and n is called the degree of the species M. Two molecular species of degree n,
X"/H and X" /K, are equal (i.e. isomorphic as species) if and only if H and K are conjugate
subgroups of S,.

Here are some examples of molecular species

e when H =1, then X"/1 = X",

e when H = < p >, where p is the circular permutation p = (1,2,...n), then X"/ <
p > = (), the species of oriented cycles of length n,

e if now the group H is S,, then we have X"/S, = F,, the species of sets of size n.

We denote by M the set of molecular species. We can see easily that the first elements of
this set, up to degree 3, are

M :{1,X,X2,E2,X3,XE2,E3703(X),...}. (18)

Moreover, each species F' can be expressed as a (possibly infinite) linear combination with
integer coefficients of molecular species as follows,

F= Z fuM, (19)

Mem

where fyr € N represents the number of subspecies of F' isomorphic to M. This development
is unique and it is called molecular expansion of the species F.

It is also possible to extend the notion of molecular species to the case of multi-sort
species. For instance, for two-sort species, where X and Y represent the two sorts, any
molecular species can be written as

Xrym

M(X,Y)= 7

(20)

where H < SX x SY is the stabilizer of an M-structure. Here, S¥ represents the symmetric
group of degree n for the points of sort X.

We can now introduce the auxiliary species Q(X,Y") and S(X,Y") which will be important
in our analysis of planar 2-trees. They can be defined by Figures 8 a) and 8 b) respectively,
where X stands for the sort of triangles and Y, of directed edges.
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Figure 8: Structures belonging to the species Q(X,Y) and S(X,Y)

These two molecular species are related to known species:
Q(va):PfiC(va)v S(va) :PGbiC(va)v (21)

where the species PP(X), for n an even integer, represents the species of (vertex labelled)
bicolored n-gons (see J. Labelle [14]). More precisely, the edges are colored with a set of two
colors, {0, 1}, in such a way that incident edges have different colors. We can then generalize
to the two-sort species P*(X,Y) where X represents the sort of edges of color 1 (dotted
lines) and Y stands for the sort of vertices, as shown by Figure 9 for n = 4 and n = 6. This
Figure also establishes (21).

Figure 9: PP(X,Y) and PP¢(X,Y)

In order to completly describe the species () and 5, we have to identify their stabilizers,
and so we write them in the form (20). We have

X2yt . X3y®
PblC X.Y)=
D2 ” 6 ( ” ) 53

where the two groups Dy and S3 are characterized by their action on the labelled structures
of Figure 9 :

PYO(X.Y) = (22)

1. Dy =< h,v >< S5 x SY, with
b= (00)(1,2)(3,4) and o= (@)(b)(1,4)(2,3)
Note that 2?2 =1, v2 =1, hv = vh, and Dy = Zjy X Zj.
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2. S5 =< s,w>< ST x SY, where
S = (@,)L,2)B,6)(45) and  w=(a,b,e)(1,3,5)(24,6).
Note that s? =1, w® = 1, sws = w?, and S5 = Sa.

Here are the formulas giving the cycle index series and the asymmetry index series of a
molecular two-sort species.

Theorem 2. [3, 10, 12] Let M(X,Y) = X"Y"™/H be a molecular species on two sorts, with
H < SX x SY. Then, the cycle index series of M is given by

1 Clh Cgh dlh d2h
T xl()xQ()...yl()yQ()..., (23)
heH

where ¢;(h) (resp. d;(h)), for © > 1, denotes the number of cycles of lenght i of the per-
mutation on X-points (resp. Y-points) induced by the element & € H. Furthermore, the
asymmetry index series of M is given by

Zn(x1, 20,0 Y1, Y2, .. .) =

1 c2 1 2
7M($17$27---§y17y27---) |H| ,u({l} V) ) Z(V)yil (V)y;l (V)7 (24)
V<H

where the sum is taken over all subgroups V of H, {1} is the identity subgroup of H,
({1}, V) denotes the value of the Mébius function in the lattice of subgroup of H and ¢;(V)
(resp. d;(V)), represents the number of orbits with ¢ elements of sort X (resp. Y) with
respect to the natural action of V on [n] (resp. [m]).

Proposition 2. The cycle index of the species PP(X,Y) and PP°(X,Y) are given by
1
Zppe(@r o,y yn, ) = (@) + 20005 + @iys), (25)
1
Zpyic (X1, 22,3 Y1,Y25- ) = g(l'zfyf + 255 + 3r122Y3). (26)

Proof. This is an easy exercise, using (23) and writing explicitly the elements of the group

Dy and S3: Dy ={l,h,v,h-v} and S3={l,sw,w’ s w,s w} u

Proposition 3. The asymmetry index series of the two species PP¢(X,Y) and PP(X,Y)
are given by

1

) Pfic(xlvx% YL Y2, e) = Z(l'%yf Saty; S2ray; + 2x9ya), (27)
L 34 2 3
s poic(T1, 2,5 YL Y2, ) = 8(1'1% Sa3y; S301T2Y5 + 3T3Ys). (28)
Proof. It suffices to determine the lattice of subgroups of Dy and S5 and to apply (24).
Details are left to the reader. |

The cycle index series of a species encompasses the two other classical enumerative series,
namely the exponential generating function of labelled structures and the ordinary generating
function of unlabelled structures. In a similar way, the asymmetry index series contains other
series as specializations, in particular the asymmetry generating series. For the two-sort case,
these series are related as follows :



Theorem 3. ([3]). For any two-sort species F', we have

Flz,y) = Zp(x,0,...;9,0,...) =, p(x,0,...;y,0,...), (29)
Flx,y) = ZF(x,xz,...;y,yz,...), (30)
Flx,y) = ,F(:I;,:I;Q,...;y,yz,...). (31)

We then confirm the expressions of the generating series of the species PP¢(X)Y") and
PHe(X,Y).

Remark 1. We have
1

ic Dbic —bic

Pe(z,y) = 7y PPe(z,y) = 2%y, P, (z,y) =0, (32)
ic 1 bic —-bic

PY(z,y) = ngyG, PY(z,y) = 2%, Pe(x,y) = 0. (33)

The fact that inc(x, y) and F‘gic(:p, y) equals 0, means that these two species are purely
symmetric, i.e. , their asymmetric part is reduced to the empty set.

Note that if we put Y := X* for k > 1, in the species PPi¢(X,Y") and PY(X,Y), the
resulting one-sort species are molecular. Indeed, the substitution of a molecular species in
another one remains molecular. These two species PP(X, X*) and PYi¢(X, X*), for k > 1,
will be essential in order to obtain the molecular expansion of planar 2-trees. Besides, we
remark the fact that

PPE(X, 1) = Ey(X), PYe(X,1) = E3(X), (34)

since, in Figure 8, setting Y = 1 corresponds to unlabelling the directed edges.
To end this section, let us give the derivative of the two-sort species PP¢(X,Y’) and
PHe(X,Y).

Proposition 4. The partial derivatives of PP°(X,Y) and PP¢(X,Y) are given by
d d

a—XPb‘C(X Y) = XEy(Y?), abe‘C(X Y) = X?Y?, (35)
aiXPbIC(X Y) = Ey(XY?), aaypbw(x Y) = X’Y". (36)

Proof. Let F(X,Y) be a two-sort species and U and V be two sets representing the two
sorts. Then, the partial derivatives, with respect to X and Y are defined by

or or

SlUVI = FIU+ {1, V], S0 V] = FIUV + (),

where * is a supplementary element which is used in the construction of the F-structures.
From this definition, it is easy to obtain (35) et (36). ]
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3 Addition formulas

In this section, we prove some addition formulas which will be necessary to obtain the explicit
molecular expansions for plane and planar 2-trees.

Proposition 5. Let B be an asymmetric species whose molecular expansion is given by

B(X) =) b X",

k>0

Then, we have the following addition formulas relative to the species F; of two-element sets
and (35 of oriented 3-cycles :

B(B(X) = Y bBa(XF) + Y apxh, (37)
E>1 k>0
Ca(B(X)) = > bCa(X*) 4+ 3 B XF, (38)
E>1 k>0
with
1 2 1 3
Qg = 5(60 —|— bo), 60 = g(bo —|— 2[)0) 5 (39)
1 1
or = = > bb;e-x(2lk)bs, k>1, (40)
9 9 :
i+i=k
1 1

+m+n=k

where, for a,b € N, x(alb) =1, if a divides b, and 0, otherwise.

Proof. First note that for any species F', the constant (i.e. of degree 0) term F(by) of F/(B)
is given by Zp(bg,bg,...), in virtue of Polya’s theorem. This yields (39). An analysis of
the different shapes of molecular species which can arise in Ey(B), permits us to write the
following relation

Ey(B) =" wBEa(XF) 4+ > ap XF. (42)

E>1 k>0

We now have to compute oy and 7y, for all £ > 1. Note that we can order, in the species B,
the by copies of the molecule X*, for each k& > 1. Then, to obtain an Fo( X*)-structure from
E5(B), we must take twice the same copy of X* among the by available; otherwise the pair
of B-structures will be asymmetric. Hence 7 = by, for all £ > 1. In order to compute «y,
we could perform a direct enumeration. However, we introduce a different method which
will prove very useful in other situations. Differentiating the two members of (42), we get

BB =3 kb X 4> kap X

E>1 E>1
Integrating back this last relation, in the realm of formal power series in X, leads us to

1

ZRB% = l
2

5 Zkazk + Zoszk + const .

E>1 k>0

11



Identifying coefficients of X™ in both sides of the last equality gives us the relation (40). To
obtain (41), we first write

C5(B) = > 5C5(X%) 4+ 7 B X" (43)
E>1 k>0
The same argument as used above implies 8, = by, k& > 1, and the same technique of

differentiating-integrating equation (43) gives the announced formula for ;. In the process,
we use the fact that
(C5(B)) = Ly(B)B' = B*B’

where L, represents the species of two-element lists. [ ]

As a particular case, we have

FEx(14+X) = 14+ X+ Fx(X), (44)
Ca(1+X) = 14X+ X+ C5(X). (45)
When B = A, formulas (39)—(41) take a simpler form because of the convolutive proper-

ties of Catalan numbers, as seen in Proposition 1. For this case, the coefficients «j and [y
are given by ag = o = 1 and, for k > 1,

1

ar = glcr o), (46)
1

Br = §(0k+2 S Crt1 @Cg) (47)

We now give the main result of this section, addition formulas for the species PP¢(X,Y") and

PMe(X,Y). Let bgj) denotes the coefficient of X* in the species B"(X), with the convention
that b(") = 0 if the index z is fractional, for all n, k > 1.

Theorem 4. Let B be an asymmetric species whose molecular expansion is given by

B(X)= > b X"

n>0
Then,
PYO(X,B) = D ap XM+ 3 ap Ba(X5) + Y ay XPER(XP) + 3 PYO(X, XF), (48)
k>3 k>2 E>1 k>0
where
a@, = 252‘22@%6% +%bk4;2, (49)
a, = b2 Sbii, (50)
a = S0P by, (51)
al? = by (52)

12



Proof. We proceed in a similar way as in Proposition 5, beginning with an analysis of the
different symmetries which can appear in structures belonging to the species PP¢(X, B(X)).
This permits us to write (48) where all coefficients have to be determined. We first note that
ai’ = ¢ since the only way to build a PP¢(X, X*)-structure from the species PP°(X, B) is
to take four times the same copy of the molecule X* among the b; available copies. This
gives (52). Next, we consider Fo( X*)-structures. In order to obtain such a structure from
the species PP(X, B), we can take two non isomorphic X5 structures o and 4 from the
species B, and put them in the two differents ways shown in Figure 10 a) and 10 b). This

contributes for a term of ,
(e
!

remembering that the two internal triangles also contribute for one X each. We can also
take an X‘-structure a and an X/-structure 3 such that s 4+ j = k <1 and 7 # j, and put
them in the two different configurations drawn in Figure 10 @) and b). In the molecular

a b) 0)

Figure 10: Symmetries of order 2 in PP(X, B)

expansion of the species Q(X, B) this stands for
2 3" bibiBy(XF).

itj=k—1
1<

It leads to (50), i.e.
H b —1
a, = 2 Z bzb] + ( ;T) = b;f_)l @b%

itj=k—1
1<

Let us now turn to the coefficient a, of X2FE,(X*) in the relation (48). The configurations
belonging to an X?Fy(X*) are shown in Figure 10 ¢). We then have

tHt b 1
ap = ) bibj+ (f) = 5(522) ©by)

i+]:k
1 <J

types of X?Eq(X*)-structures. It remains to determine the asymmetric part of the species
Q(X, B), i.e. the coefficient a, of X* in the molecular expansion (48), for all k. To find
it, we differentiate the relation (48) and we identify the coefficient of X* in each side. It
gives the expression (49), which completes the proof. Note that we use the combinatorial
derivative of a composite species F'(X, B(X)). As in calculus, we have

IF(X,Y) IF(X,Y)

(F(X, BO)Y = S s + S

X =5 B, (53)

13



and we can use Proposition 4. [ ]

Remark 2. We can perform a precise classification separating rotational and reflectional
symmetries. Indeed, the symmetries illustrated by Figure 10 are rotational for the case a),
vertically reflectional for case b) and horizontally reflectional for ¢).

Remark also that we could obtain the expression of a; by identifying the coefficient of
X Ey(X*) after deriving (48).

Theorem 5. For all asymmetric species B whose molecular expansion is

B(X) = b X",

E>0
we have
Fe(X, B) = 3o di X" + 3 dy X By(XY) 4+ 3o d (X + 3 d PPe(X, XY), (54)
k>4 E>2 k>2 k>0
where
, 1 1 1 2
4= L el L s 2 (55)
d}; — bf’_)l @b%, (56)
114 1
dy = 5(6(2_)1 <:>bk2;1)7 (57)

where bgj) represents the coefficient of X* in B"(X).

Proof. A precise analysis of the different symmetries arising in the species PP°(X, B) permit
us to write the expansion (54). We then compute all coefficients of this expression by the
same method as for the species PP¢(X, B). [ |

When we put B = A in the two previous theorems, the coefficients appearing in the
molecular expansions of the species PP and PP are simpler. In fact, by Proposition 1 we
get the following expressions for ai and d, for 1 € {717, 11, iv}

o1 <:>1 ¢>3 n
ap = 4Ck+1 2Ck 4C§ 2Ck4;2,
a, = CpSCi, (59)
2
@ = §(Ck+1 @Cg)a
a}f = Cg,
J 1 <:>2 4 1 <:>1 4 1 <:>1 4 1
= =C =C —C =C —Ck— -C —Cp—
A R D R R S R R R R
dg = Cpq1 <Ck <:)>Ck3;1, (60)
11 1
dk = §(Ck <:)>Ck2;1),
d;: = Ck.
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4 Molecular expansion of plane and planar 2-trees

In this part, we use the dissymmetry theorem and the results of the previous section to
obtain an explicit form for the molecular expansion of the species of plane 2-trees and of
planar 2-trees.

4.1 Plane 2-trees

Recall that plane 2-trees are 2-trees that are embedded (drawn) in the plane in such a way
that all internal faces are triangles. The dissymetry theorem gives an expression for the
species @, in terms of the pointed species 4_, A% and @2, namely

a=a. + a:<as (61)
Here, we can use the orientation of the plane to obtain simple expressions for the pointed
species as function of the species A defined in the introduction, as shown in Figure 11 :

Theorem 6. The species arising in the dissymmmetry theorem for plane 2-trees satisfy

a; = Ey(A), (62)
a: = XCs(A), (63)
az: = A;-A, (64)

where Ay = A& 1.

()
@

b) c)

Figure 11: The species Ey(A), XC5(A) and Ay - A

Using the expansion formulas for Fy(A) and C3(A), given in Section 3, we can now
compute the molecular expansion of the species @,.

Theorem 7. The molecular expansion of the species @, of plane 2-trees is given by

a, = CI/W(X) =14+ X+ Z kak + Z CkEz(Xk) + Z deCS(Xk)a (65)
E>2 E>1 E>1
where
2 1 1 1
b, = ng <:>6Ck_|_1 <:>§C§ <:>§Ck3;1, (66)
g = dp, = ¢, (67)

where X% represents the species of k-lists of triangles and ¢, are the usual Catalan numbers
with the convention that ¢, = 0 if r is not an integer; see (13).
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To conclude this section we write the asymmetric part, in the sense of G. Labelle [11], of
the species of plane 2-trees :

(X)) =1+ X+ bpXF, (68)

k>2

where by, for k € N, is given by the formula (66). The species @, is not to be confused with
the pointed species Q.

4.2 Planar 2-trees

This subsection is devoted to planar 2-trees, i.e. 2-trees admitting an embedding in the plane
in such a way that all internal faces are triangles. The difference here is that the embedding
is not explicitely given and that reflexive symmetries are possible. In other words, planar
2-trees are viewed as simple graphs. The dissymetry theorem for the species @, of planar
2-trees yields

a, = 5 + a5 < as. (69)
Moreover, we have the following expressions for the pointed species @, @5 and @5, in terms
of the auxiliary species PP¢(X,Y") and PY(X,Y) introduced in Section 2.

Theorem 8. The species of pointed planar 2-trees @, @ and @2 satisfy the following
isomorphisms of species :

a7 (X) = 14+ XEy(A)+ PY(X.Y)|yiza, (70)
a2 (X) = X+ X*Ey(A)+ XE(Ay) + XPP(X,Y)|yiza, (71)
AA(X) = XE(A)+ X7E,(AY). (72)

Proof. We obtain the functional equations (70) and (72) by analyzing the structures ac-
cording to the degree of the distinguished edge. For example, the three terms on the right
hand side of (70) correspond respectively to the degrees 0, 1 and 2 of the pointed edge.
This isomorphism is described in Figure 12. In (71), the four terms correspond to the four
possibilities for the number of edges of degree 2 in the pointed triangle, from 0 to 3; see
Figure 13. For (72), see Figure 14. |

w5

Figure 12: The species @

Combining the molecular expansion of the quotient species PPi(X, A) and PP(X, A)
established in Section 3 with Proposition 1 and Proposition 5, gives the molecular expansion
of the species @ and @7. Note that we use the same notation for the coefficients of the
different molecular expansions in the four following theorems.
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A

Figure 13: The species (5

Theorem 9. The molecular expansion of the species

o of edge pointed planar 2-trees is

given by
0y (X) = 14+ > X"+ Y aiBa(XF) + 30 ap X By(XF)
E>0 E>1 E>1
Y@ XPE (XY + D @ Pye(X, X, (73)
n>1 k>1
where
1 1
a; = ZCIH_I @ch <:>§Ck2;1 + §Ck4;27
az = Ci <&Ck-1,
a, = a) = ¢, (74)
1
ai = §(Ck+1 <:>Ck)

Theorem 10. The molecular expansion of the species 2 is given by

a5(X) = 1+ > apXF 4+ aiX - Eo(XP) 4+ af X2 Ey(X7)

k>0 E>1 E>2
)@l XCo(XF) + D g X PYe(X, XF), (75)
E>2 E>2
where
N 1 1
ay = E(Ck_H <:>Ck) <:>—C§ <:>Ck;2 <:>—Ck;1 S =Cr-1 + §Ck6;4,
az = ai = Cg,
ai = Cky1 <:>Ck3;1, (76)
1

ai = 5( k<:>Ck2;1)

Proposition 1 and Proposition 5 also allow us to obtain the molecular expansion of the
species (5.
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B\

Figure 14: The species (2

Theorem 11. The molecular expansion of the species G5 of planar 2-trees pointed at a
triangle with a distinguished edge is given by

AA(X) =3 ;X 4+ ap X Eo(XF) + > al XPEy(XF), (77)
k>0 E>1 E>1
where
at = l( SCp SChat @ck)
az = Cg, (78)
Cli = Cgy1.

Using the dissymetry theorem, we are now able to put together relations (73)-(75)-(77)
and give an explicit form of the molecular expansion of the species @, of planar 2-trees.

Theorem 12. The molecular expansion of the species @, of planar 2-trees is given by the
following formula

AGy(X) = 14> X+ aiBa(X7) + > al X Ey(XP) + > af X2 Ey(XF)

k>1 k>1 k>1 k>2
+ D @ X Ca(XF) 4 37 ag PYe(X, X5) 4 Y0 ap X PRe(X, XF), (79)
k>2 k>0 k>0
where
. 1 1 3 1 1 1 1
a, = @EC]HJ + ng @ch <:>§Ck2;1 <:>6Ck3;1 + §Ck4;2 + §Ck6;47
az = Ck<:>Ck2;1,
a, = aj = a = c, (80)
1
ai = §(Ck+1 <:>C§)<:>Ck3;l’
1
ai = §(Ck<:>Ck2;1)
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5 Enumeration formulas

5.1 Enumeration of plane 2-trees

Before obtaining the explicit enumeration of plane 2-trees, we recall some basic formulas
involving index series of the species of 2-element sets (F3) and of oriented 3-cycles (Cs3) :

1 1

ZE2($1,$2,...) = 5(1’%{—1’2), ) E2($1,$2,..-) = 5(‘%% <:>$2), (81)
1 1

ZCs(xlvx%"') = §($?+2$3), s 03(1'1,1}2,...) = g(x:l)) <:>$3). (82)

We will also use some substitutional laws of the theory of species : for any species F' and
(' such that G(0) = 0 (G has no structure on the empty set), we have

(FoG)(z) = F(GEJ})), ) (83)
(FoG)~(z) = Zp(G(x),G(2?), , (84)
(FoG)x) = ,r(Gx),G(2%),...), (85)
lro; = JApo ZG7 (86)

s FoG = , FO,a, (87)

where o denotes the plethystic composition on the right hand side of (86) and (87).
If the species G has some structures on the empty set, i.e. G(0) = go # 0, formulas
(84)—(86) remain valid. However, formula (83) should then be replaced by

(FOG)(J?) = ZF(G(x)7907907"-)7 (88)
and there is no known general formula for , . Here, we only need the following formulas

1

) Ez(G)(xlvx% ) = gt 5(7 é(xlvx?v ) e el 2, ), (89)
1
5 C3(G)(x17x27 .. ) = 4o —|— g(, :2;(1’171'2, .. ) <:>, G(l’g,l’(;, .. )) (90)

We now give the explicit enumerative formulas provided directly by the molecular ex-
pansion of the species of plane 2-trees.

Theorem 13. The numbers a ., d,, and @, , of labelled, unlabelled and unlabelled asym-
metric plane 2-trees on n triangles, n > 2, are given by

2 1
awm‘ e n’(gcn @gcn+1), (91)
B 2 1 1 2
Qrp = gcn @gcn-l-l + §C% + gch_l7 (92)
- 2 1 [
rp = gcn <:>6Cn-|—1 <:>§C§ <:>§CnT—1 (93)
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To obtain these enumerating formulas, we can also use the expressions (62)-(64) which
lead to closed formulas for the associated series of the three pointed species : the exponential
generating series of labelled structures,

Gi(e) = S0+ A%))
atx) = 2+ A). (94)

ai(z) = A*(x) &A(2),

kis

the ordinary generating series of unlabelled structures

Ur(@) = S(A() + AGY),

(x) = S(A%x)+24(%), (95)

as(x) = A*(2)<An),
the cycle index series

Zg-lonwn.) = 5(Aw) + Alw)),

Zgp(er,e,..) = %(AS(x1)+2A(x3)), (96)
Zaﬁ(xl,xg,...) = A*(z;) &A1),

the asymmetry cycle index series
1
s go(@nae,. ) = 14 §(A2(:1;1) S A(r2)).
x
\ ler(xh Tg,...) = a1+ 31(143(51?1) <:>A(51?3))7 (97)

5 aﬁ(xl,:z:g,...) = Az(l’l) <:>A($1)

We emphasize the fact, used above, that since the species A is asymmetric we have the
following relations

Alx) = ;l(:z;) = A(z) and Za(x1,29,...) = A1) =, a(z1,79,...). (98)

We then deduce easily (thanks to the dissymmetry theorem) the expressions of the series
associated with the species of plane 2-trees

Proposition 6. The series associated to the species @, of plane 2-trees are given by

a.(z) = % + %:1; + Ax) @%A%x) P,
B(r) = 1ot Al)+ 5 A%) AW S2A@) o3 A%(a),
Q) = Alx)+ 540) () AR) @%AZ(Q;), (99)

1 2 1 x
Zq, (01, ) = Alwn) + 5A(e2) + gaiAles) &5 A n) + ?IA?’(:I;I),

T 1 T 1
s a(Tnee,. ) = 14w Ale) + §1A3(:1;1) &5 A(r) @3114(:1;3) &A% (1),
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To recover the formulas (92), we can use the dissymmetry theorem and the next propo-
sition giving the enumeration of the different pointed plane 2-trees.

Proposition 7. The coefficients a;,,, a2 ,, a2, representing the numbers of labelled struc-
tures with n triangles for the different pointings, @ ,,, % ,, ds , for the numbers of unlabelled
structures, and @, , @ ,, @ , for unlabelled asymmetric structures, are given, for n > 2, by
_ n!
Urpn = Ecn‘H?
n!
ar, = 3 (Gt &en), (100)
ar, = nl(cup ©cy),
. 1
Urpn = §(Cn+1 + C%)v
» 1
aﬁ,n = g(cn-l-l =Cpn + ZC"T_l)v (101)
&%m = Cpt1 &Cp,
and
L 1
Urn = §(Cn+1 @C%)v
1
at, = §(C”+1 ©C, SCuzt ), (102)
az, = Cpy1SCp.
Proof. To obtain these coefficients, we simply use relations (94), (95) and (97). ]

We now give the explicit expressions for the cycle index series of the species of plane
2-trees.

Proposition 8. The cycle index series and the asymmetric index series of the species of
plane 2-trees are

Zaq (x1,2,...) —1—|—Z cn<:> cn+1 T+= chx2—|— xlzcnx3, (103)

n>1 n>1 n>0

1 1
s (T, = 14 ay + Z 3cn <:>6cn+1):1;1 <:>2 Z Cpy <:>3:1;1 Z CrTs. (104)

n>1 n>1 n>0

Proof. We first express the cycle index series given by the relations (96) in powers of x,
L2y ot

Za;(xl,xz,...) = —ch+1x1 chxz,

n>0 n>0
2
ZaA(l’l,l’Q,...) = —Z(Cn+1 @Cn)$?+ —I chwg, (105)
i 3 n>1 3 n>0
ZaTér(Jfl,JfQ,...) = Z(Cn+1 <:>Cn)$7f
n>1
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We also have

1 1
5 aT—r(l'l,l'Q, .. ) = 1 + 5 Z Cn_|_1l'7f <:>§ Z Cnl';,

n>0 n>0
1 1
car (T, ) = w5 Y (Caqr STl Soay Y ek, (106)
i 3 n>1 3 n>0
cat(e T, ) = D (cup &)
i n>1
It suffices then to use the dissymmetry theorem to obtain the stated result. ]

5.2 Enumeration of planar 2-trees

We now give all associated series of the species @7, @) and @2 using substitutionnal laws
of the theory of species. After this, we will be able to give all coefficients arising in these
differents series, and, with the dissymetry theorem, we obtain the number of labelled and
unlabelled planar 2-trees on n triangles as well as the coefficients of its cycle and asymmetry
index series.

Theorem 14. The exponential generating function of labelled stuctures for the species @,
@3 and @5 of planar pointed 2-trees are given, in terms of the species A, by

Gple) = 14 201+ A) + 2 A%a),
at(zx) = x4+ ‘%2(1 + A% (2)) + gAi(:z;) + %4A6(:1;),labelgfl (107)

ae) = )+

Moreover, the ordinary generating series of unlabelled structures of these species are given

by

(14 AY(2)).

2

Q, () = 14 wA(@) + S(A%(0) + A(e?) + (A () +34°(2%)).

() = v+ %2<A2<x> + A(2%) + 5 (AL (@) + Ay (a?))

24
6
~A

Gf(e) = S(A%(0) + A@Y) + T (A4(0) + 22(2%))

T (A%(2) + 24%(%) 4 34%(22)), (108)

Corollary 1. The exponential and the ordinary generating functions of the species of planar
2-trees are given, in terms of A, by
4

ay(z) = L+t fAi(x) + ‘%ZAZ(Q;) <:>:%2A4(:1;) @‘%AG(Q@),
yfe) = 1o+ AL+ A, N) + DA + (A% e a2 (09
SN ) 4+ L (A(0) 4 242 4 34,
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A simple extraction of coefficients in Theorem 14, combined with Proposition 1, yields
the following corollary.

Corollary 2. The numbers a , a’  and af, of labelled planar 2-trees on n triangles poin-

p,n?
ted respectively at an edge, at a triangle, and at a triangle pointed at one of its edges, are
given by
_ n!
ap,n = ch-l-lv
A n!
G = & (Cnt1 &), (110)
!
n!
Clén = E(Cn_H <:>Cn).
Moreover, for the same pointed series, the numbers of unlabelled structures on n triangles
oy Gy, and @, have the following expressions :
- 1 1 3
Clpm = ch+1 + §CnT—1 + ZC%7
av, = l,ab,=1,a5,=2, a5, =6,
A 1 1 1
at, = 6(cm_l &c,) + §(ch—1 + c§)) + gCst, M > 5 (111)
» 1
asn = §(cn+1 e, + Cuz1 + Cy.

Hence, the dissymmetry theorem leads us to enumeration formulas for labelled and unla-
belled planar 2-trees as follows. For the unlabelled asymmetric enumeration, we use directly
the molecular decomposition of the species @,,.

Theorem 15. The numbers ay, ,, a,, and a,, of labelled, unlabelled and unlabelled asym-
metric planar 2-trees on n triangles, are given by the following formulas

1 1
apn = n’(gcn @Ecn+1), (112)
- 1 1 1 1 3
apn = gcn @Ecnﬂ + §CnT—1 + gCn 1+ = 1 Cn, (113)
_ _ 1 n 1 <:>3 @1 @1 n 1 n 1 (114)
apm — <:>12Cn+1 3Cn 4C 2Cn 1 6Cn 1 2Cn 2 2Cn 4.

Finally, we give the expression of the asymmetry index series of the species @, of planar
2-trees obtained directly from the molecular expansion of the species @,.

Proposition 9. The asymmetry index series of the species of planar 2-trees is given by

Gy (onrae ) = Vb4 Skl 4 kel + kel + Ytedels

+ D Ynrnrh + Y Ve + Y ynrirarg, (115)
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where

’yl = <:>ic +1t 1(:

" 27" 37

Y == ’)/3 == <:>1c

n n 2 ny

W= epean, (116)
R

Vn - <:>6C77-7

Y= e = 5

5.3 Another method for the unlabelled enumeration

In order to obtain the unlabelled enumeration of plane and planar 2-trees, we can also use
the approach of Palmer and Read in [15]. Remark first that, for any species F', we can write

F= ZF(k)v (117)

k>1

where for k > 1, F(;y represents the symmetric part of I of order k, i.e. the subspecies
consisting of F-structures whose stabilizer is of order £ exactly. In particular, F() = F, the
asymmetric part of F'.

Also note that, for G = Figy, k > 1, we have G(z) = £G/(x), since an unlabelled Fy)-

structure of degree n can be labelled in n!/k ways. Hence

- kel ~
Pe) = (o) + Y ST R o), (113)
>2
For plane 2-trees, we have
a, = aw + a’7r,(2) + a’7r,(3)7 (119)
and for planar 2-trees,
p = Uy + Gp,2) + Uy (3) + U, a) + Gy o)- (120)
Hence, we can write
- 1 2~
nl) = ) 4 30 (0) 2 (), (121)
and
- 1~ 2~ 3~ 5~
p() = Bp(2) + 5y () + 3 Uy () + 7 Uy () + & ) (). (122)
After identifying all terms appearing in (121), we then deduce
-~ 1 o 2 3
Q- (z) = Qg (x) + 514(:1; )+ gl’A(l‘ ) (123)
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for the plane case. For planar 2-trees, we have

Tpnle) = S(AGH) 2 AWY) +2AGY) o' AG),
Gy o)) = %(:z;A(:I;S) satA2%), (124)

Clp7(4)(:1;) = $2A($4), le7(6) = :1;4A(:1;6),

which yields

A,(x) = Q) + %:1;14(:1;2) + %:1;14(:1;3) + %A(:pz). (125)

It remains to extract the coefficients of 2™ in equations (123) and (125) to find the numbers
of unlabelled plane and planar 2-trees over n triangles, given by (92) and (113).
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