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Determinations of rational Dedekind�zeta invariants of

hyperbolic manifolds and Feynman knots and links

J� M� Borweina� and D� J� Broadhurstb�

Abstract We identify ��� closed hyperbolic �	manifolds whose volumes are rationally
related to Dedekind zeta values� with coprime integers a and b giving
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b
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��

for a manifoldM whose invariant trace �eld K has a single complex place� discriminant D�
degree n� and Dedekind zeta value �K
��� The largest numerator of the ��� invariants of
Hodgson�Weeks manifolds is� astoundingly� a � ������������ � �� ���� ���� the largest
denominator is merely b � �� We also study the rational invariant a�b for single	complex	
place cusped manifolds� complementary to knots and links� both within and beyond the
Hildebrand�Weeks census� Within the censi� we identify ��� distinct Dedekind zetas
rationally related to volumes� Moreover� �� census manifolds have volumes reducible to
pairs of these zeta values� Motivated by studies of Feynman diagrams� we �nd a ��	
component ��	crossing link in the case n � � and D � ���� It is one of � alternating
platonic links� the other � being quartic� For � of �� quadratic �elds distinguished by
rational relations between Dedekind zeta values and volumes of Feynman orthoschemes�
we �nd corresponding links� Feynman links with D � ��� and D � ��� are missing�
we expect them to be as beautiful as the � drawn here� Dedekind	zeta invariants are
obtained for knots from Feynman diagrams with up to �� loops� We identify a sextic
��	crossing positive Feynman knot whose rational invariant� a�b � ��� is ��� times that
of the cubic ��	crossing non	alternating knot with maximal D� symmetry� Our results
are secure� numerically� yet appear very hard to prove by analysis�
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� Introduction

This paper began with a study of hyperbolic links whose complementary volumes result
from evaluations of Feynman diagrams ���� For each of these volumes we found� by
empirical means� a closed�form evaluation in terms of a few Clausen functions� evaluated
at rational multiples of �� Then� thanks to generous advice from Don Zagier� we came to
appreciate that these results form part of a much larger sca�old� whose unifying feature is
the existence of rational relations between hyperbolic volumes and Dedekind zeta values�
While the existence of such relations is understood ��� �� ��� their precise forms appear
to be unpredictable� thus far� by deductive mathematics� They are therefore ripe for the
application of experimental mathematics� The work reported herein has involved a � to
the authors � quite intoxicating mix of tools� allowing conjectures to be tested against
known data and rapidly con�rmed or rejected as the research progressed� We will return
to these methodological issues in the conclusion�

For any single	complex	place �eld K� with discriminant D and degree n� we de�ne

ZK ��

�D����


����n��
�K
��

��
��

��

where the Dedekind zeta value �K
�� is the sum of the inverse squares of the norms of
the ideals ��� �� of K� and �
�� ��

P
n�� ��n� � ���� is the corresponding Riemann zeta

value� It follows from ��� that ZK is reducible� with unspeci�ed� rational coe�cients� to
Bloch�Wigner dilogarithms fD
zk� j zk � Kg� The volume of a hyperbolic manifold� for
which the single	complex	place �eld K is the invariant trace �eld ���� is systematically ���
reducible to such dilogarithms and� moreover� is expected to be some unspeci�ed rational
multiple of the very speci�c construct 
��� Accordingly� we seek coprime integers a and b
such that

a

b
vol
M� � ZK 
��

for a manifold M with a single	complex	place invariant trace �eld K� We call a�b the
rational Dedekind	zeta invariant of M� It evaluates to unity for manifold m���
��� ���
of conjecturally smallest volume� It will be seen to take some remarkable values�

In Section �� we report �ndings of the rational invariant for ��� closed manifolds�

In Section �� we �nd a further �� single	complex	place �elds from cusped manifolds�
and compute corresponding rational invariants� We also identify �� census manifolds
whose volumes are reducible to pairs of Dedekind zeta values�

Section � concerns links� with complementary manifolds of a richer structure than
those recorded in the Hildebrand�Weeks ��� ��� census of cusped manifolds triangulated
by no more than � tetrahedra� In particular we identify a ��	crossing ��	component
link� triangulated by �� ideal tetrahedra with shapes in the quadratic �eld Q


p��� and
determine its rational Dedekind	zeta invariant� We call it a platonic link� since its ��
components mimic the vertices and edges of a tetrahedron� The remaining � platonic

�Ratios of coe�cients may be speci�ed� here we ask for values�
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links� similarly modelled on perfect solids� are shown to be quartic� after processing the
��� ideal tetrahedra from their triangulations�

Section � concerns connections ��� ��� ��� ��� ��� between Feynman diagrams� knots
and links� Recent results ��� from quantum �eld theory suggested a connection between
Dedekind zeta values and volumes of orthoschemes� We �nd �� quadratic �elds that
forge such connections and in � cases now know links that have corresponding rational
Dedekind	zeta invariants� The remaining � cases are quadratic �elds with discriminants
D � ��� and D � ���� these await the discovery of corresponding Feynman links�
Hyperbolic knots with up to �� crossings� from Feynman diagrams with up to �� loops�
are also analyzed� For crossing numbers greater than �� the physics in ���� ��� ��� ��� is a
more fertile source of Dedekind zeta values than an analysis of the maximally symmetric
knots found in �����

Section � o�ers some conclusions and suggestions for further study�

� Dedekind�zeta invariants of closed manifolds

We have found rational Dedekind	zeta invariants for ��� manifolds in the Hodgson�Weeks
census� which lists ��� ��� closed orientable manifolds� with ����� distinct volumes� all less
than ���� and with all their geodesics having lengths greater than ���� These ��� manifolds
have ��� distinct volumes� which are rationally related� via 
����� to ��� distinct Dedekind
zeta values� each corresponding to an invariant trace �eld of at least one census manifold�
Table � enumerates the �elds by degree� Tables ���� give� for each �eld K� a generating
polynomial� together with its discriminant and the rational relation of ZK to the volume
of the �rst manifold in the census with invariant trace �eld K� The ��� distinct volumes
are given in Tables ��a�f� where it can be observed that numerators and denominators of
the ��� invariants are bounded by a � ������� and b � �� Our methods were as follows�

��� Examination of ����� single�complex�place �elds

It became clear� from studying ���� ��� ��� ���� that there are unspeci�ed rational rela	
tions of the form 
�� between Dedekind zeta values and volumes of some� but not all�
of the manifolds in the Hodgson�Weeks census� We soon found that �� of the �rst ��
census manifolds have rational Dedekind	zeta invariants� with a � �� and b � �� The �
exceptions are manifolds m���
��� �� and m���
��� ��� whose invariant trace �elds have
� complex places�

The next step was to obtain systematic listings of �elds with precisely one complex
place� Thanks to the numberfields directory� at the University of Bordeaux� we found
�les that order single	complex	place �elds� for each degree n � �� by the magnitudes� �D�
of the discriminant� We selected the �rst ��� �elds for each degree n � f�� �� �� �� �� �g and
used the zetak command of Pari to compute �� digits of the Dedekind zeta values� �K
���

�ftp���megrez�math�u�bordeaux�fr�pub�numberfields

�



of these ����� �elds� Forming ZK� de�ned in 
��� we made ���� � ����� � ��� ���� ���
indiscriminate comparisons between these target �elds and the census entries� This took
�� seconds on a ���MHz Pentium� We found ��� manifolds� with ��� distinct volumes�
rationally related to �� distinct Dedekind zeta values� with numerators and denominators
of the rational invariants bounded by a � �� and b � ��

Since the census provided ��	digit volumes� the probability of any of these simple
rational results being spurious is comfortably less than ������ Conversely� one needs only
�	digit precision for the volume to discover the rational Dedekind	zeta invariant in these
��� cases� and hence to obtain an accurate volume from 
��� Only for degrees n � � do
precision� core memory and CPUtime become issues� In the n � �� case of Table ��� with
jDj � ��� ���� ���� ���� ���� ���� these issues require close attention�

The �� �elds that were caught by this ��	second trawl comprise all those of Tables �
and � and all those above the lines drawn in Tables ���� Below the lines� and in Tables ��
��� we took assistance from Melbourne ����

��� Examination of �� �elds found by Snap

For the remaining ������ � �� results of Tables ����� we made reference to the impressive
body of �les� at the University of Melbourne� These were obtained by Coulson� Goodman�
Hodgson and Neumann ��� 
hereafter referred to as CGHN� using ��	digit precision� in
marked distinction to the � digits which su�ce for the �ndings above�

CGHN make no reference to Dedekind zeta values� they do� however� �nd single	
complex	place invariant trace �elds for about �� of the Hodgson�Weeks manifolds� The
next step was to examine the overlap between our single	complex	place �elds and theirs�
We found that the CGHN �le closed census algebras contains �� of our �� single	
complex	place �elds� The exception was the quintic �eld with D � ������� for which our
low	precision method had readily yielded the rational invariant a�b � � of the manifold
s���
��� ��� which was absent from the �le closed census algebras� obtained by CGHN
from ��	digit searches for �elds of degree� not exceeding ��� We then referred to the �le
closed�fields� where s���
��� �� indeed appears� with the expected invariant trace �eld�
x� � �x� � �x� � x� � �x� ��

Thus assured that all our �� �nds were genuine� we extracted all of the invariant trace
�elds from the CGHN �les closed census algebras and closed�fields� and asked Pari
to determine their signatures and discriminants� This revealed �� cases beyond the ranges
of our search� namely the �� below the lines in Tables ��� and the �� in Tables �����
Within our selected ranges� CGHN had found all and only our �� single	complex	place
�elds� indicating the reliability of both their methods and ours�

The next step was obvious� yet computationally demanding� to determine rational
Dedekind	zeta invariants for the manifolds associated by Snap to the remaining �� large	
discriminant single	complex	place �elds� The zetak command of Pari was entirely ade	

�http���www�ms�unimelb�edu�au�esnap
�We later ran Snap at ����digit precision� and found a group �eld of degree 	��
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quate to complete Tables ���� at ��	digit precision� yielding numerators and denominators
bounded by a � ��� and b � �� for which merely �	digit precision would have been amply
su�cient� The �� �elds of Tables ���� presented a much tougher computational challenge�

At degree n � �� Pari	GP ������ began to falter� with zetak yielding results drastically
below the requested precision 
as warned in the Pari manual� or running out of memory

when allocated ���MB of core�� Accordingly we devised a method based on the dirzetak
command� which returns the multiplicities� mK
n�� of the ideals of K with norm n� up
to some requested maximum� N � that may comfortably extend to N � ���� These
multiplicities are the numerators of the Dirichlet series

�K
�� �
X
n��

mK
n�

n�

��

We then computed the truncated sums SN ��
PN

n��mK
n��n�� and accelerated their
convergence by forming TN�M �� 
SNN � SMM��
N �M�� with M � �

�
N � This removes

a predictable O
��N� truncation error� leaving an O
��N���� �random	walk� error� With
N � ���� we were able to achieve ��	digit precision� by averaging out �uctuations in TN�M �
Even in the most demanding case of Table ��� where the rational invariant is a �	digit
integer� we were left with � vanishing decimal places for a�b � ������������ ������

Hence we completed the task for Hodgson�Weeks manifolds� Tables ���� give ���
single	complex	place invariant trace �elds of closed census manifolds� of which �� were
detected by us without reference to CGHN� The ��� distinct census volumes rationally
related to the Dedekind zeta values of these �elds are given in Tables ��a	f� These ���
distinct volumes correspond to ��� of the ������ entries of the Hodgson�Weeks census �le
ClosedManifolds available� from the Geometry Center at the University of Minnesota�

��� A special case	 manifold v�������� ��

We note a peculiarity of manifold v����
��� ��� with the same volume as v����
��� ���
The latter has unit Dedekind	zeta invariant and hence a volume

ZK�
��

�����


����
�K�


��

��
��
� ����������������������������� � � � 
��

where the cubic invariant trace �eld of v����
��� �� is

K	 �� x� � �x� � 
��

with discriminant ���� Snap� working at ���	digit precision� gave the invariant trace �eld
of v����
��� �� as a join of 
�� with Q


p����� generated by a root of the sextic

K� �� x� � �x� � ��x� � ��x� � ��x� � ��x � � 
��

with discriminant 
����� and � complex places� The Borel regulator ��� ��� of v����
��� ��

was given as
h
ZK�

���
�
ZK�

���
�
ZK�

i
� It thus appears that a single	complex	place invariant

trace �eld is su�cient� yet not necessary� to give a rational Dedekind	zeta invariant�

�The �

� �le ftp���ftp�geom�umn�edu�pub�software�snappea�tables�ClosedManifolds con�
tains ������ entries� unfortunately some of the Dehn �llings do not correspond to those packaged� inter�
nally� with SnapPea� We enlisted Snap� to check all the surgeries given in Tables 	
���
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��� How may one derive the rational invariant


Some of our results contain non	trivial factors� with �	digit and �	digit primes in ������ �
���� and �� � �� �� ��� � ���� ���� from Table ��� and �� �� �� ��� ��� � ��� ����
from Table ��� Their origins are obscure� The duodecadic example of Table �� entails
a�b � ��� ��� ��� ��� � �� ���� ���� We note� though cannot explain� the circumstance
that its largest prime factor also occurs in �
������� � ���

��
���
��
� Reverse engineering gave

�� decimal places of

�K��

�� � ���������������������������������������������������� � � � 
��

K�� �� x�� � �x�� � �x�� � ��x� � ��x
 � ��x� � ��x�

� ��x� � ��x� � ��x� � �x� � �x� � 
��

from high	precision triangulation of manifold v����
��� ��� We know of no easy way to
check 
�� beyond the �rst �� digits� con�rmed by accelerated convergence of a million
truncations of 
���

Arguments from K	theory ���� ��� appear powerless to derive values for the Dedekind	
zeta invariant� a�b� though they imply ��� �� �� its rationality� for every manifold whose
invariant trace �eld has a single complex place� It thus remains a challenge to derive the
simple value a�b � �� for the quadratic manifold m���
��� ��� with invariant trace �eld
Q

p��� and volume observed� at ����	digit precision� to coincide with

�

�
ZQ�

p��
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�

�
Cl�
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�
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��

��

� ���������������������������������������������������� � � � 
���

whose reduction to

Cl�
�� ��
X
n��

sin
n��

n�

���

is derived in Section �� Triangulation gives

vol
m���
��� ��� � �D
�
�e�i��

�
� D

�
��

�
e�i��

�

���

�� �� � arctan
p

� 
���

where the Bloch�Wigner dilogarithm

D
z� �� �Li�
z� � log jzj� log
�� z� � �X
n��

�
�

n�
� log jzj

n

�
zn 
���

gives the volume of an ideal tetrahedron whose essential dihedral angles are the arguments
of fz� ��
��z�� ����zg� The ����	digit agreement of 
��� with 
�� is compelling evidence
that� with �� �� � arctan

p
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�
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An elementary proof of this remarkable relation between Clausen values has escaped
both us� and also� it appears� the authors of ���� ��� ��� ���� To cast it in a less classical
form� we multiply 
��� by �� and transform to Bloch�Wigner functions� obtaining

�D

�
� � i

p
�

�

�
� �D

�
� � i

p
�

�

�
� �D

�
�

� � i tan �
�

�� tan� �
�

�

���

where the argument on the r�h�s� is a root of the totally complex sextic

K� �� x� � �x� � �x� � �x� � �x� � �x � � 
���

with discriminant 
����� The l�h�s� of 
��� is the volume of the cusped manifold s����
which is complementary to the �	component �	crossing link ���� Its triangulation immedi	
ately yields � ideal tetrahedra� with � distinct shapes in the quadratic �eld Q


p���� The
challenge is to prove that by combining these � one forms the same volume as from the �
congruent sextic shapes on the r�h�s� of 
���� This is a modern version of our puzzle 
���
in classical analysis� how may one relate Clausen values at multiples of �� �� � arctan

p
�

to Clausen values at multiples of ����� when there appears to be no non	trivial rela	
tion between trigonometric functions of the two sets of angles� A far greater challenge
would be to derive� rather than merely measure� the integer Dedekind	zeta invariant
�� � ��� ��� ��� of the closed manifold v����
��� ���

� Cusped manifolds and join �elds

Now we turn to the study of cusped manifolds� complementary to knots and links� Pack	
aged with SnapPea ����� there are the ����� orientable cusped manifolds of the Hildebrand�
Weeks census ���� triangulated by no more than � ideal tetrahedra� and ��� non	orientable
manifolds� triangulated by no more than �� Making ���� � ���� comparisons with the
Dedekind zeta values of Section ���� we found � new single	complex	place �elds� beyond
those from the Hodgson�Weeks census� Then the CGHN �le cusped�fields con�rmed
these �nds and yielded the remaining � �elds of Table ��� with larger discriminants� In
Table ��� we give the rational Dedekind	zeta invariant of a selected cusped manifold for
each of the �� new �elds�

Our tally of single	complex	place �elds is now ��������� � ���� Among the �� ���
cusped manifolds� we found ��� whose volumes are rationally related to one of the ���
Dedekind zeta values� with numerators and denominators in 
�� bounded by a � ����
and b � ��

We also sought integer relations of the form

a vol
M� � b�ZK�
� b�ZK�


���

corresponding to a cusped or closed manifold M whose invariant trace �eld is the join of
single	complex	place �elds K� and K�� or is a sub�eld of this join� Restricting K� and
K� to the ��� �elds of Tables ���� and Table ��� we found �� census manifolds� with ��

�



distinct volumes� rationally related� via 
���� to pairs of Dedekind zeta values� Details
of the �� cusped and �� closed manifolds are provided by Tables ������ Two of the ��
integer relations entail join �elds noted in ���� namely the �rst in Table �� and the second
in Table ��� We used Pari�s nfisincl command to con�rm that all � of the quartic
invariant trace �elds in Table �� are sub�elds of the octadic joins� In � of these � cases�
distinct values of b��b� occur� for the same invariant trace �eld�

We believe that we have exhausted the �	term relations between census volumes and
pairs of the ��� target Dedekind zeta values� David Bailey�s impressively e�cient� arbi	
trary precision ����� implementation of PSLQ ���� found the �� relations in �� minutes

and then took �� hours to exhaust the 
���� � ��� � ������ �
�
���
�

�
� ���� ���� ��� in	

discriminate possibilities� The PSLQ search rate was thus a healthy � kHz� No reduction
to � distinct Dedekind zeta values was detected� presumably because the census volumes
are kept deliberately small�

� Links whose volumes link Clausen values

Our order of presentation is the reverse of the order in which we obtained results� Our
primary motivation was to elucidate connections between Clausen values� revealed by
studies of Feynman diagrams ���� on which we comment in Section ��

This section concerns links whose rational Dedekind	zeta invariants link Clausen val	
ues� An example is provided by the attractive alternating� link of Fig� �� discovered
as a result of work on light	by	light scattering� reported in Section �� A second is pro	
vided by the non	alternating� daisy	chain link of Fig� �� These form part of our study of
Dedekind	zeta invariants of quadratic links�

Next in chronological sequence� came the higher	degree Dedekind	zeta invariants of
cusped manifolds� in Section �� Finally� we undertook the systematic study of closed
manifolds� culminating with the ��th	degree Dedekind	zeta invariant of Section �� Like
most stories� it bene�ts from signposting�

��� Signpost	 integer sequence A�����


Mathematically speaking� the results of Section �� while numerically striking� are of a
rational character ��� �� �� that was expected by specialists of K	theory 
which we are
not�� The challenge is not to understand why a rational Dedekind	zeta invariant exists�
but to learn how to derive 
as opposed to measure� it� The cusped results of Section �
were of the same character as for closed manifolds� hyperbolic knots and links have
rational Dedekind	zeta invariants if their complementary cusped manifolds have single	
complex	place invariant trace �elds� Here� in Section �� we address the question raised by
the sparsity of quadratic entries in Tables � and ��� where are the quadratic links with

�The viewer is asked to alternate all the crossings in Fig� � and Figs� �
��
�The viewer is asked to supply the uniquely non�alternating non�trivial crossings in Fig� 	�

�




negated� discriminants beyond the �rst � entries in the integer sequence A������ of Neil
Sloane�s on	line encyclopedia


�� �� �� �� ��� ��� ��� ��� ��� ��� ��� ��� ��� ��� ��� ��� ��� ��� ��� ��� ��� ��� ��� ��� ��� ��� �� � � �

���

Only the �rst � cases �gure in the Hildebrand�Weeks census� Here we identify � more
underlined cases� with �D � f��� ��� ��� ��g� where the platonic link of Fig� � furnishes
an example with D � ���� and the daisy	chain link of Fig� � furnishes an example with
D � ���� Then� in Section �� we shall explain how we were led to Figs� � and �� by
consideration of the physical process of light	by	light scattering� and why its Feynman
diagrams suggest that the remaining � underlined cases� with D � ��� and D � ����
will be of similar symmetrical appeal� and similar analytical mystery�

��� Dirichlet character

The simplest example of a number �eld with a single complex place is an imaginary	
quadratic �eld Q


p�d�� where d is a square	free positive integer� When d � � 
mod ���
the discriminant is D � �d� otherwise it is D � ��d�

It is proven in ���� that
�K
��

�
��
�
X
n��

�K
n�

n�

���

where �K is the real Dirichlet character of the group of units of the �eld Z�jDj and D is
the discriminant of the imaginary	quadratic �eld K� The Dirichlet character is related to
the Jacobi 
or Kronecker� symbol by

�K
n� �
�
D

n

�

���

which vanishes if gcd
D� n� � �� When D is odd� one may use the alternative form
�

n
jDj
�
�

Using 
��� in 
��� at n � �� one happily disposes of powers of �� We dispose of
p�D�

by using the imaginary	quadratic result ����

X
n��

�K
n�

n�
�

�p�D
X

�D�k��

�K
k�Cl�

�
��k

jDj

�

���

which yields a �nite sum over the elements of the group of units� Finally� we dispose of a
factor �� via the re�ection relations �K
k� � ��K
jDj � k� and Cl�
�� � �Cl�
�� � ���
to obtain the readily computable result

ZK � ZjDj �� D
X

�D��k��

�
D

k

�
Cl�

�
��k

D

�

���

with the magnitude of the discriminant identifying the imaginary	quadratic �eld�

�http���www�research�att�com�enjas�sequences
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Thanks to David Bailey ����� it is now a routine matter to evaluate 
��� to high
precision�� using ����

Cl�
��

�
� �� �

�
log
��� �

�X
n��

�
�n�

�n� � n

�
�

��

��n


���

which converges faster than ���n� for � � ��� ������ An angle in ������ �� may be trans	
formed to a pair in ��� ������ by rearrangement of the duplication formula

�
�
Cl�
��� � Cl�
��� Cl�
� � �� 
���

Rather than compute �
�n��
����n � �
�
jB�nj�
�n� recursively� from the Bernoulli num	

bers� we used a FFT program written by David Bailey to evaluate f�
�n� j � � n � �mg� in
one fell swoop� by a multi	dimensional generalization of Newton�s method� With m � ���
the initial outlay� to tabulate ���� coe�cients to ���� digits� was � minutes� then ����
good digits of any Clausen value in fCl�
�� j � � � � ����g are obtainable in less than �
seconds on a ���MHz machine� Low	precision results for ZjDj are given in Table ���

It follows from 
��� that every discovery of a rational Dedekind	zeta invariant for a
quadratic link gives a relation between a set of Clausen values at angles whose tangents
involve

p
d� and a set of Clausen values at angles which are multiples of ���jDj� We

have already seen this� rather strikingly� in the case �D � d � � of 
���� where the
hyperbolic �	crossing �	component link�� ��� mediates between Clausen values� and hence
the Bloch�Wigner dilogarithms of 
���� with very di�erent types of argument on the left
and right�

We now address the question� which links have volumes that link Clausen values�

��� Figure�� knot at D � ��

The �rst case� at D � ��� is elementary� The unique�� arithmetic knot is the �gure	� knot
of Fig� �� Its volume is the �rst entry of Table ��� It links Clausen values at � arctan

p
�

and ����� This relation clearly poses no analytical puzzle� since the angles are identical�

��� Whitehead link at D � ��

Just as the simplest hyperbolic knot� ��� gave the answer at D � ��� so the simplest
hyperbolic �	component link� namely the Whitehead link ��� of Fig� �� gives the answer at
D � ��� Its volume is the second entry of Table ��� It links Clausen values at � arctan

p
�

and ����� which are again identical�

�http���science�nas�nasa�gov�Groups�AAA�db�webpage�mpdist�mpdist�html
�	We use the notation of �	��� whose appendix give drawings of links up to 
 crossings�
��See Helaman Ferguson�s sculpture at http���www�mtholyoke�edu�acad�math�ma�sculpture�htm

�



��� Link ��� at D � �	

The Dedekind	zeta invariant of the link ���� illustrated in Fig� �� is measured to be ��
corresponding to

� f�Cl�
���� �Cl�
���� � Cl�
����g � Z� � �
�

Cl�

�
��

�

�
� Cl�

�
��

�

�
� Cl�

�
��

�

��

���

with �� �� � arctan
p

�� At ����	digit precision� PSLQ �nds this to be the sole integer re	
lation between the � Clausen values� The combination on the left is selected by hyperbolic
geometry� that on the right by the Dirichlet character� Thus the rational Dedekind	zeta
invariant of link ��� encodes a highly non	trivial analytical relation between Clausen val	
ues� A derivation of a�b � � would prove 
���� Conversely� a proof of 
��� would derive
a�b � �� Where may one �nd any such proof�

��� Link 
	�� at D � ��

As exemplar of the next non	trivial relation between Clausen values� we select the �	
crossing �	component link ���� �� 
	�

�	
��
� �� of Fig� �� Its Dedekind	zeta invariant is ob	

served to be unity� which implies that its volume is equal to each side of

�
�
f��Cl�
���� �Cl�
���� � Cl�
����g � Z
 � �

�
Cl�

�
��

�

�
� Cl�

�
��

�

��

���

with �� �� � arctan
p

�� As in the case of 
���� a proof is lacking�

��
 A ���crossing ��component link at D � ���

In ��� it was noted that neither the closed nor the cusped census entails the �eld Q

p�����

In ��� it was observed that the ��	crossing �	component link of Fig� �� with braid word

	�	

��
� 	�	

��
� ��� entails this �eld� Its Dedekind	zeta invariant is observed to be unity�

corresponding to the relation

��Cl�
����� ��Cl�
����� � Cl�
����� � Z�� � ��
�X

k��

�
k

��

�
Cl�

�
��k

��

�

���

where ��� �� � arctan
p

�� and
�
k
��

�
is the Jacobi 
or Legendre� symbol for the Dirichlet

character� Again� we lack a proof�

��� A ���crossing ��component link at D � ���

The next case likewise comes from ���� The ��	crossing �	component link of Fig� �� with
braid word 
	�

�	
��
� ��� has Dedekind	zeta invariant empirically equal to �� at ����	digit

precision� This corresponds to the relation

��Cl�
��������Cl�
��������Cl�
��������Cl�
������ � Z�� � ��
�X

k��

�
k

��

�
Cl�

�
��k

��

�

���

��



with ���� �� � arctan
q

���� Again� where is the proof�

��� A self�dual platonic link at D � ���

The reader might now expect us to consider the case D � ���� For reasons that will
be given in Section �� we skip to D � ���� where we were rewarded by the splendidly
symmetric alternating platonic link drawn in Fig� �� Its Dedekind	zeta invariant was
measured to be unity� This innocent	sounding statement translates to our �th unproven
relation

��Cl�
���� ��Cl�
���� � �Cl�
���� � �Cl�
���� � Z�� � ��
X

k�f�������g
Cl�

�
��k

��

�

���

with �� �� � arctan
p

�� Between these � Clausen values� PSLQ found no other relation�

We found that� far from complicating the result� the � Clausen values on the left sim	
plify the �� Bloch�Wigner values of the triangulation in Q


p���� There is� of course�
an in�nity of rewritings of 
���� obtained by adding� on the left� combinations of Bloch�
Wigner values that algebraically ���� sum to zero� by virtue of special cases of the classi	
cal ���� �	variable �	dilogarithm relation of Abel� which is easily proved by di�erentiation�
Here� as elsewhere� we expose the classical analysis that remains to be done�

���� A ���crossing daisy�chain link at D � ���

The attentive reader will now expect us to skip the case D � ��� and jump to the �th
underlining in 
���� at D � ���� This is precisely what we did� though the character of the
result was not what we �rst supposed� It seemed to us that the hallmark of past success�
in �nding links that link Clausen values� was to achieve the largest possible symmetry
group� What� we asked ourselves� could pack a better symmetry	to	crossing ratio than
the remaining � platonic alternating links�

Let us denote the tetrahedral link of Fig� � by T �� ����tet� The � non	self	dual
alternating platonic links have components that mimic the vertices and edges of the
cube C �� ����cub� octahedron O �� ���
oct� dodecahedron D �� �����dod� and icosahedron
I �� �����ico� where� for example� the last has ��� alternating crossings of its ��	components�
which mimic the �� vertices and �� edges of the perfect solid with �� faces� These links are
highly symmetrical� yet none of their � volumes yielded the sought	for rational relation
to a quadratic Dedekind zeta value� Later� we show that they are quartic links�

Instead� we found an answer to our �th question by a more child	like construction� a
non	alternating daisy chain� By a daisy chain we mean a link each of whose components
has � crossings with a neighbour on one side� and � crossings with a neighbour on the
other� with the whole forming a circle� as in Fig� �� By a non	alternating daisy chain� we
mean one in which the � crossings of each component occur in an order over	over	under	
under� while still linking with neighbours� A little doodling should convince the reader
that non	alternating daisy	chain links must have an even number of components�

��



A delightful feature of Je� Weeks� program SnapPea ���� is that it enables one to draw
such chains quickly� and then ask whether the resultant non	alternating link has quadratic
shapes in its triangulation� Using A�C� Manoharan�s port of SnapPea to Windows�����
we inferred� from instances with up to �� crossings� that the non	alternating daisy	chain
link with �n � � components� and hence �n � �� crossings� has hyperbolic volume

V�n � �nD

�
i tan


n� ���

�n

�

���

The �rst � hyperbolic non	alternating daisy chains yield results with �D � f�� �� �� ��g�

V� � �Z� 
���

V
 � �Z
 
���

V�� � �
�
Z�� � V� 
���

V�� � ��Z� 
���

Then nothing interesting happens until we reach �� components� with �� crossings� where

V�� � Z�� � V
 
���

hits the target� at D � ����

SnapPea illustrates this nicely� Drawing daisy chains with �� �� ��� ��� �� components�
and inspecting the triangulations� one detects the square roots of �� �� �� �� �� The last�
illustrated in Fig� �� delivers a result for Z�� � V�� � V
� namely

��Cl�
��������Cl�
��������Cl�
��������Cl�
������ � Z�� � ��
X

k�f��������g
Cl�

�
��k

��

�

���

with ���� �� � arctan
q

���� So� for the �th time� we have a relation that is as easy to
check numerically as it appears hard to derive�

���� Quartic platonic links

Our �rst guess� that the � non	self	dual platonic links might yield quadratic number �elds�
failed� Nonetheless� it is interesting to determine their number �elds� and hence obtain
accurate volumes� This is clearly a taxing job� To prepare for it� we �rst tackled a problem
of similar complexity� where an accurate answer could be inferred�

We found that by adding n concentric components at each of the � �vertices� of
Fig� �� one obtains a volume Z�� � �nZ�� for the link with �� � ��n crossings and �� � �n
components� when n � �� At n � �� SnapPea was given the ��	component link with
��� crossings� which was triangulated to give ��� ideal tetrahedra� each having a volume

��http���home�att�net�eManoharan�SnapPea�snappea�html

��



D
zk� with zk � Q

p��� or zk � Q


p����� We output the ��� shapes� and computed�
at ����	digit precision� the �� ��� � �� ��� Clausen values entailed by

D
z� � V 
arg
z��� arg
�� z�� 
���

V 
��� ��� �� �
�
fCl�
���� � Cl�
����� Cl�
��� � ����g 
���

obtaining ����	digit agreement with the expectation Z�� � ��Z�� � ���������� � � � for the
volume� This gave us con�dence that we could process the ��� ideal tetrahedra entailed
by the remaining � platonic links�

We obtained from SnapPea the low	precision volumes

vol
C� � vol
O� � ������	
�� 
���

vol
D� � vol
I� � ���������� 
���

from ��� � ��� � ��� � ��� � ��� ideal tetrahedra�

The duality between cube and octahedron� and between dodecahedron and icosahe	
dron� is gratifying� Such duality is not restricted to platonic links� More generally� suppose
that we have a link� L� with an alternating projection in which the components may be
separated into two classes� vertex 
V� components and edge 
E� components� with pairs
of crossings only between V and E components� and every E connecting a pair of V�s�
Thus the crossing number is � times the number of E components� Now shrink the V com	
ponents to true vertices 
some of which may be divalent� and the E components to true
edges that connect these points� to obtain a planar graph� P � Then construct the dual
graph� P �� whose vertices lie in the regions of the plane partitioned by the edges of P and
whose edges thus cross the edges of P � Now thicken P � to obtain the alternating link L�

dual to L� The crossing numbers of L and L� are equal� but the numbers of components
need not be� For example C �� ����cub has more components than C� �� O �� ���
oct� and
D �� �����dod has more than D� �� I �� �����ico� On the basis of these and further tests� we
conjecture that vol
L� � vol
L��� for every shrinkable link L�

To identify the number �elds of the fC�Og and fD� Ig pairs� we �rst examined the
cusp shapes� and found that

KC �� Q

�q
�
p

�� ��
�


���

gave a simple �t to the cusp shapes of fC�Og� at the ��	digit precision provided by
SnapPea� while

KD �� Q

�q
���

p
�� ��

�

���

similarly �tted the cusp shapes of fD� Ig�
We then output z	values of the triangulations� Fitting these was not easy� since the

data now consisted of numerical values� to �� decimal places� of �� ��� real or imaginary

parts� each of which was supposed to be �ttable by two powers of
q

��� �
p

�� in the

cubical and octahedral cases� or
q

�� � ��
p

�� in the dodecahedral and icosahedral cases�

��



In each of the �� ��� cases we required a signi�cant integer relation between � numbers�
the ��	digit SnapPea datum and the two powers� namely � and � for a real part� or � and
� for an imaginary part� Whether this can be done by a reliable and uniformly automated
method depends upon the largest integer� If it has more than � digits� the matter is moot�
since �tting ��	digit data with � integers with up to � digits is already a parlous business�
In fact our �rst attempt yielded garbage in a signi�cant fraction of the �� ��� cases�

Fortunately� � features of the mathematics enable us to crack this tough nut� First�
the �	fold symmetry of the Bloch�Wigner function

D
z� � D
��
�� z�� � D
�� ��z� � D
��z� � D
�� z� � D
z�
z � ��� 
���

gave us � bites at each cherry� Secondly� number theory suggested that we might do well
to make the Ansatz

z �
�

Iz

�X
p��

Ipu
p 
���

with � � ��� � � � ��� ��� integers relating � equivalent z values of ��� ideal volumes

to � powers of u � �
�

� � i

q
��� �

p
�� or u � �

�

� � i

q
�� � ��

p
��� Finally� we were

prepared for even the simplest of the � �ts to any shape to contain the prime factor
�� � ��� � � � �� of the cubical
octahedral discriminant� or ��� � ��� � � � ��� in the
dodecahedral
icosahedral case�

These � features allowed us to devise a diversity of algorithms that yielded� eventually�
total �ts which we consider to be corporately indubitable� Our con�dence came from a
fourth mathematical feature� which at �rst sight appeared to make life di�cult� namely
that there was virtually no overlap between problems that were supposed to be related
by duality� In fact we found only two distinct ideal volumes that contributed to both
the dodecahedron and icosahedron� and each of these was unambiguous� The absence
of further overlap doubled the computational load� yet made the resulting numerical
agreement of volumes� to ���� digits� a potent signal of success� It seems unlikely that
a misidenti�cation of one of the ideal volumes� for the dodecahedron� could produce the
same e�ect as a misidenti�cation of a quite di�erent ideal volume� for the icosahedron�

Thus we believe that we have found exact 
and also very lengthy� expressions of the

form
Pn

k��D
zk�� with n � ��� and zk � Q

q

�
p

�� ���� for the cubical
octahedral

volume of Table ��� and with n � ��� and zk � Q

q
���

p
�� ���� for the dodecahe	

dral
icosahedral volume of Table ��� Thanks to David Bailey�s evaluations of �
�n��
described in Section ���� we were able to obtain �� ��� good digits of �� ��� Clausen values
in less than � hours�

� Knots and links from Feynman diagrams

Finally� we arrive at the motivating idea for this work� values of Feynman diagrams�

��



��� Hyperbolic Feynman links

In ����� Andrei Davydychev and Bob Delbourgo made a �ne discovery� the dilogarithms
of the box diagram for particle scattering are those which give the volume of a tetrahedron
in hyperbolic �	space 
or its analytic continuation��

In the �	dimensional ���� studies of statistical physics� one	loop Feynman diagrams
yield logarithms� in the � space	time dimensions of relativistic quantum �eld theory

QFT�� they yield dilogarithms ����� A connection between the dilogs of QFT and those
of hyperbolic geometry was considered in ����� The achievement of ���� is to derive a
fairly simple relation between the value of any scalar box diagram� in � space	time di	
mensions� and the volume of an explicit tetrahedron in a �	space of constant curvature�
There is nothing ideal about this tetrahedron� in general it has � essential dihedral angles�
determined by the �� physical quantities in the problem� the � external masses� the �
internal masses� and the Mandelstam variables s and t� related to the energy at which
the process occurs and the angle of scatter� Already one sees a nice simpli�cation� with
� dimensionless ratios of physical quantities collapsing to � essential dihedral angles� So
far� however� the question of number theory does not arise� since in the generic physical
situation the kinematic quantities are real variables� and hence no algebraic number �eld
is implied for the arguments of the dilogarithms�

Now consider the process of light	by	light scattering� where the external 
photon�
masses vanish and there is a common internal 
electron� mass� normalized to unity�
There remain the Mandelstam variables� s and t� Following work that involved com	
parable Clausen values ���� ���� it was observed in ��� that light	by	light scattering yields
remarkable results at s � t � n � f�� �� �� �g� where the dilogs give rational multiples
of the volumes of links� These links all �gure in Section �� above� where their volumes
were rationally related to ZjDj� in 
���� The n � � case gives a rational multiple of Z��
corresponding to the Whitehead link� n � � relates to Z�� and the link 
	�

�	
��
� ��� n � �

to Z� and the �gure	� knot� n � � to Z� and ���� Moreover� a rational multiple of the
volume� Z
� of the link ���� �� 
	�

�	
��
� �� is obtained for Mandelstam variables s � �

�
t � ��

In the course of the present work we discovered that the hyperbolic volume� Z��� of the
self	dual alternating platonic link of Fig� � corresponds to the values�� s � �

�
t � � for the

Mandelstam variables� Perhaps not even Delbr!uck and Meitner�� could have imagined
that light	by	light scattering would spawn a tetrahedral hyperbolic link�

��� Dedekind�zeta invariants of Feynman orthoschemes

Let us try to disentangle this remarkable circumstance from its physical origin� What is
the common characteristic of the Davydychev�Delbourgo 
DD� hyperbolic tetrahedron at

��For a scattering above the electron�positron threshold� with s � � and t � �� unitarity makes the
amplitude complex� A relation to a real hyperbolic volume is obtained by analytic continuation to t � ��

��In �
��� Max Delbr�uck ��
��
��� and Lise Meitner �����
�
��� foresaw non�linear e�ects in quantum
electrodynamics� See http���www�nobel�se�laureates�medicine��������bio�html for Delbr�uck�s
subsequent work on molecular genetics and sensory physiology�

��



those values of the physical quantities which gave the volumes of links�

In terms of 
���� we de�ne the �	argument dilogarithm

S

�� 
�� 
�� �� V 
� � 
�� � � 
�� � V 
� � 
�� � � 
��

� V 
�
�
� � 
� � �� �

�
� � 
� � �� � V 
�

�
� � �� �

�
� � �� 
���

with an auxiliary angle � � ��� ���� satisfying ����

tan� � �
cos� 
�

cos� 
� cos� 
�
� tan� 
� tan� 
� 
���

Then the Schl!a�i
Lobachevsky ���� ��� ��� ��� function 
��� is � times the volume of a
bi	rectangular hyperbolic tetrahedron� with essential dihedral angles 
�� 
�� 
�� The edges
with angles 
� and 
� are opposite� while that with 
� is adjacent to each� The remaining
� dihedral angles are right angles� With � essential angles� a bi	rectangular tetrahedron
is an example of an orthoscheme ����� With a common internal mass� and a common
external mass� the DD tetrahedron comprises � identical orthoschemes� with 
��� giving
its volume�

The next step was to calculate the essential angles 
k that had given a rational relation
to the volume of a link� In all cases we found that 
k � f�� ���� ���� ���g� The �nal step
was clear� to compute all such instances of 
���� in the hope of �nding more Feynman
orthoschemes that are rationally related to Dedekind zeta values� Taking account of the
positivity of 
���� and the symmetry S

�� 
�� 
�� � S

�� 
�� 
��� there are �� possibili	
ties to consider� of which the physics in ��� had already shown � to be fruitful� We had a
lively expectation of further rational relations to ZjDj� We were thus totally delighted by
the following� totally rational� �nding�

Discovery� All real instances of 
��� with 
k � f�� ���� ���� ���g are ra	
tional multiples of ZjDj with jDj � f�� �� �� �� ��� ��� ��� ��� ��� ��g� Table ��
gives the �� empirical relations� All the relations are realized by Feynman di	
agrams� in the cases with 
� 	� �� one has merely to give the external particles
a suitable common mass�

It was trivial to decide which value of ZjDj to try in each of the �� cases� one has
only to examine the square root of 
��� to determine D� Had we been less result	oriented
we might have taken time out to recast�� each of the �� searches in terms of � complex
arguments of Bloch�Wigner dilogarithms for the � ideal parts of 
���� and then used
algebra ���� ��� to determine� in advance� whether a rational 
but unspeci�ed � number
would result from dividing the volume by ZjDj� We were content with the faster process
of division� which gives the concrete result� Throughout this work� the issue is not the
existence of rationals� but their values� The rational numbers of Table �� in the cases

��There is nothing complex� or ideal� in the physical problem that led to our discoveries� integration
over real Feynman parameters yields the volume of a tetrahedron� none of whose vertices are at in�nity�

��



with �D � � are at least as hard to derive as those in 
���������� For D � ���� we
found that

��Cl�
������� ��Cl�
������� � Cl�
������� � �
�
Z�� 
���

with ����� �� � arctan
q

����� For D � ���� we found that

��Cl�
������ ��Cl�
������� �Cl�
������ � �Cl�
������ � �Cl�
������ � �
�
Z
� 
���

with ���� �� � arctan
q

���� These are our �th and �th unprovens� courtesy of Feynman�

��� Two of Feynman�s links are missing

The rationale for the underlinings in 
��� should now be clear� it was these �� imaginary	
quadratic �elds that had been distinguished by the Feynman orthoschemes of Table ���
which initiated our studies� For � of these �� �elds� the census gave links� for � of the
remaining �� the work in ��� gave links� for � of the remaining �� the alternating platonic
link of Fig� � and the non	alternating daisy	chain link of Fig� � supplied answers� that left
us with the D � ��� and D � ��� links still missing�

It may be imagined that we spent much time looking for Feynman�s two missing links�
We �nd it signi�cant that� in all our exploration� SnapPea never detected a quadratic
�eld beyond those we have reported� with �D � f�� �� �� �� ��� ��� ��� ��g� One could� if
one was minded� synthesize cusped manifolds with gluing conditions that are satis�ed
in other quadratic �elds� and then assert the existence of links whose complements in
S� are isometric to these manifolds� Our aim was more concrete� and perhaps more
old	fashioned� Just as the basic ingredients of Table �� would have been immediately
intelligible to their originators�� Nikolai Ivanovich Lobachevsky and Thomas Clausen� so
would those of Figs� � and � have been to�� James Clerk Maxwell and Peter Guthrie Tait�

It was� therefore� very satisfying to progress to D � ���� at �� crossings� and not
to encounter any quadratic SnapPea triangulation beyond those we had learnt to expect
from Feynman� Davydychev and Delbourgo� By the same token� it was frustrating not to
discover two more Feynman links� with volumes rationally related to Z�� and Z
��

We hope that others will be motivated to search� Table �� indicates the challenge�
The self	dual platonic link of Fig� � entails �� crossings� �� components� and a volume
Z�� � vol
����tet� � ������� the daisy	chain link of Fig� � entails �� crossings and ��
components� to reach Z�� � V�� � V
 � ������� The reader is left to imagine what might
be entailed by Z�� � ������� and Z
� � ��������

In any case� one now knows that Feynman orthoschemes�
 at Mandelstam variables
s � �t � �� and s � �

�
t � � are rationally related to 
��� at D � ��� and D � ����

��The geometry of Lobachevsky ���
	
����� gives a model for the Universe that accords with data�
Clausen �����
��� was an astronomer� described by Gauss �����
����� as a man of outstanding talents�

��Maxwell �����
�
� and Tait �����
�
��� were schoolfriends in Edinburgh� Maxwell later formulated
electromagnetic �eld theory and encouraged Tait�s search for a connection between knots and physics�

��The Feynman diagram evaluates to the volume of orthoscheme ���� divided by a square root�

��



with coe�cients in 
������ that are as easy to measure� and as hard to prove� as those
which are rei�ed in Figs� � and �� It is hard to believe that the � missing links will be
less beautiful than the � which we have already related to Feynman orthoschemes�

��� Dedekind zeta values from ���crossing Feynman knots

We found that � of the �� knots with less than �� crossings have rational Dedekind	zeta
invariants� The � distinct values of 
�� are

Z� � �� vol
��� 
���

Z���� � �
�
� vol
��� � �

��
� vol
���� 
���

Z���� � �
�
� vol
��
� 
���

Z���� � �� vol
��� 
���

Z���� � �� vol
���� 
���

Z��
�� � �
�
� vol
��
� 
���

where the subscripts of ZjDj�n identify the 
negated� discriminant and degree of the number
�eld� and we omit the latter in the quadratic case� Two further knots� ��� and ��
� have
invariant trace �elds in Table ��� From these sub�elds of joins� one may extract

Z� � �� vol
����� �
�
� vol
��
� 
���

Z����� � �
�
� vol
��
�� �� vol
��� 
���

We now report on two very special knots at �� crossings� Work begun by Dirk
Kreimer ���� ��� ���� and extended in collaborations with Broadhurst� Delbourgo and
Gracey ���� ��� ��� ���� has established a rich connection between multiple zeta val	
ues ���� ��� ��� ��� and positive knots� forged by multi	loop Feynman diagrams in quan	
tum �eld theory� A positive knot is one with a minimal braid word that entails exclusively
positive powers of the generators of the braid group ����� There is an important feature
to note� no positive knot with less than �� crossings is hyperbolic� The � positive knots
with less than �� crossings are the 
�� ��� 
�� ��� 
�� ��� 
�� �� and 
�� �� torus�� knots�
with �� �� �� � and � crossings� corresponding to �
��� �
��� �
��� �
�� �� and �
��� where
�
r� s� ��

P
j�k�� j

�rk�s is a multiple zeta value 
MZV� of depth � and weight r� s� with
�
�� �� being the sole irreducible MZV below weight ���

The �rst � hyperbolic Feynman knots are ����� �� 	�	
�
�	

�
�	

�
� and ����� �� 	�

�	
�
�	

�
�	

�
��

with volumes

vol
������ � ��������������������������������������������������� � � � 
���

vol
������ � ��������������������������������������������������� � � � 
���

that are rather modest� compared with most of the other ��� hyperbolic ��	crossing knots�

��Non�hyperbolic knots are torus or satellite knots� with the latter beginning at �� crossings�

��



We do not know how many of the ��� hyperbolic ��	crossing knots enjoy single	
complex	place invariant trace �elds� though we may estimate the fraction from � previous
results� We found rational relations for ��������� � �� of the closed census manifolds�
for �������� � �� of the cusped census manifolds� and for ���� � �� of the hyperbolic
knots with less than �� crossings� It thus seems unlikely that more than ��� of ��	crossing
knots have rational Dedekind invariants� Had we selected a pair at random� the odds on
both having single	complex	place invariant trace �elds would be of order ��� � � against�
Yet the volumes 
������ were not chosen at random� they come from the unique pair of
positive hyperbolic ��	crossing knots�

It is� therefore� both notable and gratifying that the Feynman knots ����� and �����
both yield simple rational Dedekind	zeta invariants� namely � and ���� corresponding to
the Dedekind zeta values

�K���

�� � �� 
����vol
������

��� ������

���

�K���

�� �

�

�
� 
���
vol
������

��� �������

���

for the single	complex	place quartic and quintic �elds

K��� �� x� � �x� � 
���

K��� �� x� � �x� � �x� � �x � � 
���

where K��� is also the invariant trace �eld of the link ���� with the same volume as ������

There is an important distinction between the � hyperbolic Feynman knots at ��
crossings and the sole hyperbolic Feynman knot at �� crossings� associated with the
irreducible ���� ��� triple sum �
�� �� �� �

P
j�k�l�� j

��k��l��� At �� crossings it has not
yet been possible to identify the generalized polylogarithms of weight �� in the �	loop��

Feynman diagrams ���� that skein to gives these knots� We know that each involves more
than MZVs� since �
�� �� is accounted for by the 
�� �� torus knot� �����

Plans are afoot to compute� to high precision� the numbers associated by QFT to �����
and ������ Discussion with Andrei Davydychev and Dirk Kreimer suggests that it may be
possible to extract values from high	order �	expansions of multi	loop dressings of �	loop
skeletons in �� �� spacetime dimensions� with dressings deliberately chosen to frustrate
reduction to MZVs� If that project bears fruit� there will be scope for PSLQ searches�
beyond what is possible with current ��	digit data from �	loop diagrams�

It is believed that promising targets for such integer	relation searches might be pro	
vided by volumes of polytopes in hyperbolic spaces of odd dimensions substantially greater
than �� and perhaps as large as ��� which may present a computational challenge to ge	
ometers as great as that confronting quantum �eld theorists at � loops� However� it will
do no harm to include in PSLQ searches the easily computed weight	�� quintic Dedekind
zeta value 
���� from � dimensions� which would correspond to the less likely hypothesis
that the associated geometry is simpler than appears from the �	loop physics�

�	The loop number� L� is the number of ��dimensional integrations over internal momenta� the crossing
number does not exceed 	L� �� Numerical analysis of 	��dimensional integrals is rather taxing�

��



We noted that at � crossings the � knots with rational Dedekind	zeta invariants com	
prise the �� �� � pretzel knot ���� in 
���� and a pair of non	alternating knots� namely ��

and ���� in 
������� Accordingly� we sought for further single	complex	place �elds among
the ��	crossing pretzels� namely ���� �� �� �� � and ���� �� �� �� �� and the remaining non	
alternating hyperbolic ��	crossing knots� namely f��nj��� � n � ���� n 	� ���� n 	� ���g�
From these �� knots we obtained only � results�

Z���� � �


� vol
������ � �

�
� vol
���� 
���

Z������� � �� vol
������ 
���

providing a measure of how privileged is the Feynman ���� ��� pair� ����� and ������ There
was one join� already found in 
��� at � crossings� with

Z� � Z����� � �
�
� vol
������ � �

�
� vol
��
� 
���

We note that the �rst example of degenerate volumes� provided by

vol
������ � vol
���� 
���

does not yield a rational invariant� since the quintic invariant trace �elds are generated
by x� � x� � �x� � �x� �� with � complex places�

We also remark on the alternating knot ������ Like ���� it has a two	complex	place
invariant trace �eld� generated by a root of x� � x� � x� � x � �� Thus its volume is
provably related to Clausen values at multiples of ���� Interestingly� both knots have
volumes that are rationally related to instances of the orthoscheme 
���� with

S
�
�
�� �

��
�� �

�
�� � �

��
� vol
���� � Cl�
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�
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�
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�
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��
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��
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�
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�
�
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�
Cl�


�
�
�� 
���

The corresponding relations between Clausen values are straightforward to derive� and
hence quite unlike those with �D � � in Table ��� which involve the � dramatic switches
between number �elds recorded in 
����������������

��� Dedekind zeta values from ���crossing Feynman knots

At �� crossings� corresponding to � loops in QFT� Broadhurst and Kreimer ���� found
that � of the ����� hyperbolic knots are positive� We found that � of these have rational
Dedekind	zeta invariants� with

Z���� � �
�
� vol
	�	

�
�	�	

�
�� 
���

Z
�
�� � �� vol
	�	
�
�	�	

�
�� 
���

Z���
�� � �� vol
	�
�	

�
�	

�
�	

�
�� 
���

The �rst two are those identi�ed as Feynman knots in ���� ���� Again� we �nd it uncanny
that� with odds of at least ��� � � against� both Feynman knots proved to have single	
complex	place invariant trace �elds� It is clear that the Dedekind single	complex	place

��



criterion and the Feynman positivity criterion are strongly related� The origin of this
association is� however� quite unclear to us�

Most notable is the result 
��� for the ��	crossing positive knot with braid word
	�	

�
�	�	

�
� � which is associated ���� with the irreducible MZV �
�� �� in QFT� It has a

rather small� and very special� volume�

vol
	�	
�
�	�	

�
�� � vol
��� � �

��
� vol
���� � �

�
� vol
���� � �Z���� � �������� 
���

which is precisely � times the volume of the closed Weeks manifold� m���
��� ��� conjec	
tured to be the smallest of all hyperbolic manifolds� The knot 	�	

�
�	�	

�
� is the �rst in the

sequence of hyperbolic Feynman knots ���� F�n �� 	�	
�
�	�	

�n��
� � with �n � �� crossings�

associated with �
�n� �� �� in Feynman diagrams with n � � � � loops�

We found that the equality of the volumes of F�� and �� generalizes to

vol
	�	
�
�	�	

�n��
� � � vol
	�	

�
�	�	

����n
� � 
���

where the knot on the r�h�s� is formally obtained by n 
 � � n and has no more than
�n� � crossings� For �n � �� we also found that

vol
F��� � vol
F�n� � vol
����� � �
�
Z� � �������� 
���

where Z� is the pivot of 
���� which is the �rst of the non	trivial Clausen relations from
�	loop box diagrams� At large n� the behaviour was measured to be

vol
F�n� � �
�
Z� � C


�
�
n� ���

� O
��n�� 
���

with C � ������� found from ��	digit SnapPea results� with up to ��� crossings�

The asymptote suggested that the manifolds complementary to the series F�n of Feyn	
man knots might be isometric to a series of Dehn �llings of a manifold with volume �

�
Z��

The drill command of Snap suggested the manifold s���� which we found to be isomet	
ric to the complement of the link ����� Performing the surgeries 
��� �� � � � 
���� �� on its
second cusp� we obtained �� manifolds and asked SnapPea to compare them with the
manifolds complementary to the Feynman knots F�n� with crossing numbers from �� to
��� The result was isometry� in all �� cases� It was then possible to compute �� good
digits of

C � ��
�
��
�������
�����
�������
���
���
�	�
	��	�����	�


�������	�	 � � �

���

from �� high	precision Snap triangulations of s���
� �
��n� ��� with n � O
����� It would
be interesting to obtain analytical results for asymptotic changes ���� in volume� such as
that given by 
����

Now one sees the origin of the invariance 
��� of volumes� under the transformation
n
 ��n� This merely �ips a sign of the Dehn surgery on the torus ���� curve 
��n� ���
The �xed point� at n � �� is the non	hyperbolic longitudinal surgery 
�� ��� correspond	
ing to the 
�� �� torus knot� F
 �� 
	�	

�
��� � 
	�	��

� � ���� which is the �rst �	braid

��



Feynman knot� found at � loops ���� in QFT� where it signals the appearance of the
�rst irreducible ���� ��� MZV� �
�� ��� in the counterterms of 
�	theory� At � loops� with
n � �� the surgery 
��� �� is likewise non	hyperbolic� corresponding to the 
�� �� torus
knot F�� �� 	�	

�
�	�	

�
� � 
	�	��

� � ������ associated with �
�� ��� Only at �� crossings�
and hence � loops� does this series of Feynman knots start to be hyperbolic� One thus
expects to �nd a rather special volume at �� crossings� as is indeed seen in 
����

��� Dedekind zeta values from maximally symmetric knots

Jim Hoste� Morwen Thistlethwaite and Je� Weeks 
hereafter HTW� have recently com	
pleted an impressive symmetry analysis ���� of all ��������� prime knots with up to ��
crossings� From the University of Tennessee at Knoxville� we obtained �les�� that identify
highly symmetric alternating and non	alternating knots at crossing numbers from �� to
��� Before analyzing the most symmetric of these� we comment on the situation up to ��
crossings� in territory charted by Dale Rolfsen ���� and predecessors�

Table �� gives the hyperbolic alternating and non	alternating�� knots of maximal sym	
metry at crossing numbers from � to ��� together with the symmetry groups� invariant
trace �elds� signatures and discriminants of their complementary manifolds� Where the
�eld has a single complex place 
i�e� signature �n � �� �� at degree n� we give the ratio	
nal Dedekind	zeta invariant� a�b� Table �� shows our remaining �nds of Dedekind	zeta
invariants� for knots up to �� crossings� The latter are likely to be complete up to �
crossings� at �� crossings we analyzed all non	alternating knots� but only about ��� of
the alternating knots�

Some comments are in order�

�� Up to � crossings� maximal symmetry is a good � yet far from infallible � diagnostic
of a single	complex	place �eld�

�� The maximally symmetric knots designated by Rolfsen ���� as ��� ��� ���� ��� and
����� have invariant trace �elds with more than one complex place�

�� In 
��� it is shown that the volume of ��� reduces to a pair of Dedekind zeta values�

�� In 
��� it is shown that the volume of ����� reduces to that of a simple orthoscheme�

�� Only one Dedekind	zeta knot� namely ���� escapes the sieve of maximal symmetry
up to � crossings� Moreover� 
��� shows that it yields a Dedekind zeta value already
encountered at fewer crossings�

�� At �� crossings� we found � non	alternating Dedekind	zeta knots with less than
maximal symmetry� the Feynman ���� ��� pair� ����� and ������ with the modest
symmetries D� and Z�� and ������ which SnapPea declared to be devoid of symmetry�

��http���www�math�utk�edu�emorwen�knotscape�html
��Below � crossings� all hyperbolic knots are alternating�

��



In the light of the above� we were prepared for a dwindling yield from maximal symme	
try� above �� crossings� The harvest proved to be even more meagre than we anticipated�
Table �� shows that none of the �� maximally � and visibly ���� � symmetric alternat	
ing knots from �� to �� crossings has a single	complex	place invariant trace �eld� From
the �� maximally � and covertly ���� � symmetric non	alternating knots� we obtained
� single	complex	place �elds� yet only one of these entailed a new Dedekind zeta value�
namely

Z����� � �
�
� vol
n��������� 
���

while those in

Z���� � �
�
� vol
n������� 
���

Z��
�� � �
��
� vol
n���������� 
���

Z���� � �
��
� vol
n����������� 
���

had already been obtained in 
���������� The last of these duplicates merits further
comment�

There are more ���� than a million non	alternating hyperbolic ��	crossing knots� Amid
this plethora� HTW identi�ed the ���������th 
in their lexicographic ordering of Dowker
codes� as uniquely maximally symmetric� It enjoys the ��	fold dihedral symmetry group
D� of the nonagon� exquisitely disguised in any ��	crossing projection� If the reader has
access to SnapPea� s
he should certainly not miss the opportunity to click in a depiction
of the non	alternating knot in Fig� � of the highly readable article�� by HTW� Then
the power of Je� Weeks� topological engine ���� becomes apparent� when its symmetry
analyzer announces D�� Morwen Thistlethwaite�s website�� renders this more visible� by
resort to a �	braid presentation�

Intuition told us to expect a Dedekind zeta value from the HTW knot with symmetry
group D�� In this respect� we were not disappointed� the volume of the knot is ��Z�����
giving a Dedekind	zeta invariant a�b � ���� that is smaller than any we had previously
encountered� We allayed the disappointment� at having already encountered Z����� by
the following ex post facto considerations� The D� knot is so special that it merits
a simple invariant trace �eld� The quadratic �eld Q


p��� was taken by the �gure	�
knot� in 
���� The cubic �eld with D � ��� had already been engaged by Feynman�
at �� crossings� in 
���� The next cubic discriminant� D � ���� provides an eminently
suitable resting place for the Hoste�Thistlethwaite�Weeks D� knot� Colleagues engaged
on commensurability ��� analyses may now investigate the wondrously long chain
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� vol
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� vol
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��http���www�pitzer�edu�ejhoste also gives access to �����
��http���www�math�utk�edu�emorwen�d��html
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� � � vol
m���
��� ��� 
���

� �
�
� vol
m���
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���

� �
�
� vol
v����� 
���

of distinct rational Dedekind	zeta invariants from a common invariant trace �eld� The last
� invariants cover �� census manifolds� The volumes of the D� knot and ����� are ��D
z�
and ��D
z�� where z� � �� z� with �z � �� and D
z� � �

�
Z���� is the volume of any one

of the � ideal tetrahedra that triangulate m���� Here� as in the Feynman case 
���� the
Dedekind zeta value collapses to a rational multiple of a single Bloch�Wigner dilogarithm�

��
 Dedekind zeta value from an ���crossing Feynman knot

It was observed that the positivity criterion of ���� ��� ��� was more fertile than maximal
symmetry� at �� and �� crossings� We expect further sequences of positive knots whose
�rst hyperbolic instances yield Dedekind zeta values at high crossing numbers� From QFT
we inferred a source of such a sequence� namely the �	parameter family of even	crossing
positive �	braids ����

Rk�m�n �� 	�	
�k
� 	�	

�m
� 	�	

�n	�
� 
���

We knew from ���� that R����� is the ��	crossing torus knot 
�� ��� Dirk Kreimer helped
us show that R����� is the ��	crossing torus knot 
�� ��� But R����� cannot be a torus knot�
since � and � are not coprime� The ��	crossing hyperbolic volume is intriguingly small�

vol
R������ � ���	���		
����	����
�����
���
�������
	�	
�		�
��
�� � � � 
���

Table ��b immediately identi�ed the invariant trace �eld as a single	complex	place sextic�
with D � �������� Table � then gave x��x�� �x��x� � �x� � �x� � as the generating
polynomial� SnapPea con�rmed isometry of the complement of R����� with manifold m����
The corresponding rational Dedekind	zeta invariant� a�b � ��� in

Z�������� � ��� vol
R������ 
���

is larger than we had found for any graphically generated knot� and is ��� times that
for the D� knot� in 
���� For the �th time of asking� a positive Feynman knot gives a
Dedekind zeta value� The odds on this being accidental are at least ��� � � against�

Lest such a connection between knots� numbers and Feynman diagrams be thought
exceptional� we recall that at � crossings QFT demanded ���� a positive �	braid knot
and an irreducible depth	� MZV� which were duly forthcoming� in the shape of ��� and
�
�� ��� At �� crossings� the demands were similarly imperious� a positive �	braid knot
and an irreducible depth	� MZV� satis�ed by the uniqueness ���� of 	�	

�
�	

�
�	

�
�	

�
�	� and

the irreducibility ���� of �
�� �� ��� At �� crossings� QFT seemed� at �rst� to require
something perverse� an arbitrary choice between an irreducible depth	� MZV and an
irreducible depth	� alternating ���� Euler sum� Mathematics accommodated� via the
remarkable discovery ���� ��� ��� that one is reducible to the other� Compared with these
past �ndings� a new Dedekind zeta value� at �� crossings� is small fry to the maw of
natural philosophy�

��



It took �� years to discover that the renormalization of QFT is governed by a Hopf al	
gebra ����� richer than that of noncommutative geometry ����� and readily automated �����
This o�ers the prospect of elucidating the existence of analytically non	trivial �	term re	
lations ���� ��� in realistic 
i�e� �	dimensional� QFT� Hopefully� our latest addition of a
Dedekind	zeta connection� to the melting	pot of knot
number
�eld theory ����� may also
be illuminated by the joint e�orts of physicists and mathematicians who are responsive
to empirical data�

� Conclusions and prospects

Perhaps more than in any other piece of research which either author has undertaken�
this work has been vitally enabled by the internet� It provided us with the opportunity
to blend number theory� topology� geometry� analysis� physics and computer science� in a
global empirical mixing bowl� thanks to�

� ready access to signi�cant data at Bordeaux� Claremont CA� Florham Park NJ�
Knoxville TN� Melbourne� Minneapolis MN� as detailed in footnotes�

� the ability to run high	level packages� such as Maple� Pari and Reduce� on whatever
machine best served our purposes� irrespective of the contingencies of our personal
geographic co	ordinates�

� wonderful specialized resources� downloadable as per our footnotes� namely� David
Bailey�s superb PSLQ and FFT routines� Oliver Goodman�s port of high	precision
Snap to DigitalUnix� and Al Manoharan�s attractive adaptation to Windows�� of
Je� Weeks� amazing SnapPea program� all supported by generous email advice�

� access to powerful computers in England� Newfoundland�� and Vancouver� yielding
high	precision results such as those in 
�� and 
���� and the ����	digit hyperbolic
volumes of Tables �� and ��� achieved by dedicated multiple	precision ���� code�
after exploratory work enabled by the above�

The facility with which we were able to plug into all these valuable resources advertises
how rich the opportunities for empirical mathematics are becoming� The tools came
together to o�er more patterns than we had dared to hope for� Enterprises such as we
have limned promise to be more and more a part of mathematical and physical research
in the next few decades�

That said� many of the results which we have exhibited remain tantalizingly far from
proof� let alone understanding� Here we repeat � of many remaining puzzles�

� How might one begin to derive relations such as 
���� between dilogarithms with
arguments in radically di�erent number �elds�

��http���www�cecm�sfu�ca�ejborwein�PUP report March���report�html

��



� Why do �	loop Feynman diagrams� at very speci�c values of the Mandelstam vari	
ables� generate even more relations than we were able to reify by quadratic links�

� Why do Feynman diagrams� with �� � and �� loops� lead to � Dedekind	zeta knots�
at ��� �� and �� crossings� with odds of a chance association being at least ��� � �
against�

� Can the mere dilogarithms of �	dimensional hyperbolic geometric tell us anything
about the unidenti�ed ��th	order polylogarithms of �	loop quantum �eld theory�

When faced by such visible expansion of one�s lack of wisdom� it is probably best to
concentrate on that which is easiest to state� Hence we conclude with a rewriting of the
simplest unproven relation 
��� in terms of the Dirichlet series 
���� From light	by	light
scattering at s � t � �� and � just as mysteriously � from the hyperbolic volume of the
link ���� we infer that
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The real part of this empirical and indubitable equality is easily proven� in its imaginary
part� with the Jacobi symbol

�
n
�

�
� resides a �inty kernel which is � to us at least �

intractable� A proof of 
��� and the other quadratic identities would be most welcome�
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Table �� Dedekind zeta values hereby related to volumes of closed manifolds

degree � � � � � � � � �� �� �� � ��
number � �� �� �� �� �� � � � � � ���

Table �� Quadratic �elds

�eld �D a b manifold

x� � x � � � � � m���
��� ��
x� � � � � � m���
��� ��
x� � x � � � � � m���
��� ��

Table �� Cubic �elds

�eld �D a b manifold

x� � x� � � �� � � m���
��� ��
x� � x� � �� � � m���
��� ��
x� � x� � x � � �� � � m���
��� ��
x� � �x� � �� � � m���
��� ��
x� � �x� � �� � � s���
��� ��
x� � x� � x� � �� � � m���
��� ��
x� � x� � �x � � �� � � s���
��� ��
x� � x� � ��� � � s���
��� ��
x� � x� � �x� � ��� � � m���
��� ��
x� � x� � � ��� � � s���
��� ��
x� � x� � x � � ��� � � v����
��� ��

��



Table 
� Quartic �elds

�eld �D a b manifold

x� � x� � �x� � ��� � � m���
��� ��
x� � x� � ��� � � m���
��� ��
x� � x� � x� � x� � ��� � � m���
��� ��
x� � x� � � ��� � � m���
��� ��
x� � �x� � x� � �x � � ��� � � m���
��� ��
x� � x� � x� � �x� � ��� � � m���
��� ��
x� � x� � x� � x � � ��� � � m���
��� ��
x� � x� � x� � x� � ��� � � m���
��� ��
x� � x� � �x � � ��� � � m���
��� ��
x� � �x� � ��� � � m���
��� ��
x� � x� � �x� � � ��� � � s���
��� ��
x� � �x� � x� � x� � ��� � � m���
��� ��
x� � x� � �x � � ��� � � m���
��� ��
x� � �x� � �x� � � ��� � � m���
��� ��
x� � x� � x� � �x � � ���� � � s���
��� ��
x� � x� � �x� � ���� � � s���
��� ��
x� � x� � �x� � x � � ���� � � m���
��� ��
x� � x� � �x� � x� � ���� � � m���
��� ��
x� � x� � �x� � ���� � � v����
��� ��
x� � �x� � x� � ���� � � v����
��� ��
x� � x� � x� � ���� � � m���
��� ��
x� � x� � �x� � � ���� � � m���
��� ��
x� � x� � �x� � ���� � � v����
��� ��
x� � x� � x� � �x � � ���� � � s���
��� ��
x� � x� � �x� � �x � � ���� � � v����
��� ��
x� � �x� � x� � �x � � ���� � � v����
��� ��
x� � �x� � �x � � ���� � � s���
��� ��
x� � x� � �x� � �x � � ���� � � m���
��� ��
x� � x� � �x� � ���� �� � m���
��� ��
x� � x� � �x� � �x � � ���� � � v����
��� ��
x� � �x� � x� � �x� � ���� �� � v����
��� ��
x� � �x� � � ���� �� � s���
��� ��

��



Table �� Quintic �elds

�eld �D a b manifold

x� � x� � �x� � � ���� � � m���
��� ��
x� � x� � x� � �x� � x� � ���� � � m���
��� ��
x� � x� � x� � �x� � � ���� � � m���
��� ��
x� � �x� � x� � �x� � �x� � ���� � � m���
��� ��
x� � x� � x� � x � � ���� � � m���
��� ��
x� � �x� � x� � �x � � ���� � � m���
��� ��
x� � �x� � �x� � �x � � ���� � � m���
��� ��
x� � x� � x� � x� � �x � � ���� � � v����
��� ��
x� � �x� � x� � �x� � ���� � � m���
��� ��
x� � x� � �x� � �x� � ����� � � m���
��� ��
x� � x� � �x � � ����� � � s���
��� ��
x� � x� � �x� � �x� � x� � ����� � � m���
��� ��
x� � x� � x� � �x� � ����� � � s���
��� ��
x� � �x� � x � � ����� � � s���
��� ��
x� � x� � x� � x� � �x � � ����� � � v����
��� ��
x� � x� � �x� � x � � ����� � � v����
��� ��
x� � �x� � �x� � x� � �x � � ����� � � s���
��� ��
x� � x� � �x� � �x� � � ����� � � s���
��� ��
x� � x� � �x� � x� � �x � � ����� � � v����
��� ��
x� � x� � �x� � x� � �x � � ����� � � m���
��� ��
x� � �x� � �x� � x� � ����� � � s���
��� ��
x� � �x� � x� � x � � ����� � � v����
��� ��
x� � x� � x� � �x � � ����� � � m���
��� ��
x� � x� � �x� � �x� � ����� � � v����
��� ��
x� � �x� � �x� � x � � ����� � � s���
��� ��
x� � �x� � �x� � �x� � x � � ����� �� � m���
��� ��
x� � x� � �x� � �x � � ����� � � v����
��� ��
x� � �x� � �x� � x� � �x� � ����� � � v����
��� ��
x� � �x� � �x� � �x� � x � � ����� � � v����
��� ��
x� � �x� � x� � �x� � x � � ����� �� � s���
��� ��
x� � �x� � x� � �x� � �x� � ����� �� � m���
��� ��
x� � x� � �x� � �x � � ����� �� � m���
��� ��
x� � �x� � �x� � � ����� �� � v����
��� ��
x� � �x� � �x� � �x � � ����� �� � s���
��� ��
x� � �x� � �x� � �x� � x� � ������ �� � v����
��� ��
x� � �x� � �x� � x� � �x � � ������ �� � m���
��� ��
x� � x� � x� � �x� � �x� � ������ ��� � s���
��� ��
x� � �x� � �x� � �x� � ������ ��� � s���
��� ��

��



Table �� Sextic �elds

�eld �D a b manifold

x� � x� � �x� � �x� � x� � �x � � ����� � � m���
��� ��
x� � �x� � �x� � �x � � ����� � � m���
��� ��
x� � x� � x� � �x� � �x� � x � � ������ � � s���
��� ��
x� � �x� � x� � �x� � x� � �x� � ������ � � s���
��� ��
x� � x� � �x� � �x� � x� � �x � � ������ � � m���
��� ��
x� � x� � �x� � �x� � �x� � �x� � ������ � � m���
��� ��
x� � x� � �x� � �x� � �x� � �x� � ������ �� � m���
��� ��
x� � �x� � �x� � �x� � �x� � �x � � ������ �� � v����
��� ��
x� � �x� � x� � �x� � �x� � �x � � ������ �� � m���
��� ��
x� � �x� � �x� � �x� � �x� � �x� � ������ �� � v����
��� ��
x� � �x� � �x� � �x� � �x � � ������ �� � s���
��� ��
x� � x� � �x� � �x� � �x� � ������ �� � v����
��� ��
x� � x� � x� � �x� � x� � �x� � ������ �� � v����
��� ��
x� � �x� � �x� � �x� � �x � � ������ �� � s���
��� ��
x� � x� � �x� � x� � �x� � �x� � ������ �� � m���
��� ��
x� � �x� � �x� � �x� � �x� � �x � � ������ �� � m���
��� ��
x� � �x� � �x� � �x� � x� � �x � � ������� �� � m���
��� ��
x� � x� � �x� � �x� � �x � � ������� �� � v����
��� ��
x� � �x� � �x� � �x� � �x� � �x � � ������� �� � m���
��� ��
x� � �x� � x� � �x� � x� � �x� � ������� �� � v����
��� ��
x� � x� � �x� � �x� � x� � �x� � ������� ��� � m���
��� ��
x� � �x� � ��x� � x � � ������� ��� � m���
��� ��
x� � x� � �x� � �x� � �x� � ��x� � ������� ��� � v����
��� ��
x� � x� � �x� � �x� � �x � � ������� ��� � v����
��� ��
x� � x� � �x� � �x� � �x� � �x � � ������� ��� � v����
��� ��

��



Table �� Septic �elds

�eld �D a b manifold

x� � x� � x� � �x� � �x� � �x� � x � � ������� �� � m���
��� ��
x� � x� � �x� � �x� � �x� � x � � ������� �� � m���
��� ��
x� � �x� � �x� � �x� � �x� � �x� � ������� �� � m���
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������� � �� � v����
��� �� �����������������������������

��������� � �� � s���
��� �� �����������������������������
��� � � � v����
��� �� �����������������������������

���������� � ���� � v����
��� �� �����������������������������
� � � � v����
��� �� �����������������������������

���� � � � v����
��� �� �����������������������������
������������� �� ������ � s���
��� �� �����������������������������

����� � � � s���
��� �� �����������������������������
�� � � � v����
��� �� �����������������������������

�������� � ��� � v����
��� �� �����������������������������
������ � �� � s���
��� �� �����������������������������

��� � � � v����
��� �� �����������������������������
����������������� �� ������� � v����
��� �� �����������������������������

��� � � � v����
��� �� �����������������������������
���� � � � v����
��� �� �����������������������������
���� � � � v����
��� �� �����������������������������

�������� � ��� � v����
��� �� �����������������������������
�������� � ��� � v����
��� �� �����������������������������

����� � � � v����
��� �� �����������������������������
���� � � � s���
��� �� �����������������������������

����� � � � v����
��� �� �����������������������������
����� � �� � v����
��� �� �����������������������������

� � � � v����
��� �� �����������������������������
�������� � ��� � v����
��� �� �����������������������������

���� � � � s���
��� �� �����������������������������
������� � ��� � v����
��� �� �����������������������������

����� � � � v����
��� �� �����������������������������
���� � � � v����
��� �� �����������������������������

� � � � v����
��� �� �����������������������������
����� � � � v����
��� �� �����������������������������
����� � � � v����
��� �� �����������������������������

������� � ��� � v����
��� �� �����������������������������
�� � � � v����
��� �� �����������������������������

��� � � � v����
��� �� �����������������������������
���� � � � v����
��� �� �����������������������������

������ � �� � v����
��� �� �����������������������������
�������� � �� � v����
��� �� �����������������������������

����������� � ���� � v����
��� �� �����������������������������

��



Table ��f� Rational relations of Dedekind zeta values to volumes

�D n a b M vol
M�
������� � �� � v����
��� �� �����������������������������

�� � � � v����
��� �� �����������������������������
���� � � � v����
��� �� �����������������������������

����������� � ������ � v����
��� �� �����������������������������
��� � � � v����
��� �� �����������������������������

������� � �� � v����
��� �� �����������������������������
���� � �� � v����
��� �� �����������������������������

�������� � ��� � v����
��� �� �����������������������������
����� � � � v����
��� �� �����������������������������

������ � �� � v����
��� �� �����������������������������
������ � �� � v����
��� �� �����������������������������

���� � � � v����
��� �� �����������������������������
��� � � � v����
��� �� �����������������������������
��� � � � v����
��� �� �����������������������������

������ � �� � v����
��� �� �����������������������������
���� � � � v����
��� �� �����������������������������

������ � �� � v����
��� �� �����������������������������
����� � � � v����
��� �� �����������������������������
���� � � � v����
��� �� �����������������������������

� � � � v����
��� �� �����������������������������
������ � �� � v����
��� �� �����������������������������

���� � � � v����
��� �� �����������������������������
����� � � � v����
��� �� �����������������������������
����� � �� � v����
��� �� �����������������������������

Table �
� Further single	complex	place �elds� from cusped manifolds

�eld �D a b manifold

x� � � � � � v����
x� � x� � �x� � ��� � � v����
x� � �x� � �x � � ���� � � v����
x� � x� � x� � �x� � ���� � � v����
x� � �x� � � ���� �� � v����
x� � �x� � �x� � �x� � ���� � � m���
x� � x� � �x� � x� � �x� � �x� � ������ � � s���
x� � x� � �x� � �x� � ��x� � �x � � �������� ���� � v����
x� � �x� � �x� � �x� � ��x� � �x� � ��x � � ��������� ���� � v����
x
 � �x� � �x� � x� � �x� � �x� � �x � � �������� �� � m���
x
 � �x� � x� � �x� � �x� � �x� � �x� � � ��������� ��� � v����
x
 � x� � �x� � �x� � ��x� � ��x� � �x� � ���������� ���� � s���

��



Table ��� Joins of quadratics

quartic join n� �D� n� �D� a b� b� manifolds
x� � x� � � � � � � � � � m���
��� ��

m���
��� ��
� � � s���� v����

x� � x� � x� � �x � � � � � � � � � v����
��� ��
x� � �x� � � � � � � � � � v����
��� ��

v����
��� ��
m�����

Table ��� Joins of a quadratic and cubic

sextic join n� �D� n� �D� a b� b� manifolds
x� � x� � x� � �x� � x� � � � � � �� � � � v����
��� ��
x� � x� � �x� � �x� � x � � � � � �� � � � v����
��� ��

v����
��� ��
x� � �x� � �x� � �x� � �x � � � � � �� � � � v����
��� ��

s���
��� ��
s���
��� ��

x� � �x� � �x� � � � � � �� � � � s���
��� ��
s���
��� ��

� � � v����
x� � �x� � �x� � ��x� � �x � � � � � �� � � � v����
��� ��

Table ��� Joins of cubics

nonadic join n� �D� n� �D� a b� b� manifolds
x� � �x� � �x� � �x� � �x� � �� � �� � � � v����
��� ��

� ��x� � �x� � �
x� � �x� � �x� � ��x� � �x� � �� � �� � � � v����
��� ��

� ��x� � �x� � �x� � v����
��� ��

��



Table ��� Joins of a quadratic and quartic

quartic 
 octadic join n� �D� n� �D� a b� b� manifolds
x� � �x� � � � � � ��� � � � m���
��� ��

 x
 � �x� � �x� � �x� � �x� � � � v����
��� ��

� �x� � �x� � �x � � v����
��� ��
� � � v������

x� � x� � x � � � � � ��� � � � m���
��� ��

 x
 � �x� � x� � �x� � � m���
��� ��

m���
��� ��
� � � s���
��� ��

v����
��� ��
� � � v������

x� � x� � x� � x � � � � � ��� � � � m���
��� ��

 x
 � x� � �x� � �x� � x� m���
��� ��

� �x� � �x� � x � � m���
��� ��
� � � s���
��� ��

s���
��� ��
s���
��� ��
s���
��� ��

v����
��� ��
m���

� � � v������
x� � x� � �x � � � � � ���� � � � v������

 x
 � �x� � �x� � �x� � �
x� � x� � �x� � � � � � ���� �� �� � s���

 x
 � �x� � ��x� � ��x� � �
x� � �x� � x� � �x � � � � � ���� ��� �� � m���
��� ��

 x
 � ��x� � ��x� � ��x� � �� ��� �� � v����
��� ��

v����
��� ��
�� �� � v����
��� ��

v����
��� ��
v����
��� ��
v����
��� ��
v����
��� ��
v����
��� ��
v����
��� ��
v����
��� ��
v����
��� ��

s������
v������

��



Table ��� Numerical values of ZjDj �� ZK for imaginary	quadratic �elds

�D ZjDj
� ����������������������������������������������������
� ����������������������������������������������������
� �����������������������������������������������������
� �����������������������������������������������������

�� �����������������������������������������������������
�� �����������������������������������������������������
�� �����������������������������������������������������
�� �����������������������������������������������������
�� ������������������������������������������������������
�� ������������������������������������������������������

��



Table �	� Volume of the cubical and octahedral links
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Table ��� Volume of the dodecahedral and icosahedral links
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Table ��� Empirical reductions of Feynman orthoschemes to the values of Table ��


� 
� 
� S

�� 
�� 
�� 
� 
� 
� S

�� 
�� 
�� 
� 
� 
� S

�� 
�� 
��

� � � Z� � � �
�

�
�
Z� � � �

�
�
�
Z


� � �
�

�
�
Z� � �

�
� �

�
Z� � �

�
�
�

�
�
Z�

� �
�

�
�

�
��
Z�� � �

�
�
�

�
�
Z� � �

�
� �

�
Z


� �
�

�
�

�
��
Z�� � �

�
�
�

�
�
Z� � �

�
�
�

�
��
Z


� �
�

� �
�
Z� � �

�
�
�

�
�
Z� � �

�
�
�

�
��
Z


� �
�

�
�

�
�
Z�

�
�

� �
�

�
��
Z��

�
�

� �
�

�
���

Z
�

�
�

� �
�

�
��
Z��

�
�

�
�

�
�

�
�
Z��

�
�

�
�

�
�

�
��
Z��

�
�

�
�

�
�

�
�
Z�

�
�

�
�

�
�

�
��
Z�

�
�

�
�

�
�

�
��
Z�

�
�

�
�

�
�

�
�

Z��

�
�

�
�

�
�

�
�
Z�

�
�

�
�

�
�

�
��
Z�

�
�

�
�

�
�

�
��
Z�

�
�

� �
�

�
�
Z�

�
�

� �
�

�
��
Z��

�
�

�
�

�
�

�
�
Z


�
�

�
�

�
�

�


Z�

�
�

�
�

�
�

�
�
Z�

�
�

�
�

�
�

�
��
Z�

�
�

� �
�

�
�
Z�

�
�

�
�

�
�

�
�
Z�

Table ��� Maximally symmetric knots to �� crossings

Rolfsen HTW sym invariant trace �eld sig D a b
�� a��� D� x� � x � � ��� �� �� � �
�� a��� D� x� � x� � � ��� �� ��� � �
�� a��� D� x� � x� � x� � �x� � x � � ��� �� ������ � �
�� a��� D� x� � �x� � ��� �� ��� � �
�� a��� D� x� � x� � x � � ��� �� ��� � �
��
 a���� D
 x� � �x� � x� � �x � � ��� �� ���� � �
��� n��� D� x� � x� � x � � ��� �� ��� � �
��� a���� D� x� � �x� � ��� �� ��� � �
��� a���� D� x� � �x� � �x � � ��� �� ��� � �
��
 n��� D� x� � x� � x � � ��� �� ��� � �
����� a������ D�� x� � x� � x� � x � � ��� �� ��� � �
����� n����� D� x� � x� � ��� �� ��� � �

Table �
� Less symmetric non	alternating Dedekind	zeta knots

Rolfsen HTW sym invariant trace �eld sig D a b
��� n��� D� x� � x� � � ��� �� ��� � ��
����� n����� D� x� � �x� � ��� �� ���� � �
����� n����� Z� x� � �x� � �x� � �x � � ��� �� ����� � �
����� n����� triv� x� � �x� � �x� � �x� � x � � ��� �� ������ � �

��



Table ��� Maximally symmetric knots from �� to �� crossings

HTW knot sym invariant trace �eld sig
a������ D� x� � x� � �x� � �x� � �x� � �x� � ��� ��
n������ D� x� � x� � �x� � �x � � ��� ��
n������ D� x� � x� � x� � x � � ��� ��
a������ D� x� � �x� � �x� � x� � x� � ��� ��
a������ D� x� � �x� � x� � �x� � x� � x� � ��� ��
a������� D� x�� � �x� � �x
 � �x� � �x� � �x�

� �x� � �x� � �x� � �x � � ��� ��
a������� D� x
 � x� � x� � �x� � x� � x � � ��� ��
n������ D
 x� � x� � x� � �x � � ��� ��
n������ D
 x� � x� � x � � ��� ��
a������� D
 x
 � �x� � x� � �x� � x� � x� � �x � � ��� ��
a������� D
 x� � �x� � x� � �x� � �x� � ��� ��
n������� D� x� � x� � x� � x� � �x � � ��� ��
a�������� D�� x� � �x� � �x� � �x� � �x� � �x � � ��� ��
n�������� D� x� � x� � �x � � ��� ��
n�������� D� x� � �x� � x� � x� � x� � �x� � ��� ��
a�������� D�� x
 � �x� � x� � �x� � x� � �x� � �x� � �x � � ��� ��
a�������� D�� x� � �x� � �x� � x� � �x � � ��� ��
n�������� D�� x� � x� � �x� � x� � �x� � �x� � �x � � ��� ��
n��������� D�� x� � �x� � x� � �x � � ��� ��
a��������� D�� x
 � �x� � �x� � ��x� � ��x� � ��x� � �x� � ��� ��
n���������� D� x� � x� � ��� ��

��



Fig� �� Alternating platonic link from light	by	light scattering
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Fig� �� Non	alternating daisy	chain link
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Fig� �� Alternating �gure	� knot at D � ��
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Fig� 
� Alternating Whitehead link at D � ��
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Fig� �� Alternating link ��� at D � ��
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Fig� �� Alternating link ���� at D � ��
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Fig� �� Alternating link 
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Fig� �� Alternating link 
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��
� �� at D � ���
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