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ABSTRACT. A combinatorial Hopf algebra is a graded connected Hopf algebra over
a field k equipped with a character (multiplicative linear functional) ¢: H — k.
We show that the terminal object in the category of combinatorial Hopf algebras
is the algebra QSym of quasi-symmetric functions; this explains the ubiquity of
quasi-symmetric functions as generating functions in combinatorics. We illustrate
this with several examples. We prove that every character decomposes uniquely as
a product of an even character and an odd character. Correspondingly, every com-
binatorial Hopf algebra (H, ) possesses two canonical Hopf subalgebras on which
the character ¢ is even (respectively, odd). The odd subalgebra is defined by cer-
tain canonical relations which we call the generalized Dehn-Sommerville relations.
We show that, for H = QSym, the generalized Dehn-Sommerville relations are the
Bayer-Billera relations and the odd subalgebra is the peak Hopf algebra of Stem-
bridge. We prove that QSym is the product (in the categorical sense) of its even
and odd Hopf subalgebras. We also calculate the odd subalgebras of various related
combinatorial Hopf algebras: the Malvenuto-Reutenauer Hopf algebra of permuta-
tions, the Loday-Ronco Hopf algebra of planar binary trees, the Hopf algebras of
symmetric functions and of non-commutative symmetric functions.
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INTRODUCTION

A combinatorial Hopf algebra is a pair (H,() where H = @, -, H, is a graded
connected Hopf algebra over a field k such that dim(7,,) is finite for all n > 0, and
(: H — k is a character (multiplicative linear functional), called its zeta function.
A morphism « : (H',{") — (H, () of combinatorial Hopf algebras is a morphism of
graded Hopf algebras such that ¢’ = ( o @. The terminal object in the category
of combinatorial Hopf algebras is the algebra QSym of quasi-symmetric functions,
equipped with a canonical character (g: QSym — k (Theorem 4.1). This theory pro-
vides a natural framework for combinatorial invariants encoded via quasi-symmetric
generating functions.

The algebra QSym of quasi-symmetric functions was introduced by Gessel [16] as a
source of generating functions for poset partitions (Stanley’s P-partitions [31]). The
algebra Sym of symmetric functions is a subalgebra of QSym. The graded dual of
QSym is the Hopf algebra N'Sym of non-commutative symmetric functions [25, 15].

Joni and Rota [20] made the fundamental observation that many discrete structures
give rise to natural Hopf algebras whose comultiplications encode the disassembly of
those structures. This was further developed by Schmitt [28, 29]. A first link between
these Hopf algebras and quasi-symmetric functions was found by Ehrenborg [14],
who encoded the flag vector of a graded poset as a morphism from a Hopf algebra
of graded posets to QSym. A similar construction was given in [10], where it was
shown that a quasi-symmetric function associated to an edge-labeled poset also gives
a morphism of Hopf algebras. Such quasi-symmetric functions encode the structure of
the cohomology of a flag manifold as a module over the ring of symmetric functions [9,
11]. These results were later unified via the notion of Pieri operations on posets [7,
8]. In Examples 4.4-4.6 we show how all these constructions can be obtained from
Theorem 4.1 in a very natural manner.

A closely related result to Theorem 4.1 was obtained in [1]. There, the terminal
object in the category of infinitesimal Hopf algebras (equipped with a multiplicative
functional) was described. Here, we adapt and expand the constructions of [1], includ-
ing the notions of eulerian subalgebra (here called odd subalgebra) and generalized
Dehn-Sommerville relations.

We review the contents of the paper.

We start by discussing the group of characters of a graded connected Hopf algebra
in Section 1. Our first main result (Theorem 1.5) states that any character decom-
poses uniquely as a product of an even character and an odd character. Even and odd
characters are defined in terms of the involution h := (—1)/"h of a graded connected
Hopf algebra (Definition 1.2).

In Section 2 we introduce the notion of combinatorial Hopf algebras (H, (). Asso-
ciated to the character ( are certain canonical characters y and v; these are closely
related to the decomposition of ( as a product of an even and an odd character. We
describe some combinatorial Hopf algebras involving partially ordered sets in Exam-
ples 2.2-2.4, and we uncover the combinatorial meaning of the canonical characters
in each case.
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We recall the definitions of the Hopf algebras of quasi-symmetric functions and non-
commutative symmetric functions in Section 3. This short section sets the notation
to be used later in the paper, but it contains no new results and may be skipped by
the reader familiar with these notions.

In Section 4 we introduce the character (o: QSym — k and obtain the following
universal property, which is our second main result (Theorem 4.1):

For any combinatorial Hopf algebra (H, (), there is a unique morphism
of combinatorial Hopf algebras V: (H,() — (QSym, (o).

Thus, (QSym, (o) is the terminal object in the category of combinatorial Hopf alge-
bras. We also show that the Hopf algebra of symmetric functions, equipped with the
restriction (g of (g, is the terminal object in the category of cocommutative combina-
torial Hopf algebras (Theorem 4.3). We illustrate these results with several examples
of a combinatorial nature, including the flag vector of posets and the chromatic sym-
metric function of graphs (Examples 4.4-4.6 and 4.7-4.9). We also show that the
morphism QSym — QSym corresponding to the character v is the map introduced
by Stembridge in [35]. Other examples will be presented in [2].

There are two Hopf subalgebras of H canonically associated to (. They are the
largest subcoalgebras on which ( is even or odd. The definitions and basic properties
of these objects are presented in Section 5. The odd subalgebra is defined by certain
linear relations which we call the generalized Dehn-Sommerville relations for (H, ().
For a homogeneous element h € H these relations are

(id® (- ¢ ®id) o A®(h) = 0,
or equivalently
(id® (x —€) ®id) o A®(h) = 0.
We show that the generalized Dehn-Sommerville relations for (QSym,(g) are pre-
cisely the relations of Bayer and Billera [6] (Example 5.10).

The construction of even and odd subalgebras is natural: a morphism « : (H', (") —
(H, ¢) of combinatorial Hopf algebras sends the even (odd) subalgebra of (H’, ') to
the even (odd) subalgebra of (H,() (Propositions 5.6 and 5.8). Following [1], we
show how this simple fact implies the important result of Bayer and Billera that the
flag vector of an eulerian poset satisfies the generalized Dehn-Sommerville relations
(of (QSym,(g)). First, it is well-known that one may construct a certain combina-
torial Hopf algebra (R, () from graded posets so that ¢ and (~! are the usual zeta
and Md&bius functions of posets [20, 29]. We add the observation that all eulerian
posets belong to the odd subalgebra of (R, (). By naturality, the flag vector of an
eulerian poset must belong to the odd subalgebra of (QSym, (o), and thus satisfy
the generalized Dehn-Sommerville relations.

In Section 6 we describe the even and odd subalgebras of (QSym, (o) in explicit
terms. These algebras have basis elements indexed by even and odd compositions,
respectively. In particular, we find that the odd subalgebra is precisely the peak
Hopf algebra of Stembridge [35]. We show that these subalgebras are the terminal
objects in the categories of even and odd combinatorial Hopf algebras (Corollary 6.2).
We show that the morphisms QSym — QSym corresponding to the even and odd
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parts of (o are projections onto these subalgebras (Proposition 6.8) and derive our
third main result: that QSym is the categorical product of its even and odd Hopf
subalgebras (Theorem 6.10). These results confirm the importance of Stembridge’s
Hopf algebra and at the same time unveil the mystery behind its construction.

In Section 7 we describe the even and odd subalgebras of (Sym, (s). These algebras
have basis elements indexed by even and odd partitions. We find that the odd
subalgebra is precisely the Hopf algebra of Schur Q-functions [23, 111.8.1].

In Section 8 we describe the odd subalgebras of closely related Hopf algebras: the
Hopf algebra of non-commutative symmetric functions, the Hopf algebra of permu-
tations of Malvenuto and Reutenauer, and the Hopf algebra of planar binary trees of
Loday and Ronco.

Assumption. Most of our results are valid over any commutative ring k in which
2 is invertible, but for simplicity we work over a base field k of characteristic different
from 2. The results in Section 4, however, are valid over any commutative ring. The
assumption on the characteristic is recalled in the statement of some theorems, when
emphasizing it seems necessary.

1. THE GROUP OF CHARACTERS OF A GRADED CONNECTED HOPF ALGEBRA

Definition 1.1. Let H be a Hopf algebra over a field k. A character of H is a
morphism of algebras ¢ : H — k. Thus ((ab) = ((a)((b) and (1) = 1. We also refer
to characters as multiplicative linear functionals.

Recall that the convolution product of two linear functionals ¢, : H — k is

(1.1) HA HeoH P2 kok ™k,

where Ay is the coproduct of H and my is the product of the base field. We denote
the convolution product simply by . This turns the full linear dual of H into an
algebra. Let my be the product of H. Sweedler’s dual ‘H° is the largest subspace of
the full linear dual such that mj,(H°) € H° ® H°. Equipped with the convolution
product and the comultiplication mj,, H® is a Hopf algebra. A character ¢ of H is
precisely a group-like element of H°: mj,(¢) = ¢ ® ¢.

The set X(H) of characters of an arbitrary Hopf algebra H is a group under the
convolution product. The unit element is the counit €5, and the inverse of a character
© is ¢ o Sy, where Sy is the antipode of H. In fact, using the antipode axiom and
the fact that ¢ is a morphism of algebras one finds

p(poS) =mro (9@ (poSy)) oAy = mro(p®p)o (id® Sy)o Ay
=pomyo(idRSy)oAy = Qouyoey = U o€y = €,

where uy and uy are the unit maps of H and k. Similarly, (¢ o Sy)p = ex.

If H is cocommutative then X(H) is abelian.

A morphism of Hopf algebras o : H" — H induces a morphism o* : X(H) — X(H')
defined on a character ¢ of H by a*(¢) = ¢ o a. Since « is a morphism of algebras,
a*(¢p) is a character of H', and since « is a morphism of coalgebras, a* is a morphism
of groups.
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Any graded Hopf algebra H carries a canonical automorphism
his h:=(=1)"h

for homogeneous elements h € H,. This is an involution: h = h. Therefore, it
induces an involution ¢ — ¢ on the character group of H, with

o(h) = (=1)"p(h) for heH,.
Definition 1.2. A character ¢ of a graded Hopf algebra H is said to be even if
p=¢
and it is said to be odd if
g=¢".

The even characters form a subgroup of X(H) that we denote by X, (H). The set
X_(H) of odd characters is a subgroup of X(H) if H is cocommutative, but not in
general.

Any morphism of graded Hopf algebras o : H' — H preserves the canonical invo-

lution; hence, the morphism of groups a* : X(H) — X(H') preserves even and odd
characters.

Example 1.3. Let ¢ be an arbitrary character of a graded Hopf algebra H. There
is a canonical way to construct an odd character from (. Indeed, let
v=_"1C.
As all these operations are defined on X(H), v is a character. In addition,
p= = (=0,
so v is odd. This simple construction is of central importance for this work.
Define also

X = (C.
As before, x is a character, and
X=¢(=(C.
If H is cocommutative then ({ = (¢, so y is even.

In Remark 1.6 we interpret these constructions in terms of the group structure of
X(H).

From now on we assume that H is a graded connected Hopf algebra. Thus, H =
Bn>oHn, Ho = k- 1, and all structure maps preserve the grading. We also assume
that each H,, is finite dimensional. We reserve the notation H* for the graded dual
of H. Thus, H* = @,>0(H,)*. It is a Hopf subalgebra of Sweedler’s dual H°. Given
a linear functional ¢ : H — k we set
Since the comultiplication of H preserves the grading, we have

(1.2) wwn:§j%wm.
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Any character ( satisfies (, = €. Note also that, if char(k) # 2, ( is even if and only
if (5,41 = 0 for all n > 0. An odd character, on the other hand, may have no zero
components.

We set out to show that any character decomposes uniquely as a product of an
even character and an odd character.

Proposition 1.4. Let ‘H be a graded connected Hopf algebra over a field k of char-
acteristic different from 2. Let ¢,v : H — k be two linear functionals such that

o =y = €.

(a) There is a unique linear functional p : H — k such that
(1.3) p=pYp and py=e.

(b) If ¢ and v are characters then so is p.

(c) If p = L then p is even and if ¢ = 1 then p is odd.

Proof. According to (1.2) to construct p we must solve the following equations in H*,
for each n > 1:

Pn = Qpn + 1/’71 + Z piqu)jpk .

i+j+k=n
0<4,5,k<n

Since 2 is invertible, these equations have a unique solution p,,, constructed recursively
from py = €. This proves (a).
From (1.3) we deduce
pRp = (ppWeY)(pp),

an equation between linear functionals on H ® H. Suppose now that ¢ and 1 are
characters. As explained above, mj},(¢) = ¢ ® ¢ and mj,(¢) = ¥ ® 1. Therefore,
applying the morphism of algebras mj, to (1.3) we obtain
POy = mip)(¥® Vmip).
From the uniqueness of such decompositions established in part (a) (applied to the
Hopf algebra H ® H) we deduce
my(p) = p®p.

Thus, p is a character, proving (b).

Finally, suppose that ¢ = ¢!, We have

p=pp=y =g=pp=v=(p)" () (p) =(p)w(p) = s =p.
By uniqueness, p = p, i.e., p is even. The remaining half of (c) can be derived
similarly. 0

The following is the main result of this section.

Theorem 1.5. Let 'H be a graded connected Hopf algebra over a field k of character-
istic different from 2. FEvery character ( : H — k decomposes uniquely as a product
of characters

¢ =CiC-
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with ( even and (_ odd. In particular, the only character that is both even and odd
is the trivial one (the counit).

Proof. Proposition 1.4 allows us to define an even character (, such that

(1.4) =0y
Let ¢_ := ({;)~'¢. By construction, ¢ = (,(_, and

C =)= (C) MG ) =i =),
so (_ is odd. This shows existence.
Consider another decomposition ¢ = @i with ¢ even and ¥ odd. Then,

(=@ =y,
while
. o= oo =P
Thus, ¢ = o tp. By uniqueness of such decompositions (Proposition 1.4) we must
have ¢ = (4, and then also ¢ = p=1( = (_. O

Remark 1.6. The canonical characters v and y of Example 1.3 are related to the
decomposition of Theorem 1.5 as follows:

v = (¢_)? and, if H is cocommutative, x = ((,)?.

Indeed, taking inverses on both sides of (1.4) we obtain (7' = (¢)7'¢(¢.)™! and
then

()P =)= ¢=v,
by definition of v. If H is cocommutative then (1.4) becomes ¢ = (¢, )?¢ ™", which by
definition of x says that y = ({4 ).

Theorem 1.5 is complemented by the following result.

Proposition 1.7. Let H and k be as above. Then X_(H) is a set of representatives
for both the left and the right cosets of the subgroup X, (H) of X(H). Moreover,

(a) X_(H) is closed under conjugation by elements of X, (H).

(b) If ¢, € X_(H) and g = Yip, then pip € X_(H).
(¢) X_(H) is closed under integer powers, in particular under inversion.

Proof. Let us first derive (a)—(c). If { = gy~ with ¢ even and ¢ odd, then

C=@v(@) " =pp ot =(1,
so ¢ is odd. This is (a).
Suppose @, 1) are odd and ¢ = . Then
(=g =p 'y
If 1) = 1 then ¢ = (71, proving (b). Part (c) follows from (b).

Theorem 1.5 says that X_(H) is a set of representatives for the left cosets of the
subgroup X, (H). Either (a) or (c¢) imply that the same holds true for the right cosets.
For instance, ( = (C+C_ (C+)*1)C+ displays ( as a product of an odd character on the
left with an even one on the right. 0
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Corollary 1.8. Let H and k be as above. Suppose in addition that 'H is cocommu-
tative. Then the group of characters splits as a direct product of abelian groups

X(H) 2 X, (H) x X_(H).

2. COMBINATORIAL HOPF ALGEBRAS

Definition 2.1. A combinatorial Hopf algebra is a pair (H, () where H is a graded
connected Hopf algebra over a field k, each homogeneous component H,, is finite-
dimensional, and ¢ : H — k is a character.
A morphism of combinatorial Hopf algebras a : (H',{") — (H,() is a morphism
a: H' — H of graded Hopf algebras such that the following diagram commutes:
Hl

@
H
k
Combinatorial Hopf algebras over a field k, together with their morphisms, form
the category of combinatorial Hopf algebras over k. Combinatorial algebras and
coalgebras and their morphisms are defined similarly (in these cases, ( is only required
to be a linear functional).

We refer to ( as the zeta character of the combinatorial Hopf algebra. We introduce
the following terminology for the canonical characters associated to ¢ (Example 1.3):

¢! = (o Sy is the Mébius character,
x = (C is the Euler character,
v = (1 is the odd character.
Example 2.2. (Rota’s Hopf algebra). Let R be the k-vector space with basis the
set of all isomorphism classes of finite graded posets. We say that a finite poset P
is graded if it possesses a maximum element 1p and a minimum element Op, and all
maximal chains in P have the same length. The rank of P, denoted rk(P), is the

length of a maximal chain from Op to 1p. R is a graded connected Hopf algebra
where the degree of P is its rank, the multiplication is cartesian product of posets

P-Q:=PxQ,

the unit element is the poset with one element, the comultiplication is

A(P):= > [0p,2]® ][z 1p],

0p<z<lp
and the counit is
1 if =1
E(P) — 1 OP P
0 if not.

Here, and in everything that follows, if x and y are two elements of a poset P then
[z,y] denotes the subposet {z € P | = <z <y}.
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This Hopf algebra originated in the work of Joni and Rota [20]. Variations of this
construction have appeared repeatedly in the literature [3, 14, 29]. Here, we add the
perspective of combinatorial Hopf algebras.

Let ¢ : R — k be ((P) = 1 for every poset P. This is the zeta function of posets in
the sense of Rota. Clearly, ¢ is a morphism of algebras, so (R, () is a combinatorial
Hopf algebra. It follows that the Mobius character (71 is the classical Mdbius function
1 of posets, in the sense that

¢H(P) = u([0p, 1p])

is the value of the M&bius function of the poset P on the interval [0p, 1p]. In fact,
from (!¢ = € we deduce the defining recursion for the Mébius function:

¢ Y([x,z]) = 1 for every x € P and Z ¢ '([x,2]) = 0 for every x < y in P.
x<z<y
This approach to Mébius functions of posets is due to Schmitt [29].
Consider the Euler character y. We have

X(P) =) (~1yM0ra =3 (1) fi(P),
z€P i=0
where n = rk(P) and f;(P) is the number of elements of P of rank i (the ordinary
f-vector). Suppose that K is a finite cell complex of dimension n — 2 and let P be
the poset of non-empty faces of K, with a bottom and top elements adjoined. Then,
for 1 <i<n—1, f;(P) is the number of faces of K of dimension i — 1, and
n—1
X(P) =1+ (=1)" = (~1)7"fi(P)
i=1
is the Euler characteristic of a sphere of dimension n — 2 (or n) minus the Euler
characteristic of K.
Consider the class of graded posets P for which

(x—e)(P)=(C—¢)(P).
This includes the graded poset of rank 0 (trivially) and all posets P constructed from
reqular finite cell complexes as above. This follows from the above description of ¥,
together with the fact that the Mobius function of P is in this case the reduced Euler
characteristic of K [33, Proposition 3.8.8].

Example 2.3. Let P be the k-vector space with basis the set of all isomorphism
classes of finite posets, not necessarily graded. P is a graded connected Hopf algebra
where the degree of a poset P is the number of elements of P, denoted #P, the
product is disjoint union of posets

P-Q:=PUQ,
the unit element is the poset with no elements, and the coproduct is

A(P):=> T®(P\I).

I<P
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Here, I < P indicates that I is a lower ideal of P, ie.,if x € P,y € [ and x <y
then x € I. The subsets I and P\ I of P are viewed as posets with the partial order
of P.

We turn P into a combinatorial Hopf algebra by defining ¢ : P — k by ((P) =1
for every poset P. A poset is discrete if no two elements of P are comparable. It
follows that

(2.1) ¢HP) = {

(=1)#F if P is discrete,
0 otherwise.

In order to see this, note that a subset of P is both discrete and a lower ideal if and
only if it is a subset of Min(P), the set of minimal elements of P. Let p(P) be the
functional defined by the right hand side of (2.1). Then

1 if Min(P) = 0,

=X =3 0= 3 <—1>#f:{0 M)

I<p d]SP ICMin(P) otherwise.
I discrete

Now, any non-empty poset has a minimal element, so u¢ = € and u = (1.
From (2.1) we deduce

1 if P is discrete,
0 otherwise.

v(P)=> (') = > 1=

I<P I<P
I discrete

Example 2.4. There is a canonical morphism of combinatorial Hopf algebras

J:(P.¢) = (R,Q),

where J(P) is the set of lower ideals of P, viewed as a poset under inclusion. J(P)
is a graded poset, with bottom element (), top element P, and rank function rk(I) =
#1. The zeta characters are preserved trivially. Hence so are the other canonical
characters.

It is known that J(P) is in fact a distributive lattice, and that any distributive
lattice is of this form for a unique poset P [33, Theorem 3.4.1]. Note also that if P is
discrete and #P = n then J(P) = B,, the Boolean poset on n elements (all subsets
of P). Since the Mdbius characters are preserved by J, we deduce from (2.1) that
the Mobius function of a distributive lattice L is

WD) = {(—1)" if J = B,

0 otherwise.

In Section 4, the canonical characters of the combinatorial Hopf algebra of quasi-
symmetric functions are calculated.
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3. THE HOPF ALGEBRAS QSym AND NSym

This section recalls the Hopf algebraic structure of quasi-symmetric functions and
of non-commutative symmetric functions. For more details, see [15, 17, 24, 25, 34].
The reader familiar with these notions may skip ahead to Section 4.

A composition « of a positive integer n, written a F n, is an ordered list a =
(a1, as, . ..,ax) of positive integers such that a;+as+- - -+ar = n. Welet k(a) := k be
the number of parts and || := n. Compositions of n are in one-to-one correspondence
with subsets of {1,2,...,n — 1} via

a— I(a) ={a, a1 +ag,...,a1+ -+ ar1}.

For compositions «, f E n, we say that a refines § if I(8) C I(«), and write § < «.

The monomial quasi-symmetric function M, indexed by o = (ay,...,ax) is
(3.1) M, = Z wgh gk
11 <tg < - <ig

This is an element of the commutative algebra of formal power series in the variables
{xi}i>1. We agree that M = 1, where () denotes the unique composition of 0
(with no parts). As « runs over all compositions of n, n > 0, the elements M,
span a subalgebra QSym of the algebra of formal power series. It is the algebra
of quasi-symmetric functions. It is in fact a graded subalgebra, the homogeneous
component QSym,, of degree n being spanned by {Mg}ae,. Thus, dim QSym, = 1
and dim QSym,, = 2"~ for n > 1.
There is a Hopf algebra structure on QSym with comultiplication

(3.2) A(M,) = Y Ms® M,
a=py

where 37 is the concatenation of compositions § and . The counit is projection onto
the (one-dimensional) component of degree 0; equivalently, the morphism of algebras
that sends all variables z; to 0. Thus, QSym is a graded connected bialgebra, and
hence a graded Hopf algebra, by [26]. An explicit formula for the antipode is given
below (4.7).

A second linear basis of QSym,, (and thus of QSym) is obtained by defining for
each a F n,

(3.3) F, == > M.

alp

A partition of n is a composition A = (Iy,...,l;x) of n such that Iy > --- > .
Given a composition «, let s(a) be the partition obtained by rearranging the parts
of a in decreasing order. The monomial symmetric functions are the elements

(3.4) my = Z M, .
s(a)=X

The subspace spanned by the elements my, as A runs over all partitions, is a Hopf
subalgebra of QSym. It is the Hopf algebra Sym of symmetric functions.
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Let NSym = k(Hy, Hs,...) be the non-commutative algebra freely generated by
infinitely many variables { H,,},,>1. Define

(3.5) A(H,) = Y H;®H,
i+j=n

where Hy = 1. This turns MSym into a graded connected Hopf algebra, where
deg(H,) = n. A linear basis for the homogeneous component NSym,, of degree n is
{H¢a}arn, where
(3.6) Hgy as,ar) = HoyHoy - Hg,

The graded Hopf algebras QSym and NSym are dual to each other, in the graded
sense. The identification between QSym,, and (NSym,,)* is
(3.7) M, « H.

The ideal Z of NSym generated by commutators is a Hopf ideal and the quotient
NSym / 7 is Sym, the Hopf algebra of symmetric functions. The quotient map sends
H, to the complete homogeneous symmetric function hg(q).

The Hopf algebra Sym is self-dual (in the graded sense), the identification being

Therefore, the maps NSym — Sym and Sym — QSym are dual to each other.

4. THE TERMINAL OBJECT IN THE CATEGORY OF COMBINATORIAL HOPF
ALGEBRAS

The results of this section do not require any assumptions on the base field k.
We endow QSym with a canonical character. Let

Co : klxy,mo,...] =k
be the morphism of algebras such that
Co(x1) =1 and (go(x;) =0 for all i # 1.

The map (o is actually defined on the algebra of power series of finite degree, and
hence on QSym. Note also that all multiplicative functionals on power series which
set one variable to 1 and the remaining variables to 0 agree when restricted to QSym,
by quasi-symmetry.

It follows from (3.1) and (3.3) that

1 ifa=(n)or (),
0 otherwise.

(4.1) Co(Ma) = Colfa) = {

By (3.7) we have
CQ‘(QSym)n - Hn7
as elements of (QSym,,)* = NSym,,.
(QSym, (o) is a terminal object both as a combinatorial coalgebra and as a com-
binatorial Hopf algebra.
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Theorem 4.1. For any combinatorial coalgebra (Hopf algebra) (H, (), there exists a
unique morphism of combinatorial coalgebras (Hopf algebras)

U (H,¢) — (QSym, Co) -
Moreover, U is explicitly given as follows. For h € H,,

(4.2) U(h) = Calh)M,

aFn
where, for a = (ay,...,ax), (o 18 the composite

(k—1) Rk
HA—>H®k—»Ha1® ®Hak£—_>k

where the unlabelled map s the canonical projection onto a homogeneous component.

Proof. Consider the coalgebra case first. As recalled in Section 3, the graded dual of
the graded coalgebra QSym is the free algebra NSym, which has one generator H,, of
degree n for every n. Given a graded coalgebra H and a linear functional ¢ : H — k,
let (as in Section 1)
Co =, : Hn — k.
Thus ¢, € (H,)*, and there is a unique morphism of graded algebras ® : NSym — H*
such that ®(H,,) = (,.
Set ¥ = &* : ' H — QSym. Thus, ¥ is a morphism of graded coalgebras and

Thus, (g o ¥ = (, proving that ¥ : ' H — QSym is a morphism of combinatorial
coalgebras.

Let @ = (a1,...,ax). By construction, {, = (4, ---(, (product in H*), and
by (3.6), Hy, = Hy H,, -+ H,, (product in NSym). Therefore ®(H,) = (,, and
hence W is given by (4.2).

Uniqueness of ¥ follows from uniqueness of ®, by duality.

Now suppose that H is a graded Hopf algebra and (¢ is a morphism of algebras.
It only remains to show that ¥, as constructed above, is a morphism of algebras.
Consider the following diagrams, where m denotes the multiplication map of H or of
QSym.

H®? - H - QSym H®? QSym®? QSym
<® \ J / C®N§2J '/CQ
k k

These diagrams commute, by construction of ¥ and since ¢ and (g are morphisms of
algebras. Also, Wom and moW¥®? are morphisms of graded coalgebras. Hence, by the
universal property of QSym as a combinatorial coalgebra applied to the functional
(%2, we have ¥ o m = m o U®2, Thus, ¥ is a morphism of algebras. 0J

Remark 4.2. (QSym, (o) is also the terminal object in the larger category of graded
coalgebras (Hopf algebras) endowed with a linear (multiplicative) functional, without
any finite-dimensionality assumptions on the homogeneous components. A direct
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proof of this statement (without resorting to the freeness of NSym) will be given
in [2]. For most applications of interest, however, the present result suffices.

The Hopf algebra of symmetric functions satisfies the same universal property
but among cocommutative coalgebras. Let (s : Sym — k denote the restriction of
(o : QSym — k. Thus,

1 if A= (n)or (),
0 otherwise.

Cs(my) = {

Theorem 4.3. For any cocommutative combinatorial coalgebra (Hopf algebra) (H, (),
there exists a unique morphism of combinatorial coalgebras (Hopf algebras)

U (H,¢) — (Sym,(s).

Proof. The above argument can be repeated word by word, as the graded dual of
Sym (Sym itself) is the free commutative algebra on the generators {h, },>1. O

Example 4.4. Let R be Rota’s Hopf algebra (Example 2.2). Theorem 4.1 yields a
morphism of graded Hopf algebras ¥ : R — QSym. If P a graded poset of rank n
and « = (ayq,...,a,) is a composition of n then (,(P) is the number of chains

Op=zo< <<z, =1p

in P such that rk[z;_1, z;] = a; for every ¢ = 1,... k. Thus (,(P) = f.(P), the flag
f-vector of P, and (4.2) becomes

o o rk[z0,21] rklzk—1,2k]
U(P) = E fa(P)M, = g T, RN :
aFn Op=z20<2z1<-<zp=1p
11 < <ig

This morphism was introduced by Ehrenborg [14].

Example 4.5. (Chromatic Hopf algebra). Let G be the k-vector space with basis the
set of all isomorphism classes of finite (unoriented) graphs. Let V(G) denote the set
of vertices of a graph G. For S C V(G), let G|s denote the graph with set of vertices
S and edges those edges of G with both ends in S. G is a graded connected Hopf
algebra with degree |G| := #V(G) (number of vertices), product G - H := G U H
(disjoint union of graphs) and coproduct

A(G) = Z Gls®G

SCV(G)

Sc .
Note that G is cocommutative. This Hopf algebra was considered by Schmitt [29].
A graph is discrete if it has no edges. Let ( : G — k be
1 if G is discrete,
@-|

0 otherwise.

Thus, (G, () is a cocommutative combinatorial Hopf algebra. Let ¥ : G — Sym be
the corresponding morphism of graded Hopf algebras given by Theorem 4.3. If G is
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a graph with n vertices and a = (ay, - - , ax) is a composition of n, then (,(G) is the
number of ordered decompositions

V(G) =8 U US,

such that G|g, is discrete and #S; = a; for every i = 1,... k. A proper coloring of
Gisamap f: V(G) — {1,2,...} such that f(v) # f(w) whenever there is an edge
in (G joining v and w. For each ordered decomposition as above and positive integers
iy < --- < iy there is a proper coloring f given by f|s, = i;, and conversely. It follows

from (3.1) and (4.2) that
=2 1 =w

f veV(G)

the sum over the set of proper colorings of G. ¥((G) is Stanley’s chromatic symmetric
function [32].

Example 4.6. In [7, 8, 10], morphisms of Hopf algebras were constructed from
Pieri operations on posets. We explain this terminology and the connection to our
constructions next.

Let P be a fixed finite graded poset. Let Z(P) denote the subspace of R linearly
spanned by the (isomorphism classes of) intervals of P. Then Z(P) is a graded
subcoalgebra of R (in the terminology of Joni and Rota, this is the reduced incidence
coalgebra of P). Let kP be the vector space with basis the underlying set of P. This
carries a natural left graded comodule structure over Z(P),

X : kP — Z(P) @ kP, X(y):Z[y,Z}@)z,

y<z

where the degree of z € P is rk[0,, 2].

Now suppose that a linear functional ¢ : Z(P) — k is given. By Theorem 4.1, there
is a corresponding morphism of graded coalgebras ¥ : Z(P) — QSym. This allows
us to view kP as a left graded comodule over QSym, via

= QSym @ kP, y Z U([y, 2

kP % I(P) @ kP —5

Dualizing, we obtain a right graded module structure on kP over NSym, which is
determined by
Z e

rk[y Z]

In the terminology of [7], this right module structure constitutes a Pieri operation on
P. Note that specifying such a structure is equivalent to giving the linear functional
¢. The morphism of Hopf algebras constructed in [7] is U. Thus, the construction
of Hopf algebra morphisms from Pieri operations is another instance of the general
construction of Theorem 4.1.

Many other examples of a combinatorial nature will be presented in [2]. Additional
applications of the universal property are discussed below (Examples 4.7-4.9).
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Consider now the case when ‘H = QSym and ( is an arbitrary character on QSym.
Let a and [ be two compositions of n. It follows from (3.2) that

_ C<M51)"'C<Mﬁh) if o SB;
Ca(Mp) = {O if not

where, for a < (3, the compositions f,. .., 3, are defined by 8 = 31 - (3, (concate-
nation of compositions) and o = (|41],...,|Bx|). Formula (4.2) becomes

(4.3) (M) = > ((Mg) - C(Mg,) My, -
B=PB1-Bn

In particular, ¥ is triangular with respect to refinement of compositions, and W is an
isomorphism if and only if W(M,)) # 0 for every n.

Example 4.7. Let m € Z be an integer and ¥,, : QSym — QSym be the unique
morphism of Hopf algebras such that (g o ¥,,, = (&, the m-th convolution power of
Co- It follows from (3.2) that for any composition § and non-negative integer m,

(14) o = (1)

(For general reasons, this formula remains valid for negative integers m as well.)
Then, by (4.3),

(4.5) U, (Mg) = ) (k&))“'(,{gh))M(w ..... 18u) -

B=B1-Bn
In particular, ¥; = id (as had to be the case by uniqueness) and
(M) = (~1)K0 S,
a<lp

Example 4.8. Recall that the coopposite coalgebra C'“? of a coalgebra C'is obtained
by reversing the order of the tensor factors in the coproduct of C. Let us apply the
universal property to (H,¢) = (QSym®”,(5"). The resulting morphism of Hopf
algebras QSym“? — QSym is the antipode S of QSym, since S : QSym — OSym
is an antimorphism of coalgebras and (g oS = (5" (see Section 1). Theorem 4.1 will
thus furnish an explicit formula for the antipode of QSym. From (4.4), and since

(7)) = (=1)F, we get
(4.6) Co' (Mg) = (=1)*.

(This may also be obtained directly from the recursion C;CQ =e.)

Then, since AP (M, ... ) = Zf:o M ya)) @ Ma,,.. a), formula (4.2) yields
(4.7) S(Mg) = (—1)"N "M,
a<f

where if = (b1, bs,...,b;) then B = (bg,...,b2,b1). This formula appears in [14]
and [24].



COMBINATORIAL HOPF ALGEBRAS 17

Example 4.9. Consider the odd character vg = QtélCQ (Example 1.3). It follows
from (4.6) that (5'(Mp) = (—=1)IPH+@) Let 8 = (by,...,b;). In

only the terms corresponding to ¢ = k — 1 and ¢ = k are non zero. These cancel each
other if b, is even and are equal to (—1)¥+*®) if b, is odd. Thus,

1 if §= (),
(4.8) vo(Mg) = ¢ 2+ (=1)IPHFB)if the last part of 3 is odd,
0 otherwise.

Let © : QSym — QSym be the unique morphism of Hopf algebras such that

B=p1Bn
Let « = (|41],...,|8n|). For M, to appear in the above sum, the last part of each ;
must be odd. In this case, M, appears with coefficient

Xl 1L (L) ShalBHk () — k() | (_1)I8Hk®)

Thus,

the sum over those a < (3 obtained by adding the entries within consecutive segments
0By, ..., 0, of B with the property that the last part of each [3; is odd. This set of
compositions is empty if the last part of [ is even. Otherwise, it is a lower interval
whose maximum element is the composition obtained by adding the entries within
each maximal segment of 3 of the form (even, even,... odd). Let odd(() denote this
element. For instance, odd(1,2,2,1,3,2,3) = (1,5,3,5). It follows that

1 if 3 = (),
(4.9)  O(Mg) = ¢ (—1)I8I+kE) . D a<odd(8) 26(@) M, if the last part of 3 is odd,
0 otherwise.

This shows that © is the morphism of Hopf algebras introduced by Stembridge [35,
Theorem 3.1]. This map was originally defined in the F-basis of QSym. From here,
Hsiao derived an expression for © in the M-basis [19, Theorem 2.4], which agrees
with (4.9). The original expression may also be easily obtained through the universal
property of QSym, starting from the fact that

1 ifa=(),
vo(Fo) = ¢2 ifa=(1,1,...,1,k),
0 otherwise.
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Other characters on QSym and the corresponding morphisms are discussed in
Section 6.

5. EVEN AND ODD SUBALGEBRAS OF A COMBINATORIAL HOPF ALGEBRA

Let ‘H be a graded connected Hopf algebra. Given a linear functional ¢ : H — k
we let @, := |y, . This is an element of degree n of the graded dual H*.

Definition 5.1. Given characters ¢,v : H — k, we let S(¢,1) denote the largest
graded subcoalgebra of H such that

VheS(e), ph)=1v(h),
and we let I(p,1) denote the ideal of H* generated by

Remark 5.2. By definition, S(p,) is the largest graded subcoalgebra contained in
ker(p—1) (a subspace of codimension < 1). It is easy to see that S(p, 1)) may also be
defined as the largest subcoalgebra (graded or not) contained in the graded subspace
@n>o0 ker(p, — 1,) (this is the approach taken in [1]). We will not make use of this
fact.

The basic properties of these objects follow.

Theorem 5.3.
(a) S, ) ={heH | f(h)=0V fel(p, )}
(b) I(p, ) is a graded Hopf ideal of H*.
(c) S(p,) is a graded Hopf subalgebra of H.
(d) A homogeneous element h € H belongs to S(p, ) if and only if

(5.1) (id ® (¢ —¢) ®@id) o AP (h) = 0.

Proof. Write I(p, )t :=={h € H | f(h) =0V f € I(p,)}. Since I(p,v) is
generated by homogeneous elements, it is a graded ideal of H*. Hence I(p, )" is a
graded subcoalgebra of H.

If h € I(p,9)* then

p(h) = Z en(h) = an(h) =(h),

since ¢, — ¥, € I(p,®). Therefore, I(p,%)" C S(p,v).
Let C be a graded subcoalgebra of H such that ¢(h) = ¢(h) for all h € C. Let

h e C. Write h =) h,. Since C is graded, each h,, € C. Hence,

(bn = ¥n)(h) = (on — ¥n)(hn) = (¢ = ¢)(hn) = 0.
Thus, (¢, —¥,)(C) =0 for all n > 0. Since C' is a subcoalgebra and I(¢,1)) is the
ideal generated by ¢, — 1, n > 0, it follows that f(C') = 0 for all f € I(p, ). Thus,
C C I(¢,%)* and hence S(p,v) C I(¢,1)*. The proof of (a) is complete.
If C' and D are graded subcoalgebras of H, then so is their product C' - D. Also,
since ¢ and 1) are characters we have

(o — ) (xy) = (¢ = P)(@)p(y) + V(x) (0 = ¥)(Y) .
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Hence, if (¢ —¢)(C) = (¢ —¥)(D) = 0, then (¢ —)(C - D) = 0. It follows that
S(p, ) - S(p, ) C S(p,1). Also, Hy = k-1 is a graded subcoalgebra of H and
(1 ) 1 = (1), so it is contained in S(p, ). Thus, S(p,?) is a subalgebra of H
and by (a) I(p,v) is a coideal of H*. This completes the proofs of (b) and (c).
Let h be a homogeneous element satisfying (5.1). Then

> (id ® (oo — tn) @ id) 0 APV (h) = 0.

Each term in this sum is homogeneous and their degrees are distinct. Therefore, for
each n > 0,

(id ® (0 — Pn) @ id) 0 AP (h) = 0.
Let A, p be arbitrary elements of ‘H*. We deduce that for each n > 0,
()‘(Spn - %)P) (h) - (/\ ® (9071 - wn) ® P) © A(2)<h) =0.

It follows that for any f € I(p, ), f(h) = 0. Thus, by (a), h € S(p,?).
Conversely, let C' be a graded subcoalgebra of ‘H such that (¢ —¢)(C) = 0. Then

(id ® (¢ — ) ® id) 0 APD(C) C C® (p — )(C) ® C = 0.

Thus, every homogeneous element of C' satisfies (5.1). This applies in particular to
C = S(p,1), which completes the proof of (d). |

Corollary 5.4. There is an isomorphism of graded Hopf algebras
S, ) =H/1(p,9).
Proof. This follows at once from Theorem 5.3. U

Proposition 5.5. Let ¢, ¢’ 1,1 be characters on H. Suppose that either
Vo= ) or Tt =¢(W)7
Then
S(QO, ¢) = 5(90,7 TP,) and ](Qpa 1/)) = I(QO/, W) .
Proof. Suppose ¥ 1o = (¢')"1¢’. Then
e =) =Tl —e= ()T —e= ()¢ —¢).
Passing to homogeneous components we see that ¢, — 1, belongs to the (left) ideal

generated by ¢/ — !, n > 0. Thus I(p,v) = I(¢',9') and, by Theorem 5.3,

n’

S(p, 1) = S(¢',1"). The other case follows similarly. O

Note also that S(p,¥) = S(¢,¢) and I(p, ) = (¢, ¢) (symmetry).

Proposition 5.6. Let a: ' H' — H is a morphism of graded connected Hopf algebras.
Let ¢, be characters of H and ¢’ :== poa, ¢ == o«. Then,

() a(S(¢',¥")) € Sl ¥);
(b) I(¢',¢') is the ideal of (H')* generated by o (I(i,1))).

Moreover, if « is injective then

S ) =a 7 (S(p,y)) and I(¢',0) = a"(I(¢,4)) .
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Proof. By hypothesis, a(ker(¢’ — ¢')) C ker(p — ¢). Since the image under « of a
graded subcoalgebra is another graded subcoalgebra, a(S (¢ ¢ )) is a graded sub-
coalgebra contained in ker(¢ — 1), and hence also in S(p, ). This proves (a)

Since a* (¢, — V) = @), — ¢, o carries the generators of the ideal I(p, 1) of H*
to the generators of the ideal I(¢’, ") of (H')*. This implies (b).

If « is injective then the preimage under « of a subcoalgebra of H is a subcoal-
gebra of ‘H’. Therefore, a~! (S (¢, @D)) is a graded subcoalgebra of H’ contained in
o (ker(p — ) = ker(¢' — '), and hence also in S(¢', 7).

Finally, in this situation a* is surjective, so the image of an ideal of H* under o*
is an ideal of (H')*. Hence, by (b), I(¢',¢') = a*({(p, ). O

We now specialize these constructions.

Definition 5.7. Let (H,({) be a combinatorial Hopf algebra. The even and odd
subalgebras of 'H are respectively

S.(H,¢) == 5((,¢) and S_(H,¢) == S((,¢7).

The even and odd ideals of H* are respectively
I+<H7 <> = [<C_7 <) and [*(Hv C) = [(C_-, <71) .

Specializing the previous results we obtain the basic properties of even and odd
subalgebras and ideals.

Proposition 5.8. Let (H,() be a combinatorial Hopf algebra.

(a) S+(H,¢) and S_(H, () are graded Hopf subalgebras of H, 1+ (H, () and I_(H, ()
are graded Hopf ideals of H*, and there are isomorphisms of graded Hopf al-
gebras

S:I:(Ha C)* = H*/I:t<H7 C) :
(b) Sy(H,C) and S_(H, () are the largest subcoalgebras with the properties that

Ch) = (~1)"C(R) (respectively ¢~(h) = (~1)"C(1))

for every h € S.(H, () (respectively S_(H,()) of degree n.
(c) ¢ is even if and only if S (H, () = H and ¢ is odd if and only if S_(H,{) = H.
(d) Let v = ¢7'¢ and x = (¢ be the canonical characters of Example 1.3. We

have

S (H,¢) = S(,€) and S_(H,¢) = S(x,¢)

and similarly for 1.

(e) Let a: (H', (') — (H,() be a morphism of combinatorial Hopf algebras. Then
a(S<(M',¢") € S=(H, ()

and I+ (H', (') is the ideal of (H')* generated by a* (1+(H,()).

(f) If in addition « is injective then

Se(H,¢) =a ' (SL(H.¢)) and I.(H,{) =a*(I1L(H,()).

Proof. These assertions are special cases of Theorem 5.3, Corollary 5.4, and Propo-
sitions 5.5 and 5.6. ([l
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Even and odd characters of H are related to the even and odd subalgebras of
the dual H*, as we now explain. Let H be a graded connected Hopf algebra, ( :
H — k a character on ‘H and n : 'H* — k a character on its dual. We do not
assume any compatibility between ¢ and 7. Note that each component ¢, = (|3, is
a homogeneous element of H*.

Proposition 5.9. In the above situation, if ¢ is even (respectively, odd) then each
component (, belongs to S (H*,n) (respectively, S_(H*,n)).

Proof. Observe first that

and

“HG) = (n 0 Ske)(Ga) = (G0 Sw) = (¢, 1) -

Recall that characters of ‘H are group-like elements of H°. Hence,

AH* Cn Z C’L & C]

i+j=n
Suppose now that ¢ is odd. We have

(ide—n")@id) o A (G) = D G®@—n")G) @G

i+j+h=n
> Ge MG —ngh) @ =0,
i+j+h=n
since (; = Cj_l for every j. Thus, by item (d) of Theorem 5.3, ¢, € S_(H*,n). The
even case is similar. O

Generalized Dehn-Sommerville relations. Let (H, () be a combinatorial Hopf
algebra. Consider its odd subalgebra

S-(H, () = S((,¢7) = S(x. ).
Let h € H be a homogeneous element. According to (5.1), the following conditions
are equivalent:

heS_(H,C)
(5.2) (id® (- ¢ ®id) o A®(h) =0
(5.3) (id® (x —€) ®id) o A®(h) = 0.

We refer to either set of equations (5.2) or (5.3) as the generalized Dehn-Sommerville
relations for the combinatorial Hopf algebra (H, (). As they both define the same
subalgebra of H, they have the same solutions.

Example 5.10. We describe the generalized Dehn-Sommerville relations for the
combinatorial Hopf algebra (QSym, (o). First, from (4.6) we get

0 if 3 = ()

(5.4) (Ce = Co)(Mp) = ¢ (=1)"+1 if 3= (n)
—(=1)*P)  otherwise.
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Given an element h =3 f,(h)M, € QSym
and a number i € {1,...,k}, set

Eoi(h) = (=1)" fa(h) = > (=" fuo,5(h).

BFa;

a composition a = (ay,...,ax) F n,

n’

Here, o o; 3 denotes the composition of n obtained by replacing the ith part of a by
the parts of 3: if 5= (by,...,bpn),

ao;B:=(ar,...,a;i_1,b1,...,bp,Aiy1,...,a).
Also, write

a; = (ay,...,a;1) and o' = (ajy1,...,a).
It follows from (5.4) and (3.2) that

(Zd®(§Q_Cé)®Zd OA(2 ZZEQZ ° ®Moﬂ'
aFn =1
Since this is a sum of linealy independent tensors, the generalized Dehn-Sommerville
relations (5.2) for the element h are

E,i(h) = 0 foreach aFnandie{l,...,k(a)},

or explicitly
(0" fah) = 3 (=DM fanis(h)
BEa;

Thus, an element h € QSym of degree n belongs to S_(Q.Sym, (o) if and only if these
relations are satisfied. This form of the generalized Dehn-Sommerville relations was
introduced in [1, Section 7].

Now consider (5.3), the second form of the generalized Dehn-Sommerville relations.
From (4.1) we get

1+ (=)™ if 3= (n)

(5.5) (xo — €0)(Mp) = ¢ (—1)’ if 8= (i,n—1)
0 otherwise.
Therefore,
k(o)
(id ® (xo — €0) ®id) 0o AP (h) =Y > " Bai(h) - Mo, @ My,
aFn i=1
with

a;
Ba,i(h) = Z(_1)]f(al:-~~7U«i71:j:ai*jvai+1 ~~~~~ ak)(h')7
=0
where it is understood that zero parts are omitted. Thus, relations (5.3) for the
element h are

a;

Z(—1)jf(m,m,aH,jyai,mi+1 ..... ap)(h) = 0 foreach (ai,...,ax)FEn, ie{l,... k}.

Jj=0
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These are precisely the original generalized Dehn-Sommerville relations as introduced
by Bayer and Billera [6, Theorem 2.1].

Consider the combinatorial Hopf algebra (R, () of Example 2.2. Let £ be the
subspace of R spanned by all eulerian posets. Recall that a finite graded poset P is
eulerian if its M&bius function satisfies pu([z,y]) = (—1)™=¥ for every x < y in P.
In particular, intervals of an eulerian poset and cartesian products of eulerian posets
are again eulerian, so £ is a Hopf subalgebra of R.

According to Example 2.2, for any P € £ we have

¢H(P)=¢(P).
Therefore, £ must be contained in the odd subalgebra of R:
EC S (R,Q).

Let U : (R, () — (QSym, (o) be the unique morphism of combinatorial Hopf algebras,
as in Example 4.4:

\IJ(P> = Zfa(P)Maa

aFn

where f,(P) is the flag vector of P. By item (e) of Proposition 5.8,
W(E) C W(S_(R,C)) C S (QSym, o).

We thus recover the important result of Bayer and Billera [6, Theorem 2.1] that
the flag vector of any eulerian poset must satisfy the generalized Dehn-Sommerville
equations of Example 5.10.

6. EVEN AND ODD SUBALGEBRAS OF QSym

Below we describe the even and odd subalgebras of the terminal combinatorial
Hopf algebra (QSym, (o) in explicit terms. We continue to assume that char(k) # 2.
We find that the odd subalgebra is the Hopf algebra introduced by Stembridge in [35].

Let IT; and I1_ denote the even and odd subalgebras of (QSym, (o).

Proposition 6.1. Let (H,() be a combinatorial Hopf algebra and V : (H,() —
(QSym, (o) the unique morphism. Then

U (S, (H,¢)) CIy and W(S_(H,()) CTL.
Proof. This is a particular case of Proposition 5.8, item (e). U

Corollary 6.2. Let (H,() be a combinatorial Hopf algebra and consider the unique
morphism V : (H,() — (QSym, (o). If ¢ is even then Im(¥) C II; and if ¢ is odd
then Im(W) C II_. In addition, (I1, (o) and (I1_,(g) are the terminal objects in the
categories of even and odd combinatorial Hopf algebras, respectively.

Proof. 1f { is even then, by item (c) in Proposition 5.8, S, (H, () = H, so the conclu-
sion follows from Proposition 6.1. The rest is similar. 0
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A composition a = (ay, ..., ax) is said to be even (respectively, odd) if each part a;
is even (respectively, odd). The empty composition () is the only composition that
is both even and odd.

We describe II, in explicit terms.

Proposition 6.3. Assume that char(k) # 2. The set {My}a even 1S @ linear basis for
the even subalgebra 11, of (QSym, (o).

Proof. Recall that (o), = H, € NSym, where H, = M. We have

(Ca)n — (Co)n =

0 if n is even.

~ {—ZHn if n is odd,

Let I be the ideal of NSym generated by {H,,}, oaqa- Then, by (3.6), {Ha}a not even 1S
a linear basis of I, and by Theorem 5.3,

I, =I"={heQSym | f(h)=0 Vfel}.
Thus, {M,}a even 18 a linear basis for 1. d

We now turn to II_. An explicit description in terms of linear relations (the
generalized Dehn-Sommerville relations) has already been given in Example 5.10.
We proceed to describe a linear basis. We make use of the morphisms © and ¥y :
QSym — QSym introduced in Examples 4.7-4.9.

Proposition 6.4. Assume that char(k) # 2. The morphisms © : QSym — QSym
and Uy : QSym — QSym satisfy

(a) Waln_ =Oln_,

(b) ©(I-) =1II_,

(c) ©(QSym) =1I_.

Proof. By construction, Wy and © are the morphisms corresponding to the characters
Cé and v = C;CQ, respectively. Now, by Definition 5.7,

Co'ln. = Colu_ -

Therefore, v|n_ = (3|n_ and by uniqueness O|_ = Wor_.
Since v is an odd character on QSym, we have, by Corollary 6.2,
©(QSym) CII_.

In particular, ©(II_) C II_. On the other hand, formula (4.5) shows that W, :
QSym — QSym is bijective (since char(k) # 2), so by the above O|r_ is injective.

Hence O(II_) = II_ and then also ©(QSym) =II_. O
Given an odd composition 3, set
(6.1) ng =y 2MINL, .
a<p

The sum is over all compositions (not necessarily odd) smaller than 5. Up to a sign,
these are the elements introduced by Hsiao in [19, Section 2].
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Proposition 6.5. Assume that char(k) # 2. The odd subalgebra I1_ of (QSym, (o)
is Stembridge’s Hopf algebra. The set {ng}g oad is a linear basis for I1_.

Proof. In Example 4.9 we identified © with the morphism defined by Stembridge
in [35]. Stembridge’s Hopf algebra is defined as the image of ©. By Proposition 6.4,
this image is II_.

By triangularity, the set {73} oaa is linearly independent. On the other hand, from
the explicit form of © (4.9), we see that this set spans Im(©) = TI_. O

Remark 6.6. The dimension of the n-th homogeneous component of II,, i.e., the
number of even compositions of n, is 227 if n > 0 is even and 0 if n is odd. The
dimension of the n-th homogeneous component of I1_, i.e., the number of odd com-
positions of n, is the Fibonacci number f,,,