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Abstract

We consider the design of asymmetric multiple description lattice quantizers that cover the entire
spectrum of the distortion profile, ranging from symmetric or balanced to successively refinable.
We present a solution to a labeling problem, which is an important part of the construction, along
with a general design procedure. The high rate asymptotic performance of the quantizer is also
studied. We evaluate the rate-distortion performance of the quantizer and compare it to known
information theoretic bounds. The high rate asymptotic analysis is compared to the performance of

the quantizer,
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I Introduction

A multiple description source encoder generates a set of binary streams or descriptions

of a source sequence, each with its own rate constraint. The transmission medium may

*Contact author, Rm C287, Bldg 103, AT&T Shannon Laboratories, 180, Park Avenue, Florham Park
New Jersey, NJ 07932, suhas@research.att.com.
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deliver some or all of the descriptions to the decoder. The objective is to minimize the
distortion between the source sequence and the decoded sequence when all the descriptions
are available, while ensuring that the distortion which results when only a subset of the
descriptions are available remains below a pre-specified value that depends on the subset. If
there are D descriptions, the distortion profile is a vector of length 2P whose components
give the distortion constraints for each subset of the descriptions.

In recent years, multiple description coders have received considerable attention, driven
by the interest in packet voice and video communications (see the bibliography). Most of
the work (with the exception of [11]) has centered around the successively refinable case and
the balanced/symmetric case, which are in a sense two extremes of the distortion profile.
Successive refinement coders find application in networks with a priority structure whereas
balanced codes are useful in networks that do not have such a structure, the best example
at the present time being the Internet.

In this paper we propose a structured scheme that bridges the two cases, in the sense
that it permits a fairly general distortion profile to be specified. By allowing the individual
descriptions to have different distortions, the quantizer behavior can range from the balanced
case (where each description is equally important) to a strict hierarchy (where the loss of
some descriptions could make decoding impossible). The new design is described in terms of a
lattice vector quantizer, but the general principle of asymmetric multiple description coding
can be extended to many other quantizers, such as trellis coded quantizers, unstructured
vector quantizers, etc. This could potentially allow us to incorporate channel (or network
route) reliability information into the transmission. Also, it might be a useful way to allow
for less intrinsic wastage of network traffic as some descriptions could be given to the decoder
without necessarily waiting for the more important descriptions to arrive (as in successive
refinement).

For previous work on the information theoretic aspects of the multiple description prob-
lem see [9, 10, 22, 29, 30]. The problem of designing quantizers for the multiple description
problem has been considered in [11, 17, 19, 25, 26, 28]. The work presented in [28] considered
only the balanced /symmetric lattice quantizer design. Unlike the work in [11], we do not use

a training approach; instead we use the geometry of the underlying lattice to solve a labeling
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problem. Other approaches to multiple description coding based on overcomplete expansions
are presented in [1, 2, 13] and methods based on optimizing transforms and predictors are
presented in [16, 21, 27].

The paper is organized as follows. The source coding problem is formulated in Section
I1, the design method is described in Section III, properties of the lattices and sublattices
needed for the construction are developed in Section IV, a high rate analysis is presented in

Section V, and numerical results are presented in Section VI.

IT Preliminaries
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Figure 1: Block diagram of a multiple description vector quantizer.

A block diagram of a two-channel multiple description vector quantizer (MDVQ) using a
lattice codebook is shown in Fig. 1. An L-dimensional source vector z is first encoded as the
closest vector A in a lattice A C RY. We will write A\ = Q(z). Information about the selected
code vector A is then sent across the two channels, subject to rate constraints imposed by
the individual channels. This is done through a labeling function «. At the decoder, if only
channel 1 works, the received information is used to select a vector A} from the channel 1
codebook. If only channel 2 works, the information received over channel 2 is used to select
a code vector A, from the channel 2 codebook. If both channels work, it is assumed that
enough information is available to recover A.

We will assume that the channel 1 and channel 2 codebooks, denoted by A; and A,
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respectively, are sublattices’ of A. The index [A : A;] is denoted by N;, ¢ = 1,2. N; is also
called the re-use index of sublattice A;. We assume that each A; is geometrically similar to
A, i.e. that A; can be obtained from A by applying a similarity (a rotation, change of scale
and possibly a reflection). To simplify the analysis we will usually assume that the A; are

strictly similar to A, i.e. that reflections are not used.

Property P.1 Let A be an L-dimensional lattice with generator matriz G (the rows of G
span A ). A sublattice Ay C A is geometrically strictly similar to A if and only if the following
condition holds: there is an invertible L x L matriz Uy with integer entries, a scalar ¢i, and
an orthogonal L x L matriz K1 with determinant 1 such that a generator matriz for Ay can

be written as
Gl = UlG = ClG[(l . (1)
If (1) holds then the index of Ay in A is equal to

det Al det Gl
N == A N A = =
! [ 1 Videt A ~ det &

= detU1:Cf . (2)

Furthermore, Ay has Gram matriz
A =G GV = U GGTUT = ULAUL = ¢iA (3)
where A = GG is a Gram matrix for A.

Even if the similarity is not strict, equations (1), (2) and (3) still hold but with det Ky =
—1. Note that the constant ¢; > 1 represents the scaling between the lattice A and A,
and thus the index N; = cF represents the scaling between the respective volumes of the
fundamental regions of the lattices.

We will also usually assume that the sublattices A; and Ay are clean [3], that is, no point
of A lies on the boundary of the Voronoi cells of Ay or Ay. Our algorithm still applies if this

condition is not satisfied, but the book-keeping becomes more complicated.

1Strictly speaking, the codebooks are finite subsets of the sublattices A; and A, but we will ignore that

distinction in this paper.
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Finally, we require a sublattice of Ay () As, As, (the product sublattice) which is geomet-
rically strictly similar to A and has index N, = Ny N; in A. To reduce the complexity of
the design we will also sometimes make use of a sublattice An of A;[) Az which has index
Nn =lem(Ny, N3) in A (such sublattices do not always exist — see Section V).

Since the information sent over channel 1 is used to identify a code vector Ay € Ay, and
the information over channel 2 is used to identify a code vector Ay € A, we will assume
that the labeling function « is a mapping from A into A; X Az and that (A, A2) = a(X).
The component mappings are Ay = aq(A) and Ay = as(A). In order to recover A when both
channels work, it is necessary that o be one-to-one. This is accomplished by requiring that
the ordered pair (Ay, Ag) is used only once in any labeling scheme.

Given A, Ay, Ay and «, there are three distortions and two rates associated with the
quantizer. For a given source vector  mapped to the triple (A, A;, Ay), the two-channel
distortion dy is given by |z — A||?, the side distortions d; by |z — X;||?, i = 1,2, where
||| [? oo (1/L) Ele 2? is the dimension-normalized Euclidean norm. The corresponding
average distortions are denoted by do, dy and ds. (We will also refer to do as the central
distortion.) We assume that an entropy coder is used to transmit the labeled vectors at a
rate arbitrarily close to the entropy, i.e., R, = H(a;(Q(X)))/L, i = 1,2, where H is the
binary entropy function. The problem is to design the labeling function « so as to minimize
do subject to di < Dq and dy < Dy, for given rates (R, Ry) and distortions Dy and Ds.

We will assume that the source is memoryless with probability density function (pdf)
p. The L-fold pdf will be denoted by p; where pp((xy,x9,...,21)) = Hle p(x;). The
differential entropies satisfy the relation h(pr) = Lh(p).

Given a lattice A, a sublattice A" and a point ' € A, we denote by Vi.a/(X) the set of
all points in A that are closer to A’ than to any other point in A’. This set is the discrete
Voronoi set of A in A. If A’ is a clean sublattice of A we do not need to worry about ties
when calculating Vy.a/(X). The Voronoi cell Vi(A) of a point A € A is the set of all points
in RY that are at least as close to A as to any other point of A. Also E(N) = a(Vaa(N)),
A€ N, will denote the set of all labels of the points in Vi.ar(A).



A Distortion Computation

The average two-channel distortion dq is given by

do = Z/V |z — M|?pp(x)dz. (4)

AEA

Since the codebook of the quantizer is a lattice, all the Voronoi sets in the above summation
are congruent. Furthermore, upon assuming that each Voronoi cell is small and letting v

denote the L-dimensional volume of a Voronoi cell, we obtain the two-channel distortion

N z||*dx
PREAC L G(AW", (5)
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where the normalized second moment G/(A) is defined by ([5])

Iy lzll*dz

G(A) 1_|_2/L : (6)

When only description ¢ is available, for ¢« = 1,2, the distortion is given by

di=do+ ) A= aiNPPO), (7)

AEA

where P(A) is the probability of lattice point A, and we have assumed that A is the centroid
of its Voronoi cell. This is true for the uniform density. For nonuniform densities, there is
an error term which goes to zero with the size of the Voronoi cell [14]. The first term in (7)
is the two-channel distortion and the second term is the excess distortion which is incurred
when only description 7 is available. Note that, for a given A, only the excess distortion term
is affected by the labeling «.

At this point we impose a constraint on the labeling function that allows us to reduce the
problem to that of labeling a finite number of points. We assume that the labeling function
has the shift invariance property that a(A + X;) = a(A) + A;, for all Ay € A;. This leads to
the following simplification:

di=do+(1/N) Y A =aiWI, (8)

AEVA:A,(0)
where we have assumed that P(A) is approximately constant over a Voronoi cell of the
sublattice A;, but may vary from one Voronoi cell to another. The consequence of this
structural property is that we focus on the labeling of a set of points in Vi (0) and use

shifts of this labeling scheme to generate labels for the entire space.



B Rate Computation

Let Ry bits/sample be the rate required to address the two-channel codebook for a single
channel system?. We first derive an expression for Ry and then determine the rates R,
and R,. We use the fact that each quantizer bin has identical volume v and that py(x) is
approximately piecewise constant over each Voronoi cell of Ay and A;. This assumption is
valid in the limit as the Voronoi cells become small and is standard in asymptotic quantization
theory.
The rate Ry = H(Q(X)) is given by
Ro = —DY [ mledetos, [ pueyde
N VA

Va(\)

%

-y | ez lox i)

h(p) — (1/L)log,(v). (9)

%

It can be shown that the rate for description 7 is given by
R = Ro— (1/L)log,(N;), 1=1,2. (10)

A single channel system would have used Ry bits/sample. Instead a multiple description
system uses a total of Ry + Ry = 2Ry — (1/L)log,(N1Ny) bits/sample, and so the rate
overhead is Ro — (1/L)logy (N1 Ny).

IITI Construction of the Labeling Function

Suppose A is an [L-dimensional lattice with a pair of geometrically strictly similar, clean
sublattices Ay and Ay, and let A, (the product sublattice) be a geometrically strictly similar,
clean sublattice of both A; and Ay, with indices [A: Aq] = Ny, [A: Ayl = Ny and [A: A] =
Ny Ns.

In order to construct a labeling function we first identify £, the subset of points of Ay x A

that will be used to label the points of A. Informally, we call the ordered pair (Ay, A2) an

?This quantity is useful for evaluating the two-channel distortion as well as for evaluating the rate overhead

associated with the multiple description system.
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edge and therefore the labeling function is to associate lattice points with edges. A one-to-
one correspondence will be established between Vy., (0) and a proper subset of £ so as to
minimize an appropriate objective function, while ensuring that the labeling can be extended
uniquely to the entire lattice. To this end we first start by formulating a cost criterion that

will be used in the design.

A Cost criterion

The multiple description problem may be formulated [9] as a problem of minimizing the
central distortion subject to constraints on the side distortion. The associated Lagrangian

cost criterion is given by
— 2 —

= (’71+’72‘|‘1d0‘|‘Z%ZH)\—% )*P(N)

=1 AEA

= (m4mn+Dd+) PO Z%H)‘—% .
AEA
where vy, v are Lagrange multipliers.
The central distortion dy is determined by the lattice A. If we assume that P()\) is
approximately constant over the Voronoi cell of A;, we can rewrite the cost criterion in

terms of the cost over a Voronoi cell of A;. Then the design problem reduces to finding a

labeling scheme «(A) which minimizes

N Yo bl =P+ 72llA = a2V (12)

AEVAA )

After some algebra, the expression inside the summation can be rewritten as

A) + y20a(N)
— A) — M + + A — yi0a( 2,
“ 72”0@( ) Oé1( )H (71 72)” AT, H

(13)

The values of 41 and ~3 determine the relative values of the two side-distortions d; and ds.
Therefore our design principle is (informally) for a given pair 41 and 72, to find a labeling

function a(A) such that the sublattice points ay(A) € A1, az(A) € Ay are not very far apart
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and the lattice point A € A that is being labeled is not very far from the weighted mean
(the second term of (13)) of these two sublattice points. This general guiding principle leads
to our lattice design. (Note that if we have A; = Ay then R; = R,, although we may still
introduce some distortion asymmetry by choosing v; # ~2). We will first describe the basic

quantizer design and then illustrate it using the lattice Z2

B Lattice Quantizer

The quantizer construction is based on the following steps.

Step 1 We are given an L-dimensional lattice A, rates Ry, Ry and distortions Dy, Dy. These
determine the indices Ny, Ny using (10), and we attempt to find (strictly similar, clean)
sublattices Ay, Ay with these indices, together with a product sublattice A;. We also
choose appropriate values for the weights v; and ~,. For example, a successively
refinable quantizer corresponds to choosing v4 = 1, 72 = 0 and N, = oo. For the
balanced case we take 74 = 7,. By appropriately choosing Ny, Ny, v1,72, one can

achieve different levels of asymmetry in rate and distortion.

def

Step 2 We find the discrete Voronoi set® V; = Va:a.(0) for the sublattice A;. This is the

fundamental set of points that we will label. The labeling is then extended to the full
lattice using the shift invariance property (see Section II). We also find the sets

731 — VAleS(O) — ‘/(JmAlv (14)
7)2 - VA2;AS(O) = ‘/om/\z, (15)

which are the points of Ay and Ay belonging to the Voronoi set V4.
Step 3 We determine the set
EI(AI):{)\Z EAQ 3)\2 E‘/o—|-)\1} (16)

for all Ay € Py. These are the points in the sublattice Ay which are in the Voronoi set

Vo of A; when translated to be centered at A; € P;. By using these points we ensure

3We usually omit the word “discrete” when referring to this set.



10

that the edge length ||az(A) — ay(A)||* will be minimized (see Property P.8). We will
show that each member of £1(A1) lies in a different coset with respect to the sublattice

shifts in A (Property P.2). Similarly, we determine the set
,CQ()\Q) = {)\1 € Al . )\1 - ‘/0 —|— )\2} (17)
for all Ay € Py. The set of edges emanating from V4 is given by

gedges = {()\1,)\2) : )\1 € P , )\2 € /:,1()\1)} U (18)
{()‘17)‘2) : )\2 S ,P2 5 )\1 € ,CQ()\Q)}

We find a set of coset representatives & for the equivalence classes of &.44., modulo

As. Property P.6 will establish that we can write & either as
50 = {()\1,)\2) : )\1 € ,Pl and )\2 - 'Cl()\l)} (19)
or equally well as

50 = {()‘17)‘2) . )\2 S ,P2 and )\1 - /:/2()\2)} . (20)

Step 4 Matching the edges to the lattice points in the Voronoi set is now a straightforward
and easily solved assignment problem (cf. [18]). The objective is to label each point in
Vo with edges that are distinct modulo Ay, in order that the shift invariance property be
satisfied. To formulate this assignment problem we compute the cost given by (12) for
each lattice point and each equivalence class of edges modulo A, (taking the minimum
over the edge class). This allows us to construct the set of edges which will later be

used to label the points in Vj.4..

If there exists a sublattice An (as defined in Section II) which is also a geometrically
strictly similar, clean sublattice of A; and A; the computational complexity of the
design can be further reduced. For then we need only label the points in Vi.a,(0). We
will show that this does not reduce the performance of the quantizer — see Property
P.9. In this case we replace the sets P; and Py by the sets 771 = Vi,:an(0) and

P, = Vi,aa(0). The rest of the procedure is unchanged.
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C Properties of the quantizer

In this section we state some of the properties of the construction proposed in Section B.

We have imposed the following restrictions on the labeling scheme:

Constraint 1 The labels satisfy the shift property, i.e. a(A+X;) = a(A)+X;, VA € Ay A €
A.

Constraint 2 The labels for V; lie in different cosets of the product sublattice: i.e. if
(A1, Ag) and (Mg, )\/2) are valid edges then Ay and )\/2 are in different cosets with respect
to the product sublattice.

Property P.2 Fach member of L1(A1) lies in a different coset with respect to the sublattice
shifts in A, and |L1(M1)| = Ni. Similarly each member of L2(X2) lies in a different coset
with respect to the sublattice shifts in A, and |Lq(A2)] = Na.

Proof: Let Ay, A, € L1(A1), and A, = A+, for some A, € A,. Then A, — Ay = Ay — A+,
Hence Ay — Ay and )\/2 — Ay cannot both lie in V4. But since A,, )\/2 € L1(A1), Aa— Ay and )\/2—)\1
are in Vg, a contradiction. Thus each Ay € L£41(A1) is in a different coset with respect to the
sublattice shifts in A;. Now {V5 + )‘II}AQ:M-MS,ASeAS is a partitioning of the points of A, and
each of these disjoint sets contains points from different cosets of Ay (with respect to shifts
in Ag). Since there are only N; different cosets of Ay, |£1(A1)| < Ny. In fact equality must
hold, because the space is tiled by such sets and if there were a A} for which [£;(A})] < Ny
then would be a A; for which |£4(A;)| > Ny, which impossible. An identical proof holds for
Lo(A2). ]

Property P.3 Li(\1) consists of the Ny points Ay € Ay closest to Ay subject to the constraint

that each Ay is in a different coset.

Proof: We know that Ay € El()\l) S e+ e A=A Vo Then Ay — N e V&
A2 — AL])? < ||A2 = AL+ AS|[%, for all A, € A,. Thus for any )\/2 = A+ A5, As # 0 we have
[[X2 — Mi[[2 < ||X, — A][?, and the claim follows. |

Property P.4 Xy € L1(A1) & A € La(N2).
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Proof: For clean lattices, if € V; then —x € V4 [5]. Then Ay € L1(A) & A € Vo + A1 &
)\2—)\1E‘/o@)\l—)\ze‘/o@)\lE‘/o—|-)\2<:>)\1€£2()\2). [ |

Property P.5 As lattice points in A are labeled, the number of times each point from Ay is

used is Ny and the number of times each point from Ay is used is N,.

Proof: Let N();) denote the number of lattice points labeled by A; € A;. Certainly
N(A1) > Ny since A, is used Ny times when we form the edges {(A1,A2) : A2 € L1(A1)}
If A; is used in more than N; labels then there is a valid edge (A1, Ay) with Ay & L£1(My).
But this is impossible by Property P.4. Therefore N(\;) = N for all A, € Ay and similarly
N(As) = N, for all Ay € A,. N

Property P.6 The number of cosets in the edge set & modulo A is equal to the number of

lattice points in V.

Proof: Consider the edge set & = {(A1,A2) : Ay € P1, A2 € L£1(A1)}. From Property P.2
each Ay € L£1(A1) lies in a different coset modulo Ay and hence each edge (A1, A\2) € Eél) lies

in a different coset. As |5£1)| = N1 N,, there are at least that many cosets in the edge set.
|

Property P.7 The labeling scheme produces a unique label for each lattice point.

Proof: This is immediate from the fact that the labels for the cosets of A/A; are taken
from distinct cosets of & /As. [ |

Property P.8 The labeling scheme minimizes the cost criterion given in (11) subject to the

coset restriction.
Proof: This is an immediate consequence of Property P.3. |

Property P.9 Suppose N; and N, are not relatively prime, and there exists a sublattice An
with index lem{ Ny, No} in A which is a geometrically strictly similar, clean sublattice of Ay
and Ay, and contains As. Then we may construct the labeling to be invariant under shifts by
An, and obtain the same edge set as if we used the product lattice A;. With this procedure it
is necessary to label only lem{ Ny, Ny} lattice points rather than Ny Ny points.
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Proof: If such a A exists then we just need to show that the edge set constructed by using
the algorithm with A, can be produced by sublattice shifts of the edge set constructed using
An. As we saw in the proof of Property P.6, the coset representatives for the edge set are
constructed by using & = {(A1,A2) : A1 € P, As € L1(A1)}, where Py = UAneAn UAleP{()‘l +
An).  Therefore & = UAneAn Eé, where 5(/) = {(M1,A2) + A € 771, Ay € L1(M1)}, where
771 = Vi, :24(0). It follows that there are exactly lem { Ny, No} coset leader edges in & with
respect to the sublattice An and they are given in &,. Therefore, by matching the cosets of
the edges modulo An with the lattice points in the Voronoi set for An, using the assignment
algorithm (as before), and then shifting by An we produce exactly the same labeling as we
obtained using As,. |
The property P.9 illustrates that we can reduce computational complexity in the design
of the quantizer by using the shift-invariance property of the design over a smaller set of
points without any sacrifice in performance. The following property P.10 can be used to
obtain a finer scale of global asymmetry by mixing configurations with different levels of
asymmetry. For example by equally mixing configurations with complementary distortion

ratios, we can create globally symmetric side distortions. We call the weighted average of

YiA1 72 A2

S, representalion points as they are chosen to be close to the lattice

the lattice points,

point that the edge represents. Note that distinct edges may share representation points.

Property P.10 If there exist several labeling schemes achieving the same cost we can mix
these configurations to achieve different levels of asymmetry. A sufficient condition for this
to occur is for the number of unique representation points to be smaller than the number of

lattice points in the product lattice Ay.

Proof: The number of representation points is equal to the number of lattice points in
the Voronoi set Vg (see Property P.6). Therefore, if there are some representation points
which overlap (i.e. the number of unique representation points is less than the number of
points in V5), then there is more than one labeling scheme that produces the same Lagrangian
Y1 dy —I—’yQJQ, with each labeling producing different dy,dy. Suppose one extremal configuration
produces the lowest d7*"™ and (therefore) the largest d5'“®, and another extremal configuration

produces the highest d7%® and the lowest d7"". Then by using the first configuration in
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proportion a and the second in proportion @ = 1 — « one can produce side distortions
dy = adP™ 4 adP*® and dy = ad}* + ady™. Thus by keeping the Lagrangian cost the
same, one can obtain different levels of asymmetry in the distortions d, ds. [ |

The case of the scalar quantizer (L = 1) is of particular interest as these are widely used
in practice. For a scalar quantizer, A = Z with Ay = N1Z, Ay = NoZ, Aq = lem(Ny, Ny)Z
and Ay, = Ny NyZ. The points of Ay € Ay closest to a point Ay € Ay are in different cosets
with respect to the lattice A;. Therefore the edge selection procedure outlined in Section

[IIB is optimal, in that the quantizer design produces the smallest cost as given by (12).

4
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Figure 2: Elements of A; and A; in Voronoi set V; of A,.

D Example

In this section we illustrate the design procedure with an example in two dimensions using
the lattice Z* We choose |A{] =5 and |Az| = 9. Portions of the two sublattices are shown
in Figure 2 where the points of A; are marked with circles, the points of Ay with asterisks,
and the points of A, with both circles and asterisks. * There are 45 points in the Voronoi

set Vo for A,. The set P; contains 9 points of A; and the set P, contains 5 points of As.

“In the enhanced (pdf) version of this document the circles are blue and the crosses are red.
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The edges E.qges (see Eq. (18)) emanating from the points of V4 are shown in Figure 3.
These are found using the sets £1(A1) and L2(A2) for Ay € Ay, Ay € Ay, For example, if we
take the point Ay = (2,1) € Py, we see that there are 5 points in the set £;(A1), namely
{(0,0),(0,3),(3,3),(6,0),(3,0)}. Note that there are several edges emanating from V4 which
are a sublattice A, shift apart. For example the edge {(—2,—1),(—6,0)} is a sublattice A,
shift away from the edge {(4,2),(0,3)}. To satisfy the shift invariance constraint, we must
use only one of these edges to label a point in V4. This constraint is built into the optimization
procedure. The result of the optimization procedure is illustrated in Figure 4. Here we have
shown only the points in Ag. The points in Ay N Ag are marked by circles and those in
A2 N Ag by asterisks. Fach point carries a pair of labels (A1, Az) with Ay € Ay, Ay € Ay The
complete listing of the labeling is given in Table 1. In this example we have set v; = 9 and
v2 = 5, which determines the respective distortions d; obtained by the design. A comparison

of these distortions with that predicted by information theory is given in Section VI.

Figure 3: Edges emanating from the Voronoi cell of the sublattice.
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Table 1: Lattice points and labels for a Voronoi set of the product sublattice as labeled in

Figure 4.
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Figure 4: Labels generated by the algorithm.

IV Good lattices

The lattices that we will investigate and apply in this paper are Z" for n = 1, 2 or a multiple
of 4, together with the root lattices Dy and Fg [5]. The analysis could be extended to treat
other lattices such as Z?, 7, the 12-dimensional Coxeter-Todd lattice, the 16-dimensional

Barnes-Wall lattice or the 24-dimensional Leech lattice ([5], [20]), but we shall not discuss

these here.

A The construction of similar sublattices

We begin with the observation that multiplication of points in the square lattice Z? (regarded
as points in the complex plane) by 1 + ¢ produces a similar sublattice of index 2. All our
sublattices will be constructed by generalizing this remark.

We will make use of five types of integers: Z, the ordinary rational integers; G, the
ring of Gaussian integers {a + b1 : a,b € Z}, where 1 = /—1; J, the ring of Eisenstein
integers {a 4+ bw : a,b € Z}, where w = ¢?™/3; Hy, the ring of Lipschitz integral quaternions
{a+bi+cj+dk:ab,c,be Z}, where i, j, k are the familiar unit quaternions; and Hy, the
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ring of Hurwitz integral quaternions {a + bt + ¢j + dk : a,b,¢,d all in Z or all in Z + %}
Other rings of integers could also be used, but these suffice for the lattices considered in this
paper.

If A = Z, multiplication of lattice points by £ € Z gives £Z, a similar sublattice of index
N = el

If A = Z* = G, multiplication by the Gaussian integer £ = a + bi € G gives a similar
sublattice A’ = €A of index N = a? 4 b?. A number N is of the form a? + b? if and only if it

is of the form

261 p{z quj \ (21)
pi=1(4) q;=3(4)

where the first product is over primes p; congruent to 1 (mod 4), the second product is over
primes ¢; congruent to 3 (mod 4) and ey, f; and g; are nonnegative integers. These indices

are the numbers
1,2,4,5,8,9,10,13,16,17,18,20,... (22)

(Sequence A1481 of [24]).

It A = Ay, = J, the planar hexagonal lattice, multiplication by the Eisenstein integer
£ =a+bow € J gives a similar sublattice A’ = ¢A of index N = a? + ab+b*. A number N is
of the form a* + ab+ b* if and only if primes congruent to 2 (mod 3) appear to even powers.

These indices are the numbers
1,3,4,7,9,12,13,16,19,21,25,27, ... (23)

(Sequence A3136 of [24]).

It is shown in [3] that the above conditions are also necessary: if Z,Z? or A, has a similar
sublattice of index N then N must have the form described in the preceding paragraphs.

For the lattices A = Z*, Z8 Z1%,... , D4 and Eg a necessary condition for the existence of
a geometrically similar sublattice of index N is that N should be of the form m/? for some
integer m, where L is the dimension. This condition is also sufficient, since such sublattices
can be obtained by writing m = a® + b* + ¢* + d?, regarding A as a sublattice of H§/4, and
multiplying A on the left or on the right by the quaternion £ = a 4+ bt 4+ ¢j + dk. Left and
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right multiplications in general give different sublattices. In the case of Dy and FEg we may
also multiply by Hurwitz integral quaternions to obtain further similar sublattices.

Odd-dimensional lattices of dimension greater than 1 are less interesting. For a lattice A
of odd dimension L has a geometrically similar sublattice of index N if and only if N is an
L-th power, say m”, and sublattices of this index can be obtained by scalar multiplication
of A by m (see [3]).

The norm of a quaternion £ = a + b1 4+ ¢j + dk is ff = a® + b* + ¢ 4+ d* where the bar
denotes quaternionic conjugation. If £ belongs to one of the above rings, the index of the

sublattice £A (or AE) in A, [A : €A], is equal to (£€)%/2, where L is the dimension and the

Y

bar is complex or quaternionic conjugation as appropriate.

B Clean sublattices

In dimension one, the sublattice £Z is clean if and only if ¢ is odd.
Reference [3] gives necessary and sufficient conditions for a similar sublattice of any two-
dimensional lattice to be clean. In particular, the sublattice £Z* (£ = a + ib) is clean if and

only if N = a? +0? is odd. These indices are obtained by setting e; = 0 in (21):
1,5,9,13,17,25,29,37,41,45, ...

(Sequence A57653).
The sublattice {As (£ = a + bw) is clean if and only if a and b are relatively prime. It
follows that A, has a clean similar sublattice of index N if and only if N is a product of

primes congruent to 1 (mod 6). These are the numbers
1,7,13,19,31,37,43,49,61,67, ... (24)

(Sequence A57654).

The existence of clean sublattices in dimensions greater than 2 was not considered in [3].

We can give a fairly complete answer for the lattices Z¥, L > 1.

Theorem IV.1 Suppose L > 1 and Z" has a geometrically similar sublattice \' of index
N. Then N is clean if and only if N is odd.
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Proof. (If) Let A’ = ¢(Z"%), where ¢ is a similarity, and let A” = ¢~Y(ZL). If ¢ multiplies
lengths by ¢; (as in (1)) then N = cf'. Suppose N = ¢l is odd and let A’ have generator
matrix K, with K K" = ¢} I, = mIp, where m = ¢f. (In the notation of (1), U; = ¢, Ky = K.)

2

Note that as K K" has integer entries, m = ¢? is an integer and as N? = m’

is odd, so is m.
Since A’ is a sublattice of Z%, the entries of K are integers. Then A” has generator matrix
K™t =LK™

We must show that there are no points of Z” on the boundary of the Voronoi cell of A/,
or equivalently that there are no points of A” on the boundary of the Voronoi cell of Z%.

It is enough to consider just one face of the Voronoi cell of Z”, say that consisting of the

points P = (%, R ,%), where |z;| < 1for 2 <i¢ < L. If P € A" then there is a vector
u=(uy,...,ur) € Z* such that
1 ~tr
P = —uk" . (25)
m

Equating the first components we get that
1

3= times a vector with integer entries .
m

Since m is odd this is impossible.

L m is also an even integer. We claim

(Only if) Suppose N is even, then as N* = m
that all the vertices of the Voronoi cell for Z% (i.e. all the deep holes in Z in the notation
of [5]) belong to A”. In fact, (25) implies that « = PK. Let P be a vector of the form
(£, £1 .. £, and let K = (k). From KK” = K"K = mly, we have 1 k% = m
and, since kf; = ky; (mod 2), Ele k;; is even (for all j). Hence PK has integer entries and
is in Z%. |

The following corollary summarizes our results about Z% for the values of L that we are

interested in. Note that since Z” has no “handedness”, there is essentially no difference

between “similar” and “strictly similar” for this lattice.

Corollary IV.1 Z* has a geometrically similar sublattice of index N if and only if
o N is an L' power, if L is odd

o N is of the form a* + 0%, if L =2
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o N is of the form m™? for some integer m, if L = 4k, k> 1

In each case the sublattice is clean if and only if N is odd. The same results hold if “similar”

is replaced by “strictly similar”.
For D, we have only a partial answer.

Theorem IV.2 [f M is 7 or a product of primes congruent to 1 (mod 4) then Dy has a

geometrically strictly similar, clean sublattice of index M?. The values of M mentioned are
1,5,7,13,17,25,29,37,41,53, ... (26)

(7 together with Sequence AJ613).

Proof. We take our standard version of the Dy lattice to have minimal norm 2 (as in [5])

and generator matrix

1 1 0 0
—1 0 1 0
G = (27)
0 -1 0 1
0 -1 0 -1

The four rows vy, vy, v3, v4 of G correspond to the nodes of the Coxeter diagram for D, shown
in Fig. 5, where v;-v; =2 (1 = 1,... ,4), two nodes that are joined by an edge correspond to
vectors with inner product —1, and two nodes that are not joined by an edge are orthogonal.

We regard Dy as a subset of H = {w + 21+ yj + zk : w,z,y,z € R}, the space of real
quaternions. Our sublattices A’ will be constructed by multiplying D, either on the left or
on the right by appropriate Hurwitzian integral quaternions. If £ = a + b1 + ¢j + dk € H

then D4 has generator matrix G'L¢, where

[ a b c d ]
—b a d —c
Lf - 9 (28)
—c —d «a b
—d c —=b «a
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U3

v1
V2

V4

Figure 5: Coxeter diagram for any lattice that is geometrically similar to Dy4: there are four
generating vectors vy, vy, v3, vy satisfying vy - vy = vy vy = V3 V3 = Vg - Vg, V; -V = —%vl -y

if nodes v; and v; are joined by an edge, and v; - v; = 0 (i # j) otherwise.

and D4¢ has generator matrix G Rg, where

a b c d
b a —d c
Re = (29)
—c d a —b
—d —c b «a
Note that
LgL? = RSR?’ =mly, L¢R:= R¢L¢ (30)

wherem:§§:a2—|—bz—|—02—|—d2.

We will show that under certain conditions £y and D4 are clean sublattices. We only
give the proof for D4€, the other case being completely analogous.

The Voronoi cell for Dy is a 24-cell, with 24 octahedral faces [4], [5]. A typical face (they

are all equivalent) is that lying in the hyperplane

1
X'U1:§U1'U1, (31)
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having center ég = %vl and six vertices

1

o = 5(2U1+U3—|—U4)7
1

9y = 5(—7)3—7)4)7
1

03 = 5(2U1+U2—|—U3)7
1

0y = 5(—7)2 - US) 5
1
ds = 5(21)1 + vy + vy),
1
56 = 5(—1)2 — U4) (32)

(see Fig. 6). A point X belongs to this face if and only if it satisfies (31) and

Figure 6: Labeling for center and vertices of octahedral face of Voronoi cell for Djy.

[(X = 3d0) - (01 = do)| + [(X = do) - (05 — do)| + |(X = do) - (d5 — do)| < im “vp . (33)

Let A" = D&, where £ is a quaternion of the form

a «o. [B. B
= — 4 —i+j+k 4
3 ; Tt 5Tk (34)
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and « and ( are odd, positive, relatively prime integers. The norm of ¢ is %(oz2 + 3*). Then
we claim that A’ is clean.

To show this, we begin by computing the generator matrix for A’

&' = GR:

atf —atf  —atf —a-f
2 2 2 2

and denote its rows by v}, v5, v}, vi. We will similarly use primes to denote the center (d;)

and vertices (8, ... ,d5) of an octahedral face of the Voronoi cell of A’. From (32) we find
that
, 1
50 = 5(07057076)7
1
51 = 5(0&,&,&,&),

o= l— o, o
53 - 2( 67 2 7&)7

1
5 = 5(0,0z+[3,0,—0z—|—[3).

We must show that it is impossible for a point X = (w,z,y,z) € Dy to satisfy the primed
versions of (31) and (33), which are

or + 02 = (a4 ), (36)

joaw + By| + | = o+ oyl + |2 — az] < £(a® + 7). (37)

Suppose on the contrary that (w,z,y,z) € Dy satisfies (36) and (37). From (36) we have

Ly 2
z= %(a + 3% = 2ax) (38)
and from (37)

Loy 2
|ﬁx—az|§§(0z + 3%,
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which together imply

1

B <a< ath)

So we may write x = %(oz + 1), say, where g is an odd integer satisfying —3 < u < 3, and

from (38)
3 —ap
28
which implies apg = 3? (mod 23). Since /3 is odd, 3% = 3 (mod 243), and we conclude that

z =

ap = (mod 23). (39)

Thus for some integer k, o — 3 = 2k, and since o and 3 are relatively prime, 3 must divide
pt. Therefore yp = £3. But this is impossible. For if p = 3, = (o + ), z = 3(—a + ),
Bx —az = (o’ 4 (4%), and then (37) impliesw =y =0,s0 w+a+y+z =3 & Dy, since 3
is odd. A similar argument applies if = —f.

So far we have shown that if @ and (8 are odd, positive and relatively prime, then the
sublattice D4€ is clean, where € is given by (34). Suppose M is a product of primes congruent
to 1 (mod 4). From the classical theory of quadratic forms (see for example [6]), we know
that M = p? + ¢* with p even, ¢q odd and ged(p,q) = 1. We now simply set a = p + g and
B=lp—adl

It remains to discuss the case M = 7. For this we can multiply on the left or on the right

by either of the quaternions

f—l—l—l'—l—l'—|—5k 1—|—3'—|—3'—|—3k
T2 TR T TN TRt T T
We omit the straightforward verification that these sublattices are clean. |

In the other direction we have:

Theorem IV.3 D, has no clean, geomelrically similar sublattice of index M?* if M is 3, 9
or 11.

Proof. The proof is by exhaustive search, using a computer. We produced a list of all
vectors of norm 2M in Dy, and from this we found all similar sublattices of index M? by

finding all sets of four vectors corresponding to the Coxeter diagram of Fig. 5. Given a
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sublattice A’, we compute the equations defining an octahedral face of the Voronoi cell from
(31) and (33). Then AMPL [12] and CPLEX [7] were used to verify that in every case there
was a point of D4 on the face. [ |
The preceding discussion has shown that the lattices Z, Z2, Z* for k > 1 and D, have a
plentiful supply of clean, geometrically similar sublattices. We expect the same will be true
of the Ky lattice, but this question is presently under investigation.
Finally, we remark that if A’ is a clean sublattice of A and A” is a clean sublattice of A’

then A” is a clean sublattice of A.

C Common sublattices of A; and A,

We begin with a general comment. Let Ay and Ay be any two sublattices of a lattice A (they
must have the same dimension as A but are otherwise arbitrary). Then we may form their
intersection Aqn = A; N Ay and their join Ay = Ay U Ay, as shown in Fig. 7. The join is
the lattice generated by the vectors of both A; and Ay (and in general is not simply their
union). From the Second Isomorphism Theorem of group theory (e.g. [23]) the indices and

A

Figure 7: Intersection, join and “product” sublattice of two arbitrary sublattices.
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determinants of these lattices are related by

[Au: A1) =[A2: An), [Au: Ao] = [A1: AR, (40)

det Ay det Ay =det A, det An . (41)
There are now in general many ways to find a “product” sublattice Ay C An with
[A: A=A Aq[A 2 Ay (42)

Let A be one of Z, Z* or Ay, and let Ay = & A, Ay = &A be geometrically strictly similar
sublattices obtained by multiplying A by elements of Z, G or [J respectively. Since these
three rings are unique factorization rings, the notions of greatest common divisor (ged) and
least common multiple (lcm) are well-defined. We set &, = ged(&1, &), €n = lem{&1, &2}, and
then it is easy to see that Ay = 0 A, Aq = €4 A We can also form the product sublattice
As = &6 A (see Fig. 8). The indices of these lattices are given by

[/\ : /\1] = (5151)]:/2, [/\ : /\2] = (5252)12/2 )
[A : Au] = (fugu)L/za [A : An] = (fngn)L/za
A A] = [A:A[A: A (43)

In dimension L =1, (43) implies that

A An] = lem{ [A: Ay, [A:A] }, (44)

and we can take Ay, = An. However, if L = 2, (44) does not hold in general.

In dimensions 1 or 2, if {; and & are relatively prime (meaning ged(&1,&;) = 1), we have
fu =1, fn = 51527 A= Au, As = An.

Because the quaternions form a noncommutative ring their arithmetic theory is more
complicated. For example, it is necessary to distinguish between left gcd’s and right ged’s.
Both are well-defined in H; and also in Hy as long as at least one of the quaternions involved
has odd norm [8], [15]. We plan to discuss this theory and its applications to the study of

sublattices of Z* and Dy elsewhere. In the present paper we will restrict our attention to
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A=& A Ay =86 A

Ay = €1€2 A

Figure 8: Join Ay, intersection An and product A; of two sublattices Ay, Ay of A, where A

is one of Z, Z? or A,.

a narrow class of sublattices, which however will be general enough to provide an adequate
supply of sublattices for our applications.
For Z* we choose two Lipschitz integral quaternions &, & € Hy whose norms are odd

and relatively prime. For D, we choose two Hurwitz integral quaternions

6 = sorl(l+i)+ 3B +k) € Hy
£ = %Oéz(l +1) + %ﬁz(j + k) € Hy, (45)

where oy, ag, (1, B2 are odd positive integers with ged(ay, 81) = ged(ag, B2) = ged((a? +

B2, (a3 + 53)/2) = 1.
In both cases we take Ay = & A, Ay = Ay and Ay = Aq = & A& (see Fig. 9). Then

AN = (6&6)% [A: Ay = (L&),
ASA] = [A:AA: AL (46)
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Al = flA Ay = A€2

Ay = An = GAG

Figure 9: Ay (resp. Ay) obtained by multiplying A = Z* or D4 on the left (resp. right) by a

quaternion &; (resp. &2).

For Z* this gives sublattices Ay, Ay of indices M?, MZ, where M, and M, are any two
relatively prime odd numbers (from Corollary IV.1). For Dy, M; and M, are any two

relatively prime numbers from (26).

V High rate asymptotics

In this section we analyze the distortion of the asymmetric multiple description lattice quan-
tizer at high rates.

Let A be an L-dimensional lattice with geometrically strictly similar, clean sublattices
A1, Ay, Aq = Ay N Ay, A, (as in Figure 7), with indices Ny, No, N and Ny, respectively,
where N, = N N,. It is assumed that vz, the volume of a fundamental region for A, is equal
to unity. A sequence of lattices is then obtained from the base set of lattices by scaling
each component. Let Aj(n) = nAy, Ay(n) = nAy, An(n) = nAn and Ay(n) = n*A,. These
have indices Ni(n) = nPNy, No(n) = nt'Ny with Na(n) = nPNn, Ny(n) = n*'N, where
Ns(n) = Ni(n)Nz(n). As the index of the lattices grows, we scale the lattices by a factor 3
so that the overall rate also grows (see (59)).

We analyze the rate-distortion performance for the set of lattices {A, Ai(n),Aq(n),Aq(n), As(n)}.
However, in order to keep the notation simple, we will only use the sequence index n when it

is necessary to avoid confusion. Thus we will write A instead of Ag(n), Ny instead of Ny(n)
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and so on.
Referring to (11), let
Jo=Y P Y vl — eV (47)
AEA i
We investigate the high-rate behavior of .J, and then find the approximation for d;, i = 1, 2.
The latter would also allow us to predict the asymmetry in the distortion behavior of the

quantizer. The reader is referred to Figure 10 for the analysis. Note that in the figure we

have written 7; = %1"% for brevity.
E Sublattice
point
A2
Sublattice D . _
p0|nt \\\\ //// L attice Point
A A S
Figure 10: Relationship of edge length and distortion.
Let
T =D lea(d) (PP (48)
xea M
and
ar( M) + voas( A
T = Y0 + )l - 220y (49

Y1+ 72

Then, using (13),

Jy=Js, + . (50)
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Under the assumption that An is fine enough for P(A) to be considered a constant over Vj,

we obtain

Jo=—"2 5Py Y lan(A) — a1 (51)

Y1+ 72 Nehn VA (V)

By construction, the inner sum in (51) does not depend on X'. Therefore, taking this out of

P(X) =1/Nq, we obtain

the outer summation and using EA'eAn

o= LS ) — eI, (52)

M+ 72 Nn AEVA(0)

which can be written in terms of the edge endpoints as

Y172 2
Js, = A — Aol 53
i §:H1 1 (53)

A EVAA(0) A2eVR (

Observe that the edges in (52) are not the same as those in (53), since the points A € V,(0)
need not be labeled using A; € Vi,(0). However, in both cases, there is exactly one edge
from each coset of &/A;. Since all edges in a coset have equal length, the sums in (52) and
(53) are identical.

Using the Riemann approximation
/ e = MllPde = > e = MilfPre (54)
VAS(Xl) AQGVAS(Xl)
for the summation in (53) we obtain

. 2
J. o= 72 N Z 1 fVS(Al) e = M [[de L(1+2/L) (55)
" N V2 L (+2/L) .

Y1+ Y2 Vn MEVaL(0)

The term within the brackets is GG(A;), the normalized second moment of a Voronoi cell of

As (= % for the square lattice), v2 = Ny, vy = Ny Ny and Nn/[Ar 1 An] = Ny. Therefore

I, = Y172 [AI : AO]G(AS)Vlerz/L
Y1+ 72 Nary
@ Mgy (56)
Y1+ 72
= 2 G(A) (N N)YE, (57)

Y1+ 72
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where (a) follows because [A; : An] = Nn/N;y and v, = Ny N,. If all the lattices in question
are scaled by (3, then

Jo o= 32— GO (NN 58
1571+72()(12) (58)

The rate of the ith description is given by

1 1 .
Ri = h(p) — Zlogz(Ni) - Zlogz(ﬁL), 1=1,2. (59)
Therefore
1
N; = —2Fhelo=Lh y — 1 9, (60)

3L
The scale factor 3 is related to the differential entropy of the source and the rate By through

3% = 92Mr)g—2F0 (61)
Using (60,61) in (58) we obtain
J, ~ T2 G(AS)22h(p)2—2(R1+R2—Ro)‘ (62)
Loty

A bound for J;, may be obtained in terms of pn, the covering radius of An, by observing

that for every A, it is possible through a suitable An shift to satisfy

H)\ _ maaf) + el H < pn. (63)
Y1+ 72

Note that® pn = ©(n) as the volume of An is growing as n’. Thus we have the inequality

Js, < (11 +72)pR 8% (64)

By comparing (58) and (64) we observe that J,, = O(n*3?) whereas J,, = O(n*3?). As
v, = NyNy = O(n?) and pn = O(n) we find that J,, dominates .J

s, and we obtain the

approximation

T~ V172 G(AS)QQh(p)Q—Z(R1+R2—Ro)
Y1+ Y2

) (65)

where Ry determines the central distortion dy and is given by dy = G(A)Zz(h(p)_RO) (see

equation (5)).

SHere the notation f(n) = ©(g(n)) denotes that f(n) = O(g(n)) as well as g(n) = O(f(n)). Here
)

F(n) = Olg(n)) means imsup, ., |5(2] < o0
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A Side Distortions

The approximations to the side distortions are obtained by using Figure 10 and the following

analysis. The channel 1 distortion is given by

fi=am 3 flast) = AP + o (66)

M AeVAA(0)
Our goal is to examine the behavior of NLQ 2oev, (o) lar(A) = A, at high rates. To this

end we write
A=A = [ =N+ (A=) (67)
= A = NI+ 1 = P+ 2((A = A), (A=),
where X = (1A +7222)/ (11 +72))
[ =M= M = 2 = A), (A=) < [|A = AP (68)
< = NI+ = VP + 21 = ), (A=)
and by use of the Cauchy-Schwartz inequality [18],
(A = M)+ (1A= V)7 2[1(A = NI =1 < [T = Al (69)
< = NI+ = 2P+ 2[ (A= M= V)]

This can be re-written as

. s
I =3P |1 - 2=

- A= M| 70

N A=Al
< e 1 gy
We now justify the geometrical relationship shown in Figure 10 (note that this only holds
at high rates). The main point of the analysis is that the distance AD? = ||A — \|[? is well
approximated by AB* = || — A{||? at high rate. Note that this need not be true on an
edge-by-edge basis, but is true in an average sense as formalized below.
Summing (69) over A € Va,(0), and using ||A — A||* > 0 we obtain

STOUP AP =2 = A=A < > I =P (71)

AEVAO(O) AEVAO(O)

< D I = AP A= AP 20 = AlA = Al

AEVAO(O)
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Rewriting the above equation we get

si] 1 o Zaevago [P = AllIA = Al
Z ||)\1_)\||2 1 — AEVAA( 5 )\ . S Z ||)\_)\1||2 (72)
AV (0) - ZAEVA 1= AEVin (0)
_ - A=Al A= A[]A = A
< Z A = A2+ Z/\EVAn I ||2 N Z/\eVAn(o)H 1 ||||7 : Il
E/\EVA ||)‘1 - )‘|| ZAevAn(o) ||)‘1 - )‘||

[ AEVAA(0)

Using these inequalities and the fact that ||\ — A|| < pn, we obtain the following result.

Lemma V.1 ]f’)/l 7£ 0,’)/2 7£ 0, hle—M)o E/\EVAQ(O) ||)\—)\1||2 = hle—>oo E/\EVAQ(O) ||)\1—5\||2
when Ry — Ry = C for some constant C'.

Proof: For our sequence of lattices

Seva o A = AllIIA = A

0 < Ilim - (73)
Razoo ) ey 1A = Al
A — A
< o ool
Ta=eo ) evnqo) 1A = Al
1A = Aall
= lim pe ZAE11a0) 7+
100
5o (725) 12—l
—  fim p (’71 ‘|"72> 2aevano 1A = Aall
- N
Ry—reo V2 ervAn(o) [[Adr = A2
o llm p <F}/1 —I_ 72) E/\leVAn(O) EAQEVAS(Al) ||)\1 - )\2||
- N
Ry—roo Y2 leevAn(o) ZAQGVAS(Al) ||)‘1 - )‘2||2
< lim op (02 A0
Ri—o0 Y2 I/Sl/L
where P = ((i )) is a dimensionless constant that depends on A, with G(A,) the normalized
second moment and 3 (AS) = % 1s the normalized first moment. Therefore P

is scale-invariant and dimensionless. Now the scaling 3 affects v, by changing it to v,3%.

Also, the scaling affects pn by scaling it to Bpn. As 1/L = ((5:2)) = O(n™'), we obtain

limpg, oo yf;‘L = lim,, o yf;‘L = 0, so the expression in (73) goes to zero asymptotically in
the rate. In a similar manner we can show that

0 < g Zrea@ A -
< lim < _
faeo Z:AEVA (0) 1A = AP 7 Rimvee Z/\EVA ||)\1 — Al)?

(74)

AN
D
=
5
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3
|
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Using these in (72) we obtain the desired result. [ |
Using Lemma V.1 we can write
2
1 v
Yo =MPr D> ||)\1—)\||2:ﬁ > = Al (75)
AEVin(0) AEVAn(0) T \evan0)
for a sufficiently high rates. Therefore the side distortions are directly related to J; which

was calculated earlier. Hence the side distortions are approximated by

2

7 72 2h(p)y—2(R1+R2—Ro)

dy v ——=——G(A\;)27"P2 76

1 (71+72)2 ( ) ( )
2

7o T 2h(p)9—2(R14+R2—Ro)

dy v —————G(A;)2°"P)2 .

T+ ) (B)

It follows that the distortion ratio, is approximately (3—?)2, a convenient formula when

l§~\|H |

designing the lattice quantizer. Although this is only a high rate approximation, the examples
have shown that it is also a useful formula at lower rates.

Next we examine the case when v, # 0,42 = 0. In this case we can show that

di = G(A,)22hPo=28 (77)

dy ~ G(A,)22P)p=2(Fithmto)

The roles are reversed when v; = 0 and v # 0. It is worth noting that in a successive
refinement scheme [10], the expression for dy (for 41 # 0,7, = 0) does not decay exponentially
with rate, since the diameter of the set {A : a3(A) = A,} is bounded away from zero.

Let Ry = @(1 + a), so that Ry + Ry — Ry = @(1 — a). Note that @ is chosen so

Ba=Bal and therefore Ry + Ry — Ry < min(Ry, R2). Here we can clearly see the

that a > RitRy

tradeoff between the central distortion dy and the side distortions.

B Minimizing average distortion

Suppose we know that the packet loss probability on channel 1 is p; and the packet loss
probability on channel 2 is p;. Then the average distortion is given by

D= (1—p)(1 —pa)do+ (1 = pi)padi + (1 — pa)prda + prp2 K[| [x]|*] (78)

Using the high rate approximations developed earlier, we can find the optimal % needed for

minimizing the distortion.
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Claim V.1 The weights which minimize (78) at high rate are given by

7 (L=pi)ps (79)

V2 (1 —p2)p1'

Proof: To optimize (78) we use the high rate expressions given in (76). Using (76) in (78)

we obtain

2 EEERY: T2 2
D=A+8B +B ) 80
) TR (80)
where A, By, By do not depend on 71,72 (they depend on Ry, Rz, Ro, 3,p1, p2). Without loss

Y1
Y1+72

V2
Y1+72

of generality, we can use v, = and ¥y = . Hence defining v = 4, = 1 — 4, and

substituting in (80) we obtain
D = A+ By’ + Bo(1 —7)*. (81)

By differentiating (81) with respect to v and setting it to zero we obtain the given result.
Note that this problem is convex (the second derivative of (81) is positive) and hence we

have obtained the minimum® with respect to ~. |

VI Numerical Results

In this section we illustrate the performance of the proposed quantizer and compare it to
both information theoretic bounds and also the high rate asymptotic analysis developed in
Section V. In comparisons of its performance with that predicted by information theory, we
assume that there is an entropy (lossless) coding of the quantizer output. For a Gaussian
source, the multiple description rate-distortion problem was solved by Ozarow [22], ElGamal
and Cover [9].

In the first example, we design a scalar quantizer and compare its performance to the
high rate asymptotic results presented in Section V. We start with a base lattice A = Z
and use Ny =5, Ny = 3 with Ny(n) = 5n, Ny(n) = 3n for the asymptotic growth. We use a

A referee pointed out an alternative way to see this result. Note that in (78) only the first three terms
depend on 1,72 and so without that term the equation is identical in form to (11) with the substitution

11 e (1= p1)pa,v2 & (1 — p2)p1. Therefore D is minimized by taking v1 = (1 — p1)p2,y2 = (1 — p2)p1.
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Figure 11: Comparison of side distortion ratio to 3—% predicted by the rate asymptotics in
1

(76)

step size of 3 = n% to ensure that the rate scaling takes place. In Figure 11 we illustrate the
rapid convergence of the distortion ratio d:—; to the asymptotic value % as predicted in (76).
This is shown for both Gaussian and uniform sources.

Next, in Figure 12, we compare the distortion and the rates of the quantizer to that
predicted by the high rate asymptotics in (76) and (59). Each numerically obtained distortion
pair is tagged with two rate pairs. The rates predicted by (59) are below the (d;, d;) curve
and the rates of the quantizer (numerically obtained) are above the curve. This is done for
a unit variance Gaussian source. As can be seen from the figure, the high-rate predictions
are quite accurate.

The vector quantizer is illustrated with the Z? lattice that we described in Section III.
The rates are chosen so that By — Ry = %logz(%). In Figure 13 we illustrate the tradeoff
between the two side distortions by varying ~1,72. In Figure 14 we have plotted the side
distortions and compared them with those predicted by information theory [22]. The key

observation is that the distortion performance of the lattice quantizer is approximately 3dB

away from that predicted by the rate-distortion bound. This gap is due to the shaping gain
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Figure 12: Comparison of side distortions and rates with the high rate asymptotics predic-

tions in (76) and (59)

that we will pick up when we go to higher dimensions and using sublattices which have
Voronoi cells which are closer to spherical. The Z? lattice used in this example is more for

illustrative purposes and has very little shaping gain.

VII Discussion

In this paper we have designed asymmetric multiple description lattice quantizers. This
source coding scheme bridges the symmetric (balanced) multiple description quantizers and
completely hierarchical successive refinement quantizers. Though a lattice vector quantizer

was illustrated, this scheme could also be extended to other types of source coding schemes.
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Figure 13: Side distortions for fixed sublattices with varying vy, v..
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