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ABSTRACT

Let A be any set of positive integers and n € N. A composition of n with parts in A is an ordered
collection of one or more elements in A whose sum is n. A palindromic composition of n with parts in
A is a composition of n with parts in A in which the summands are the same in the given or in reverse
order. A Carlitz (palindromic) composition of n with parts in A is a (palindromic) composition of
n with parts in A in which no adjacent parts are the same. In this paper, we study the generating
functions for several counting problems for compositions, palindromic compositions, Carlitz compo-
sitions, and Carlitz palindromic compositions with parts in A, respectively. Our theorems contain
many previously known results as special cases, as well as many new results. We also prove some of
our results using direct counting arguments.

AMS Classification Number: 05A05, 05A15
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1. INTRODUCTION

Let N be the set of all positive integers. A composition of n € N is an ordered collection of one or
more positive integers whose sum is n. The number of summands is called the number of parts of the
composition. For A = {ay,as,...} C N, we denote the number of compositions of n with parts in
A (respectively with j parts in A) by Ca(n) (respectively C4(j;n)). The corresponding generating
functions are given by

Calx) =) Ca(n)a™ and  Ca(jiz) =) Caljsn)a™,
n>0 n>0
where we define C4(0) = C4(0;0) =1, C4(5;0) =0 for j > 1, and C4(j;n) =0 for n < 0.

A palindromic composition of n is a composition of n in which the summands are the same in the
given or in reverse order. We denote the number of palindromic compositions of n with parts in
1



2 COMPOSITIONS OF n WITH PARTS IN A SET

A (respectively with j parts in A) by Pa(n) (respectively P4(j;n)). The corresponding generating
functions are given by
:ZPA(TL)I‘” and PA .73 ZPA Ja a
n>0 n>0
where we define P4(0) = P4(0;0) = 1,P4(j;0) =0 for j > 1, and P4(j;n) = 0 for n < 0.
In addition, we define Fn = F, forn>1 and Fg = 1, where F), is the n*" Fibonacci number. Then,

using the generating function for the Fibonacci sequence, we can compute the generating function for
F, as

(1.1) =3 Fuan = Lz

1—z— a2
n>0

2

2. THE NUMBER OF COMPOSITIONS WITH PARTS IN A GIVEN SET
In the following theorem we will present the generating function for the number of compositions of n
with j parts in A.

Theorem 2.1. Let A C N and j > 0. Then the generating function for the number of compositions
of n with j parts in A is given by _
j
x) = (Z ma>
a€A

Proof. To derive the generating function we create the compositions of n with j parts in A recursively
by the following process: to any composition of n —a with j — 1 parts in A, add an a € A at the right

end. Thus, for n > 1,
= ZCA(j —1;n—a).

a€A
Multiplying by z™ and summing over n > 1, then changing the order of summation and simplifying

results in
Ca(j;z) = Calj — L) Y _ a™.
a€cA
Tterating this equation and using the fact that C4(0;x) = 1 we get the desired result. O

Example 2.2. Theorem 2.1 gives an easy way to derive the generating function for the number of
compositions of n without k’s that have j parts. Chinn and Heubach gave recursions for this quantity
in [CH1, Theorem 5|, but did not derive the generating function. Using A = N = N\{k} yields

J J
N T k) _ |
CNk(j,a:)—<1_m x) x <l—m x > .

J J
Example 2.3. Theorem 2.1 gives C135,..1(j;x) = (#) and Cz4,..1(j;7) = (%) . Since

W = > >0 ("Zk)x" (see for example (W], Eq. (2.5.7), p. 58), we get that # =
"™ after appropriate re-indexing. Since
n>0 (r pprop g

2 22 (g2)i -1

AN AN
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the number of compositions of 2n — j with j parts in {1,3,5,...} is given by (?:11) Likewise,

227 B 22 . p2i—2 B Z n S
R N (e - AVES VA

n>0

and therefore, the number of compositions of 2n with j parts in {2,4,6,...} is also given by (’7:11).
J

The fact that these two counts are identical can be easily seen using a direct combinatorial argument:

In any composition of 2n — j with j parts in {1, 3, 5, ... }, increase each part by 1. This yields a

composition of n with j parts in {2, 4, 6, ... }.

Using Theorem 2.1 we get an alternative derivation of Theorem 1.1 in [HB].

Theorem 2.4. Let A be any set of natural numbers. Then the generating function for the number of
compositions of n with parts in A is given by

1
Ca(z) = —=——.
1- ZaeA xe
Proof. Since Ca(n) = 3,5, Ca(j;n) we get that Ca(z) = 3,5, Ca(j;x). Using Theorem 2.1 we get
the desired result. - - O

Example 2.5. (see [CH1, Theorem 1]) Let N, = N\{k} be the set of all natural numbers without k.
Then Theorem 2.4 yields

1 1—=x

T1- = t2F T-2z+akF —ahtl

CNk (17)

Example 2.6. (see [CH2, Lemma 1, Part 1]) Let A = {1,k}. Then Theorem 2.4 yields

1
C =
alz) 1—xz—xk
Example 2.7. Applying Theorem 2.4 to the set A ={1,2,...,£}, we obtain that
1 1 gt
Culz) = _ . .
a(@) l—z—22—--—zt 21 1—-z—22—-. -zt

Thus, the number of compositions of n with parts that are less than or equal to £ is given by the
shifted £-generalized Fibonacci number. Specifically, Cy 5. .01(n) = F({;n 4 £ — 1) for n > 0, where
F(¢;n) = Ele F(l;n —1i) with F(£;0)=---=F(;£—-2)=0,F(¢;¢—1) =1 [F]. Combinatorially,
this can be seen using the following recursive method to create these compositions: To create the
compositions of n, add i to the right end of the compositions of n — i, for i = 1,2,...,¢. The {-
generalized Fibonacci sequences occur in [S| as sequence A000073 for £ = 3 , A000078 for £ = 4 ,
A001591 for £ =5, and A001592 for £ = 6.

Example 2.8. Applying Theorem 2./ to the set of prime numbers A = {2,3,5,7,11,13, ...}, we get that
the sequence {C4(n)}n>0 is given by {1,0,1,1,1,3,2,6,6,10, 16, 20, 35, 46, 72, 105, 152, 232, 332, 501,
732,1081,1604, 2352, 3493, 5136, 7595, 11212, 16534, 24442, ...}, which occurs in [S] as sequence A023360.

Example 2.9. If A consists of the set of odd numbers, then Theorem 2.4 gives
1 1— 22

-5 l1-z—2a2

0{1,3,5,...}(37) = = gp(x)
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Thus, the number of compositions of n with parts in {1,3,5,...} is given by F,, for n > 1, as was
also shown by [G] using a recursive equation. More generally, let Ny . be the set of all numbers of the
form k-d+ e where k >0, d,e € N. Then Theorem 2.4 yields

1 1—z?
C = — = .
Nd,e(x) 1 _ 1fxd 1 — € — xd

If d = 2e, then the set A consists of all odd multiples of e, and

1— .7;‘26
CN2€,6 (J?) = 0{6,36,56,... }(3:) = 1_ ge _ g2e = gﬁ‘(xe)-
Thus, the number of compositions of n = k - e with parts in {e,3e,5e,...} is given by Fy for k > 1.
This result can be explained combinatorially as follows: Multiply each part of a composition of n with
parts in {1,3,5,...} by e to create a composition of n - e with parts in {e, 3e,be, ... }.

The above theorems can be generalized as follows. Let A = {aj,as,...}, and let Dy(n,r1,72,...)
(respectively D4 (j;n,71,72,...)) be the number of compositions of n (respectively with j parts) such
that the part a; € A occurs exactly 7; times in the composition (with ), r; = j) and D 4(0;0,0,0...) =
1 and D4(0;7n,0,0,...) =0 for n > 0. We define

DA(.j;x7ta1’ta27"‘):Z Z DA(j;nvrhr%"')antgii’

n>0ri+re+...=j 120
and
n T
DA(xatalataw"'): E § : DA(n’Tl’TQ""):E Htai’
n>0ry4re+...20 >0

where = and t,, are indeterminate variables. Theorem 2.10 gives formulas for these generating func-
tions.

Theorem 2.10. For any 57 > 0,

J
DA(j;Qf,tal,taz,...) = (Z ta.Z‘a) .

acA

Moreover,
1

DA(x)talvtazv"'):l_Z—txa‘
acAva

Note that if t, =1 for all a € A, then Theorem 2.10 gives Theorems 2.1 and 2.4.

Proof. The argument used in Theorem 2.1 needs to be refined. We create the compositions of n with
j parts in which the part ax € A occurs exactly 7, times by adding an a; € A to a composition of
n — a; with j — 1 parts, in which the part aj occurs 7 times where 7, = ry, for k # 4 and 7; = r; — 1.
Thus, 1 +ro+---=jand 7y + o+ --- =75 —1 and

Da(jsn,ri,re,...) = Z Da(j—1;n—a;,71,72,...).
a; €A
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Multiplying this equation by 2™ [ ], t;¢ and summing over n > 0 and r1 + 72 4 ... = j yields
Da(j;zytay,tagy--.) = Z zz:aitaiz Z DA(j—l;n—ai,ﬁ,fg,...):z:"f‘“1_[252’]“c
a;€A n>0 F147a+...=j—1 k>0
= > 2%t Da(j — 1;2, 0, tays - ).
a; €A

Tterating this equation and using the fact that D4(0;2,0,0,...) = 1 we get the desired result for
Dy(x,tq,,ta,,...). The second result follows as in the proof of Theorem 2.4. O

Example 2.11. (see [CH1, Theorems 2-3]) Chinn and Heubach counted the number of times the part
i occurs in all compositions of n without occurrence of k. One way to count this quantity is to first
count the number of compositions of n without occurrence of k which have exactly m occurrences of i.
Using Theorem 2.10 with t; =t, tx, =0, and t; =1 for all l # i, k, we get

1 1

1— 2 4ot 4ok —ta - (—11:2;” +xi+m’“) — tx?
(ta')"

1—9 . m—+1"°
m>0 (1%;” + 2t + xk)

DNk(JZ,tl,tQ,...)

Therefore, the generating function for the number of compositions of n without occurrence of k and
m occurrences of i is given by

xmz

. m—+1"°
(1;_2”” + 2l + xk)

T

Note that the denominator of this generating function is symmetric in i and k; thus, if we interchange
the roles of i and k and compare coefficients in the respective generating functions, we get that the
number of compositions of n without occurrence of k and with m occurrences of i is the same as the
number of compositions of n + m(k — i) without occurrence of i and with m occurrences of k, as long
as n+m(k —1i) > 0. Combinatorially, we can show the equivalence of these counts by adding k — i
to each part i in a composition of n without k. This creates m occurrences of k and takes out any
occurrence of i in the new composition of n + m(k —1i).

Theorem 2.10 also allows us to count the number of compositions C¥ (n,m) of n with parts in A such
that m parts are in B C A. We denote the generating function for these compositions by C%(z,y),
where C§(z,y) = 3,50 Ym0 Ch(n,m)z"y™. Setting t, = 1 for all a € A\B and t, = y for all
a € B in Theorem 2.10 yields the following result.

Corollary 2.12. Let A, B be two sets such that B C A C N. Then
1 _ Z U2 )"
1- ze — o m+l-
ZaeA\B Yy ZaeB (1 _ ZaeA\B :Ea)

Therefore, the generating function for the number of compositions of n with parts in A such that m
parts are in B is given by
m
(ZGGB xa)

m—4+1-°
(1 =2 acA\B m“)

Ch(z,y) =
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Example 2.13. Let A = N and B = {2n|n € N}, then the second part of Corollary 2.12 gives the
generating function for the number of compositions of n with m even parts is given by

z?m(1 — 2?) z? ™ 1—2? n P
(1x$2)m+1:<11‘x2) 1z —2 ZFnﬂx 'Zana

n>1 n>0

i.e., a convolution of m shifted Fibonacci sequences with the sequence F defined in Section 1. If we
let m = 0, then all the parts are odd, and we get once more that the number of such compositions is
given by F,=F, forn >1 (see Example 2.9). For larger values of m, an explicit formula in terms of
Fibonacci sequences can be obtained by using [M] and the references therein. For example, the number
of compositions of n with ezactly one even part is given by £((n + 3)F,_1 + 2(n — 1)F,_2) for all
n > 0.

Example 2.14. Let A = {1,2,k} and B = {k} for k > 3, then applying the above corollary we get
that the number of compositions of n with parts in A and exactly m occurrences of k is

km

k m "
x T 1
— ) = § F, piix" E F,iiz"
o o\m+1 < — 2> — . .2 n—k+1 n+1 )
(1—z—22?) l—-z—x (1—z—2a?) WS =

i.e., once more we get a convolution of shifted Fibonacci sequences.

3. THE NUMBER OF PALINDROMIC COMPOSITIONS WITH PARTS IN A GIVEN SET

In the following theorem we will present the generating function for the number of palindromic com-
positions of n with j parts in A.

Theorem 3.1. Let A C N and j > 0. Then the generating function for the number of palindromic
compositions of n with j parts in A is given by

2a j/2 p .
Pa(j:z) = (ZaGAx ) _ if j even
A(J g { (ZaeA xa) (ZaeA x2a)(371)/2 otherwise.

Proof. The theorem holds for j = 0 since P4(0;0) = 1 and P(0;n) = 0 for n > 1. The palindromic
compositions of n with one part are exactly those for which n = a € A, so P4(1;2) = ZQGA x®, thus,
the theorem holds for j = 1. We now generate the palindromic compositions of n with j parts in A
recursively by the following process: to any palindromic composition of n — 2a with j — 2 parts in A,
add a € A on both ends. Thus, for n > 1,

Pa(j;n) =Y Pa(j — 2;n — 2a).
acA

Multiplying by ™ and summing over n > 1, then changing the order of summation and simplifying
results in
Pa(j;x) = Pa(j — 2;2) »_ a™.
acA
Iterating this equation and using either P4(0;x) = 1 (j even) or Pa(l;2) = > .4 2% (j odd) gives
the desired result. O

As a consequence of Theorem 3.1 we get the following result.
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Theorem 3.2. Let A C N. Then the generating function for the number of palindromic compositions
of n with parts in A is given by
1+ x¢
PA(x) = ZGGA 2"
1- ZaGA o

Proof. Since Pa(n) =3 ;5o Pa(j;n) we get that Pa(z) = > ;5 Pa(j;z). Using Theorem 3.1 we get
the desired result after simplification. a O

Example 3.3. Chinn and Heubach (see [CH1]) derived explicit formulas in terms of compositions
and recursive formulas in terms of palindromes for the number of palindromes of n without k, but did
not give a generating function for these quantities. Theorem 3.2 with A = Ny = N\{k} yields after
simplification

14—k — zh+?
U1 — 222 4 g2k _ g2(k+1)”
Example 3.4. (see [CH2, Lemma 2, Part 1]) Let A = {1,k}. Then Theorem 3.2 yields

_ 1+z+azF
- 1 — 22 — g2k°

Example 3.5. If we consider palindromes of n with only odd summands, then Theorem 3.2 gives

L+ Y%t (142 —22)(1 + 2?)

Prss,.. 3 (@) = 1= 5,220 1_ 72 _ 74

PNk (3:)

PA(QZ)

Thus, the number of palindromes of n with odd parts for n > 1 is given by F, ;5 if n is even, and
Fint3)/2 if n is odd, as was shown by a direct argument not involving the generating function in [G].

The above theorems can be generalized. Let A = {a1,aq,...}, and let Q4(n,r1,72,...) (respectively
Qa(j;n,r1,72,...)) be the number of palindromic compositions of n (respectively with j parts) such
that the part a; € A occurs exactly r; times in the composition (with >, r; = j). We define

QA(j;x7ta1’ta27"‘):Z Z QA(j;n7T15T27"')mnHtZi7

n>0r1+re+...=j 120
and
QA(m7ta15ta27"'): E E QA(n7T15T27"‘)mnHt2ii7
n>0ri+re+...20 i>0

where = and t,, are indeterminate variables.

Using arguments similar to those in the proofs of Theorems 3.1 and 3.2, with the type of refinement
(now symmetric for both ends of the composition) used in the proof of Theorem 2.10 we get the
following generalization.

Theorem 3.6. Let ACN and j > 0. Then

)= { (EaeA timza)j/z if 7 even

QA .; z, t ) t P -
U a1slas toz® 220\ 07D/2 0 o orise.
acA acAa

Moreover,
’ 1+ EaeA t,x?

Qa(z,ta, tay,.-.) = 11— ZaeAtZZ‘%"
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If t, =1 for all @ € A, then Theorem 3.6 gives Theorems 3.1 and 3.2.

Theorem 3.6 also allows us to count the number of palindromic compositions Qﬁ (n,m) of n with parts
in A such that m parts are in B C A. We denote the generating function for these compositions by

Q5 (z,y), where QF (z,y) = 3,50 Y ms0 @4 (n, m)z™y™. Setting t, =1 for all a € A\B and t, =y
for all @ € B in Theorem 3.6 yields the following result.

Corollary 3.7. Let A, B be two sets such that B C A. Then
L+ ZaGA\B T+ Y aep T

QA(zy) = . .
L= Yaean @ =¥ Yoep @
Moreover,
(ZaGB x2a)m (1 + ZaEA\B l'a) Z 1,2a m Z 2@
Qﬁ(x,y) = Z — 2m ( a€B ) ( a6i+1)y2m+1
m2>0 (1 — ZGGA\B aj2a) (1 _ ZG.EA\B m2a)

Proof. The second formula for Qf(z,y) follows from the first by splitting the numerator into sum-
mands with and without a factor of y, and then applying algebraic manipulations to utilize the series
expansion of 1/(1 — z). O

Example 3.8. Let A=N and B = {2n|n € N}. Since
2

4 m 2
Yo et Lo () ed Yat-

a even a odd a even a odd
the generating function for the number palindromic compositions of n with 2m and 2m+1 even parts,
respectively, is given by
¥ (1 +x — 22)(1 + 22) p zimT2(1 4 22)
(1— 22— g)m+1 MmE AT gAymtt

In particular, if we set m = 0 in the first expression, then we recover Example 3.5.

Example 3.9. Grimaldi [G] has counted the number of palindromic compositions of n with ezactly
m parts, but did not give a generating function for this quantity. We can easily read off these values
as the coefficient of x™y™ by using B = A in the first expression of Corollary 3.7. In this case, the
generating function reduces to

L4ydaeps® _ (+ay—a?)(1+a%)

A _ _
QA(xay) 1— y2 ZagB r2a 1+ 332:1/2 —

4. CARLITZ COMPOSITIONS

A Carlitz composition of n, introduced in [C], is a composition of n in which no adjacent parts are the
same. We denote the number of Carlitz compositions of n with parts in A (respectively with j parts
in A) by Ea(n) (respectively E4(j;n)). The corresponding generating functions are given by

Ea(x) =) Ea(na" and Ea(jiz) =Y Eal(j;n)z"
n>0 n>0
where we define E4(0) = E4(0;0) =1 and E4(5;0) = 0 for j > 1. In particular, E4(0;z) = 1.
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Theorem 4.1. Let A C N. Then the generating function for the number of Carlitz compositions of

n with parts in A is given by
1

1- ZaEA 1—7—1“ .

Proof. We create the Carlitz compositions of n recursively by adding a € A to any Carlitz composition
of n — a, except for those compositions of n — a that end in a. Let E4(j,a;n) denote the number
of Carlitz compositions of n that end in a, and let E4(j,a;2) denote the corresponding generating
function, where E4(1,a;n) = 1 if n = a and 0 otherwise. This implies that E4(1,a;x) = % The
recursive creation leads to

(4.1) Es(jya;z) =2"Ea(j — L;2) —2°EA(j — 1,a;2) for j > 1.
We now show by induction on j that for j > 1

EA(I‘) =

J
(4.2) A(J,a; ) = Z (—D)F 1R By (5 — ks z).
1

k=
For j =1, Ea(1l,a;7) = 2% = (—1)°2°E4(0; x). Now assume that the induction hypothesis is true for
(4.1)

j — 1. Substituting Eq. (4.2) into Eq. gives
j—1
Ea(j,a;z) = 2Ea(j—Liz)—a®) (1)@ Ba(j — 1 - i;)
i=1
j—1

= 2Ba(j— La)+ Y (-D)ED B, (5 — (i + 1);2)

i=1
J
= Z(—l)k_la:k“EA(j —k;z).
k=1

By definition, Ea(z) = > ,ca > ;50 Ea(j,a;2). Using that }°,. 4 Ea(0,a;2) = Ea(0;z) = 1 and
Eq. (4.2) for the terms with j > 1 we get

2) =14 3 > (1) 2" Ea(j — k; ).

acA j>1k=1

Changing the order of summation for the two innermost sums and using that by definition E4(j;x) =0
for j < 0, we obtain

Eaw) = 1+ S (=DM Y Ea(j — i)

a€Ak>1 j>1
— 1+E —F b =14 B A
B0 Y N LB Y T
acAk>1 a€A
Solving for E4(z) gives the result. O

Example 4.2. If A = N, then the above theorem gives the generating function for the number of
Carlitz compositions of n, namely
1

Bn(z) = ————
L= o a7
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This can be shown to agree with the function given in [KP], namely C(z) = #(m), where o(x) =

2 ()i .
dojs1 i as follows:

11—z

IR OGRS DI A I

i>1 k>0 i>1k>0 i>1k>1
and

S S ey Y - Y Sy e = S )

ji>1 ji>1 k>0 i>1k>0 J>1k>1

Theorem 4.1 can be generalized as follows. Let A = {aj,az, ...}, and let E4(n,r1,r,...) (respectively
Ea(j;n,r1,72,...)) be the number of Carlitz compositions of n (respectively with j parts) such that
the part a; € A occurs exactly r; times in the composition (with ), 7; = j) and E4(0;0,0,...) =1
and E4(0;n,0,...) =0 for n # 0. We define the corresponding generating functions

Ea(j;x,tay,tagy---) Z Z EA(j;n,rl,rg,...)x”HtZi

n>0 r1+re+.. —j ZZO
and
Ea(z,ta;,tay,--- g E EA(TL,Tl,T'Q,...)CEnHtZi,
n>0ri+re+...20 >0

where x and ¢,, are indeterminate variables.

Theorem 4.3. Let A= {aj,as,...} CN. Then
1

toz®
1- ZaeA 14+tgx®

EA(m;tal,tQZ,...) =

Proof. As before, we need to look at the last summand, so we let E4(j,a;n,r1,72,...) denote the
number of Carlitz compositions of n with j parts that end in a such that the part a; € A oc-
curs exactly r; times in the composition, with > ,r; = j, with corresponding generating function
Ea(j,a;x,ta,,tay, - - - ). Initial conditions give E4(0, a; %, tq,, tay,-..) = Land Ea(1l,a;2,ta;,tay,--- ) =

%tq. With an argument similar to that in Theorem 2.10 with respect to the number of times a part
occurs, we get a corresponding recursive equation for j > 1:

Es(j,a;x,ta, tayy .- ) = x%aFEa(j — L, t1,t0,...) — 2% Ea(j — 1,a;2,t1,t2,...).

Using induction, this recursion yields

J
Ea(j,a;2,ta,,tay; .- Z Ve Lah U  Ba( — by 2, tay s tag,---)  for j > 1.
k=1
Replacing E4(z) by E4(x,te,,tays,-.-) in the remainder of the proof of Theorem 4.1 yields
tor®

a?
aeAlth T

EA(x,tal,tGZ,...)_l—‘rEA( al,taz,...)

from which the result follows. O
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Theorem 4.3 also allows us to count the number of Carlitz compositions Ef(n,m) of n with parts
in A such that m parts are in B C A. We denote the generating function for these compositions by
E&(z,y), where ER(z,y) =3, o> ,.50 E5 (n,m)z"y™. Setting t, =1 for alla € A\B and t, =y
for all a € B in Theorem 4.3 yields the following result.

Corollary 4.4. Let BC A CN. Then

1
ER(z,y) =

_ —zr —yz¢
1 ZaeA\B 1+zo ZaEB 1+yxe

Example 4.5. Let A=N, B = {k} and define W =35, ;4 % Then

B 1 14 ya* (1 + yz*) Wmghkmym
Bil@y) = vt T ToW Wk (1-W 1—w)m
1-W — m - —yWwzx ( - ) m>0 ( - )
memk WMy mk WMy mk+k
_ k mo__ m—+1
- (1+y$)2(1_w)m+1y _Z(l_ ym+1Y +Z m+1y
m>0 m>0 m>0
WMy mk WM mk+k
— +1
- l—W Z m+1y +Z m+1ym
Wm+1 mk+k Wm mk+k
_ m+1 m—+1
- + Z m+2 + Z — W)m+2 Yy
m>0
Wmae mk+k
_ m+1
- + Z m+2y

Thus, the generating function for the number of Carlitz compositions of n with exactly m occurrences
of k is given by

ka Z xJ m-1
J#k,j>1 1427

J m—+1
T
(1 = Yz _1+xj>

for allm > 1.

5. CARLITZ PALINDROMIC COMPOSITIONS

A Carlitz palindromic composition of n is a palindromic composition of n in which no adjacent parts
are the same. Note that a palindromic composition of even n has an even number of parts, thus the
two middle parts are the same, and no Carlitz palindromic compositions of even n exist.

We denote the number of Carlitz palindromic compositions of n with parts in A (respectively with j
parts in A) by Fa(n) (respectively Fa(j;n)). The corresponding generating functions are given by

:ZFA(n)x” and  Fu(j;z ZFA jin)x",
n>0 n>0
where we define F4(0) = F4(0;0) = 1 and F4(j;0) = 0 for j # 0. Furthermore, F4(1;n) = 1 if
n =a € Aand Fa(1;n) = 0 otherwise. Thus, Fa(0;2) =1 and Fa(1;2) = Y, 4 2%, and from the
remark above it follows that Fa(2j;2) =0 for j > 1.
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The following theorem gives the generating function for the number of Carlitz palindromic composi-
tions of n.

Theorem 5.1. Let A C N. Then the generating function for the number of Carlitz palindromic
compositions of n with parts in A is given by

a

ZGEA lfm%

Fylx) = ———————.
A() 172(161411%

Proof. Again, we use a recursive method to create the Carlitz palindromic compositions of n, by
adding @ € A to both ends of a Carlitz palindromic composition of n — 2a, except for those that
begin and end in a. Let F4(j,a;x) be the generating function for the number of Carlitz palindromic
compositions of n with j parts that start and end in a. Then, for j > 1, we get

Fa(2j +1,a;2) = 22 Fy (25 — 1;2) — 2%°Fa(2j — 1,a; ).
Using induction on j as in the proof of Theorem 4.1 and utilizing the initial condition F4(1, a;z) = z*
we can prove that
J
Fa(2j+1,a;2) = (Z(—l)’“l(mQ‘l)kFA(@j +1) — 2k;x)> + (=1)7 gt Da
k=1

Note that this formula also holds for j = 0. Since Fa(z) = > ,c4 D50 Fa(2j + 1,a; ), we get

Fa(@) =Y 3 ST (-1 @) Fa((2 + 1) — 2ks2) + 3 Y (1) a+De,

a€A j>0 k=1 a€A j>0
For the first sum we proceed as in the proof of Theorem 4.1, which yields

a

z2e T
FA(x) :FA(x) (Z 1+$2a> + 14 g2a’
acA

Solving for F4(z) gives the result. O

Example 5.2. If A = N, then the above theorem gives the generating function for the number of
Cns1 T

Carlitz palindromic compositions of n, namely Fn(z) = = .
n>1 T+a

As for Carlitz compositions, we can generalize Theorem 5.1. Let A = {ay,aq,...}, and denote by
Fa(n,r1,7r2,...) (respectively Fu(j;n,r1,79,...)) the number of Carlitz palindromic compositions of
n (respectively with j parts) such that the part a; € A occurs exactly r; times in the composition
(with >, 7; = j) and define F4(0;0,0,...) =1 and F4(0;n,0,...) =0 for n # 0. The corresponding
generating functions are given by

FA(j;x7ta15ta27~'~):Z Z FA(j;n77ﬂ1a7ﬂ27"')ant22

n>0ri1+re+...=j 120
and
FA(m,tal,tGQ,...):Z E FA(n,T1,T27.~.)$nHt2Z
n>0ri+ra+...20 120

where z and ¢,, are indeterminate variables.
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Theorem 5.3. Let A= {aj,az,...} CN. Then

Yaca THE

a€A 14t2z2¢

Fa(z,ta,, tay,. ) = (Zzwza
1- ZaeA 1+t222

Proof. The result follows as in the proof of Theorem 4.3, with the appropriate modifications due to
the symmetry of the palindromic compositions. O

Theorem 5.3 also allows us to count the number of Carlitz palindromic compositions F¥(n,m) of
n with parts in A such that m parts are in B C A. We denote the generating function for these
compositions by F%(z,y), where F¥(z,y) = 3 o0 >, 50 FE(n,m)z"y™. Setting t, = 1 for all
a € A\B and t, = y for all a € B in Theorem 5.3 yields the following result.

Corollary 5.4. Let BC A CN. Then

yz?

2
ZQGA\B 1+z2e + ZGGB 1+y2z2e

F¥(z,y) =

z2a 2p2a
1= uea\B THae — 2oaeB Tryzm

6. CONCLUDING REMARKS

We have derived generating functions for (palindromic) compositions and for Carlitz (palindromic)
compositions of n with parts in A C N, as well as generating functions for these compositions where
each part occurs a given number of times, or where a given number of parts are in a subset of A. This
very general framework can be applied to many special cases, of which we have investigated a small
selection.
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