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I. INTRODUCTION



Some integrable systems
Continuous Painlevé I1I:
y'(z) =2y + 2y + ¢
Discrete version:
nay 4+ t(1 — 22)(@paq + Tp_1) = 0

Autonomous discrete version:

n +t(1 = 27) (Tpy + Tp_1) =0



The dimer model

0 0 0————- 0

| |

| |

0 0 0 0
| |
| |

0————- 0 0 0

0————- 0 o————— 0

Fisher and Temperley (1961) and Kaste-
leyn (1961) showed that the number of
dimer configurations on the m-by-n rect-
angle with mn even is asymptotic to
C"™" where C' = G/ 1.34, and
(G is Catalan’s constant 1—1/9+1/25—
1/49+1/81 — ...



The Discrete Hirota equation
(see Zabrodin):

Let u, v, w be fixed vectors with the vec-
tor x varying over some fixed coset of
Zu+ Zv + Zw.

Symmetric form:
aF(x+u)F(zr—u)+bF(x+v)F(x—v)
+cF(x+w)F(z —w) =0

Asymmetric form:

Flx+w)F(x —w) =
aF(x+u)F(x—u)+bF(x+v)F(x—v)
Note:

(z+u)+ (x —u)

= (x4 v)+ (x —v)

= (z+w)+ (z —w).
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Rhombus tilings of hexagons

Let H(a,b,c) be the number of rhom-
bus tilings of an a, b, ¢, a, b, c semireg-
ular hexagon (opposite sides of equal
length, all internal angles equal to 120
degrees). Then H(a,b,c) satisfies the
discrete Hirota relations

H(a,b,c)H(a,b—1,c—1)
=H(a+1,b—1,c—1)H(a —1,b,¢)
+H(a,b—1,¢)H(a,b,c — 1)

and
H(a,b,c)H(a,b,c —2)
= H(a,b,c—1)H(a,b,c — 1)
—H(a—1,b+1,c—1)H(a+1,b—1,c—1)



Plucker relations for Schur func-
tions

Let sm pn be the Schur function whose
shape is the rectangular Young diagram
with m rows and n columns.

Then we have the formula (observed by
Kirillov and later generalized by Kle-

ber):
Sm,n Smn =
Sm—1nSm+1n 1t Smn—1Smn+1 -
Symmetry check:
(m,n) + (m, n)

(m+1,n)

=(m—1,n)+
=(m,n—1)+ (m,n+1).



Number friezes (“frieze patterns”)
(Conway and Coxeter;
Conway and Guy)

a
Rule: for the pattern b ¢ , we have ad=bc-1.



Number walls
(Conway and Guy; Plouffe and Sloane;
Lunnon)

a
Rule: For the pattern b ¢ d , we have ae = ¢c”2 - bd
e

(with extra provisos we use when a = ¢c”2 - bd = 0)

If we start with a row of 1’s, then we
eventually get a row of 0’s if and only
if the sequence in the second row sat-
isfies a linear recurrence with constant
coefficients.



Somos-4 and Somos-5 sequences
The Somos-4 sequence:
1,1,1,1,2,3,7,23,59, 314, 1529, 8209, 83313, ...
SnSn—4 = Sp—19p-3 + Sp-25,-2
The Somos-5 sequence:
1,1,1,1,1,2,3,5,11,37,83, 274, 1217, 6161, ...
SnSn—s = Sp—1Sn-4 + Sp—2S,-3
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II. CONDENSATION OF
DETERMINANTS
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mi 1 mi2
ma 1 ma 2
M=| : -
Mp—11 Mp-12 ---
mMnp,1 mp 2
ma2 2
Mo = :
mp—12
mii mi2
ma 1 ma 2
Mpp =1 .

Mp—11 Mp-12 ---

- M1n—1 min

- M2on—1 man

Mp—1n—-1 Mnp—1n

- Mpnp—1 Mpn
man—1
: (“center”)
Mp—1n-1
- Min-1
. M2on—1
" (“top left”)
Mp—1,n—1

with the n — 1 by n — 1 minors Mg
(“top right” ), Mp (“bottom left”), and
Mpr (“bottom right” ) defined similarly.



The Desnanot-Jacobi identity

det(M) det(M¢) =
det(MTL) det(MBR) — det(MTR) det(MBL)
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Dodgson condensation

To compute the determinant of an n-
by-n matrix, iteratively use this iden-
tity to compute the determinants of the
connected minors of orders 1, 2, ..., n.
(A “connected” k-by-k minor is formed
by taking k consecutive rows and k con-
secutive columns.)

Note: a minor of order 0 has determi-
nant 1.

Example:
1 1 1 1 9 4
1 2 4 8
— 11 6 36| —
b3 92 1 12 144
1 4 16 64

(;}é)%(m)
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Dodgson pyramids

Stacking the matrices in layers, we get a
relation of discrete Hirota type, relating
the values associated with the vertices
of an octahedron:

Rule: For the 3D pattern / /

we have af = be - cd.
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Condensation applied to tridiag-
onal matrices (number friezes)

1 10 00

1 1 0 0
1 21 00

1 310
01210 — —

01 11
0 0111 00 19
0001 3

S — N
— N

3 —>(1 1)%(0)
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Condensation applied to Toplitz
matrices (number walls)

13 21 34 55

8132134%_1_1_1%
5 813 21 L1
3 5 813

0 0

0 o]~
12 18 27 41
8121827_)28_8_>
5 81218 L4 0
3 5 812

50 (-1
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III. ALTERNATING-SIGN
MATRICES
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For 1 < m < n—1, the determinant of
the n-by-n matrix M can be expressed
as a rational function of the determi-
nants of the (n — m)-by-(n — m) and
(n —m — 1)-by-(n —m — 1) connected
minors of M.

(We can arrange these determinants in
the form of an (m+1)-by-(m+1) and an
(m + 2)-by-(m + 2) matrix; we can su-
perimpose these two matrices, obtain-
ing a “bimatrix”.)

Theorem (Robbins and Rumsey, 1986):
This rational function (the “determinant”
of the bimatrix) is formally a Laurent
polynomial in the determinants of the
connected minors of order n — m and
n—m — 1.
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m = 2 (continued):

X

22

an alternating sum of eight Laurent monomials




Theorem (Robbins and Rumsey, 1986,
continued):

Moreover, “Laurentness” continues to
hold if the Dodgson recurrence

af = be — cd
is replaced by the recurrence
af = be + cd

or the more general

af = be + Acd.

This is called the A-determinant of the
bimatrix.
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Theorem (Robbins and Rumsey, 1986,
continued):
The A-determinant of a bimatrix is a
sum of

om(m+1)/2
monomials, in which each coeflicient is
plus or minus a power of A, and the ex-
ponents of all the variables equal +1,
0, or —1. The terms correspond to the
compatible pairs of ASMs (Alternating-
Sign Matrices) of order m and m + 1.
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Compatibility
The ASMs of order 3, and the ASMs of

order 2 they are respectively compatible
with:

(100) (010) (100) (0 10) (001 (010) (0O 1)
(010 (100) (01 (1-11) (100) (00O01) (010)
(001) (001) (010) (O 10 (10 (100 (100
\ \ | / \ | / /
\ \ / \ -/ /
NN/ N /7

N\ |/ NI/ /7

(1 0) (0 1)

(0 1) (10
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Aztec diamond graphs

Grensing, Carlsen, and Zapp (1980) con-
jectured that for graphs of the form

o———-- 0
| |
| |
o———-- o———-- o———-- 0
| | | |
| | | |
o———-- o———-- o———-- o———-- o———-- 0
| | | | | |
| | | | | |
o———-- o———-- o———-- o———-- o———-- 0
| | | |
| | | |
o————- o————- o————- 0
| |
| |
o————- 0

the number of perfect matchings (aka

dimer configurations) is 2" *+1)/2 where
the rows and columns have respective

lengths 2,4,6,...,2n,2n,...,6,4,2.
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This was proved by Elkies, Kuperberg,
Larsen, and Propp (1992), using the lan-
guage of tilings instead of dimer covers:

I I 0---0

o——-0 o——-0

| o o o 0——-0 o

|
|
|
e S I I
|
|
|

I L o o o o o o
—————————— - o
| | | o---0 o o
e [
I I 0---0
"domino tiling of "perfect matching of an
an Aztec diamond" Aztec diamond graph"

But in a sense the result was proved by
Robbins and Rumsey (1986) using the
language of compatible pairs of ASMs.
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From matchings to pairs of ASMs
(Elkies, Kuperberg, Larsen, Propp)
In each hole, write 1 minus the num-

ber of neighboring edges included in the
matching.

/ / \

0 0 o -1 0 0 0

/

0 0 1 0 0 0 0
/ \

0 0 o} 0 o -1 0

\ \
1 o -1 o) 0 o) 1
\

o -1 o} 0 o) 0 o)

\ / /

0 o) 1 o) 0 o) 0

Decompose the bimatrix into two matri-
ces, and negate the entries in the smaller
matrix.
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From pairs of ASMs to match-
ings (Carroll)

Insert 0’s into the holes in the bimatrix,
and at each location, record the (possi-
bly empty) sum of all the entries above

and/or to the left of it, obtaining the

“corner-sum matrix’ of the bimatrix.
O 0 0 0 0 0 0 0
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Then replace each corner-sum by a mark,
as prescribed by the following table, based
on the dimensions of the sub-array and
the value of the sum.

Even-by-even block:

corner sum is —1: edge (/)

corner sum is 0: no edge

corner sum is 1: incompatible
Even-by-odd or odd-by-even block:

corner sum is —1: incompatible

corner sum is 0: no edge

corner sum is 1: edge (\)
Odd-by-odd block:

corner sum is —1: incompatible

corner sum is 0: edge (/)

corner sum is 1: no edge
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The generic Dodgson pyramid with for-
mal indeterminates at levels —1 and 0:
Level 1: Laurent polynomials with 2 terms
Level 2: Laurent polynomials with 8 terms

Level 3. Laurent polynomials with 64 terms
.. ete.
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Specialize!

(i.e., turn the Laurent polynomials into
numbers)
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The numbers 1, 1,2, 8, 64, ... (of the form

on(n+1)/2) yvield a solution to the dis-

crete Hirota equation, with initial con-

ditions in a slab made of two planes of
1’s:

1 1 1 1 1 2 2 2
1 1 1 1 8 8

1 1 1 1 1 2 2 2 64
1 1 1 1 8 8

1 1 1 1 1 2 2 2
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If we let M (n) be the number of perfect
matchings of the Aztec diamond graph
of order n, then we obtain
Mn+1)Mn—1)=
M(n)M(n) + M(n)M(n)
a 1-dimensional discrete Hirota equa-

tion that gives us an inductive proot of
the formula M (n) = 2nn+1)/2

In 1997 Eric Kuo found a direct combi-
natorial proof of this formula (via “graph-
ical condensation”).
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These same methods apply to weighted
enumeration of perfect matchings, where
the weight of a particular perfect match-
ing is product of the weights of its edges
under some fixed weighting scheme.
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The number of perfect matchings of a 2n-by-
2n square equals the sum of the weights of the
perfect matchings of the Aztec diamond of order
2n — 1, where edges are assigned weight 0 or
weight 1 as shown below for the case n = 3:
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The number of perfect matchings of a 2n-by-2n
square equals the (A = 1)-determinant of the
(2n + 1)-by-(2n 4 1) bimatrix shown below for

the case 2n = 6:

000 1O0O00¢0
001 1100
01 1 1 1 10
I 1T 1 1 1 11
01 1 1 1 10
001 1100
0001 O0O0Q0

(The intermeshed 6-by-6 matrix has all entries
equal to 1.)
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E.g., for 2n = 4,

%

01 1 0

I 2 2 1
I 2 2 1

0 1 1 0

00 1 00
01 1 10

I 111 1]—
01 1 10
00 1 00

)—>(36)

12 12
12 12

— <

< o0 <
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IV. SOMOS SEQUENCES
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Theorem (Somos; Fomin and Zelevin-
sky): If we put S(1) = w, S(2) = «,
S(3) =y, and S(4) = z, and
S(n—1)S(n —3)+ S(n —2)*

S(n —4)

S(n) =

for n > 4, then S(n) is a Laurent poly-
nomial in w,x,y, 2z (i.e., a polynomial
inw,w Tz, ey y 2 2.
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Theorem (Somos; Fomin and Zelevin-
sky): If we put S(1) = 1, S(2) = 1,
S(3) =1, and S(4) =1, and

_uS(n—1)S(n —3) +vS(n — 2)?

S(n) S(n —4)

for n > 4, then S(n) is a polynomial in
U, V.
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Theorem (Fomin and Zelevinsky): Fix
positive integers a, b, d with a + b < d.
Put S(¢2) = x; fori = 1,2, ..., d and put

S(n) = uS(n—a)S(n—d+a)+vS(n—5b)S(n—d+b)

S(n —d)
for n > d. Then S(n) is polynomial in
xl,xfl, ey Ty Ty, U,y V.

Special cases:

d=4,a=1,b=2: Somos-4
d=5,a=1,b=2: Somos-5
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Quasi-theorem (Propp, Bousquet-Mélou
and West, 2002):

All the coeflicients in this polynomial
are positive integers.
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The values of Somos-4 also yield an in-
trinsically one-dimensional solution to
the discrete Hirota equation, with ini-

tial conditions in a tilted slab made of
four tilted planes of 1’s:

3 7 23
1 1 2 3 23 59

2 3 7 314
1 1 1 2 7 23

1 2 3
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Un-specialize! (777)

(i.e., turn the numbers back into Lau-
rent polynomials)
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Implementing recurrences in
MAPLE

f := proc(n,i,j) option remember;
if n<0 then undefined
elif n<4 then x(n,i,j);
else simplify( ( f(n-1,i-1,j)*f(n-3,i+1,j)
+ £(n-2,1,j-1)*f(n-2,1,j+1))
/ f(u-4,i,j)); fi; end;
Empirically, one finds that £(n,1i,j) is
a Laurent polynomial in the z-variables
in which every coefficient equals +1, so
that the number of terms in £ (n,i, j)
is equal to the result of specializing all
the x’s to equal 1, which is equal to the

nth term of the Somos-4 sequence.
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The Somos-4 graphs

0——-0

O0——0——-0——-0

0——0 O0—-0

0o——-0

0——0

(0]

0——-0 O O0-——0 O0——0

0——-0

0--0--0--0

0--0--0--0

o—-0

0——-0

0—0 O0—-0 0o——-0

0o——-0

0o——-0

o——0 O

(0]

o——0 O

(0]

o——0 O

(0]

0o——-0

o—-0

0o—-0

o—-0

0o—-0

Oo0—-0

0——-0

Oo0—-0

0——-0

47



V. GROVES
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Theorem (Fomin and Zelevinsky): Fix
positive integers a, b, c and let a’ = b+
c, ¥ =a+c and ¢ = a+ b Put
S(i)=x;fori=1,2,...,a+ b+ c and
put

S(n) = 48 = @)S(n—d’) +vS(n ~b)S(n — V) +wS(n ~ ¢)S(n - ¢)

Sn—a—-b—c)

for n > a+b+c. Then S(n) is polyno-
1

mial In T, 21 75y Tatbrer Totprer Ws
v, W.

Special cases:
a=1,0=2,c=3: Somos-6
S(n)S(n — 6) = S(n — 1)S(n — 5)
+S(n —2)S(n —4) + S(n — 3)?
a=1,b=2c=4: Somos-7
S(n)S(n—17) = S(n — 1)S(n — 6)
+S(n—2)S(n—5) + S(n — 3)S(n — 4)

(Somos-6 and Somos-7 were first proved
to give integers by Dean Hickerson.)
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The cube recurrence (or Miwa equa-

tion)
a
/ 1\
/1 0\
/ | \
b C d
N /1N /|
Rule: For the 3D pattern | X X |,
7 N1/ \I
e f g
\ I /
\ I/
\ |/
h

we have ah = bg + cf + de.
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Conjecture (Propp, 1998):
Fori+j+k = —1,0,0r 1,let S(i, 5, k) =
T; j k» and for 24 j +k > 1 inductively
define S(z, j, k) by the cube recurrence
S(i,j,k)S(t—1,7 —1,k—1)
= S(i—1,5,k)S(2,5 — 1,k — 1)
+S(t, 5 —1,k)S(i — 1,7,k — 1)
+S(2, 5,k —1)S(e—1,5 — 1, k).
Then for all 7, 7, k with ¢4+ 7+ k > —1,
S(i, j, k) is a Laurent polynomial in the
x-variables, with all coeflicients equal to

1 and all exponents bounded between
—1 and 4 (inclusive).
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The Laurentness part of the claim was
proved by Fomin and Zelevinsky. The
rest was proved by my students Gabriel
Carroll and David Speyer (with some
input from me) in Spring 2002, when
they discovered that these Laurent poly-
nomials are encoding a hitherto unstud-
ied kind of combinatorial object, which
they call a grove.
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A grove of order n is a special kind of
forest on the triangle graph with n + 1
vertices on a side. It is required that:

e cvery vertex is joined to a point on
the boundary by a path; and

e two boundary-vertices v, w are joined
by a path iff they are related by a re-
flection through a median that passes
through a corner-point P of the tri-
angle with the property that no cor-
ner of the triangle is closer to v or w

than P.

(It follows that the corner vertices are
isolated, and that every vertex other than
the three corner vertices belongs to at
least one edge.)
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A grove of order 5

O0——-0

o4



A grove of order 6

%)



Theorem (Carroll and Speyer, 2002):
The number of groves of order m is

3lm?/4]
and these correspond to the monomials
in S(i,7,k), wherem =i+ 7 + k.

We knew the RHS ahead of time; it was
the LHS that was mysterious!
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VI. AN INTEGRABLE SYSTEM
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Bilinear version of autonomous discrete
Painlevé II: Replace z, by 12y, so that
the recurrence becomes

2n + t(1+ 22)(2pt1 + 2p_1) = 0.

Let u = x_1 and v = xg. Then the
sequence can also be generated by the
recurrence

Tn1%p-1 = (15, + d) /(x5 + 1)
where
d=—u’—v* — u’v® —uw/t.

If we treat d as a formal variable, xp
(with n > 1) can be written as

Pp(u,v,d)/Qn(u,v,d)
where Py, ()5, are Laurent polynomials

whose degrees grow subexponentially
(quadratically, in fact).
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Py, and @, satisfy a pair of joint (1D)
discrete Hirota equations:

Pn+1pn—1 = PPy + dQnQn

Gnt1@n—1 = PnPn + Qnln
with initial conditions P_1 = u, Fy =

v, Q-1 =1, Qp=.
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The one-dimensional family of polyno-
mials Py, ¢y, can be lifted to a three-
dimensional family of Laurent polyno-
mials P(n,i,7), Q(n,1,j) satisfying a
pair of joint 3D discrete Hirota equa-
tions:

P(n+1,4,7)P(n —1,1,j) =
P(n,i—1,))P(n,i+1,j)+
dQ(nalaj o 1)Q<n7Z7] T 1) 9

Qn+1,4,7)Q(n —1,4,j) =
P(n,i—1,5)P(n,i+1,j)+
Qn,i,5 —1)Q(n,4,7 + 1)
The Laurent polynomials P(n,, ), Q(n, 1, )

enumerate weighted perfect matchings
of the order n Aztec diamond graph.
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VII. CONCLUSION
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