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Abstract� We consider the uniformly most powerful unbiased �UMPU� one�sided test for the

comparison of two proportions based on sample sizes m and n� i�e�� the randomized version of

Fisher�s exact one�sided test� It will be shown that the power function of the one�side UMPU�test

based on sample sizes m and n can coincide on the entire parameter space with the power function

of the UMPU test based on sample sizes m� � and n for certain levels� A characterization of all

such cases with identical power functions is derived� Finally� this characterization is closely related

to number theoretical problems concerning Fermat�like binomial equations� Some consequences

for Fisher�s original exact test will be discussed� too�

�� Introduction

One of the oldest and apparent most basic problems in statistics is the evaluation of a �� ��table�

Originally� our aim was to develope certain optimal multiple decision procedures as for example

optimal selection and partitioning procedures in k�sample situations with underlying binomial dis�

tributions� We expected that everything should be clari�ed concerning the evaluation of ����tables�

After inspection of uncountable papers on �� ��tables we learnt that there are more unsolved than

solved problems and that some of the problems we had are not even mentioned in the literature�

Some of these issues concerning structural properties of Fisher�s exact test �Fisher ��	
��

�� Yates

��	
��� Irwin ��	

�� as well as the corresponding UMPU�tests for � � ��tables �Tocher ��	
���

are discussed and partially solved in Finner � Strassburger ������� Some of the results for the

one�sided UMPU�test derived there will be applied here� too� In the present paper we investigate a

surprising phenomenon arising in connection with power considerations for one�sided UMPU�tests

for comparing two proportions� It will be shown that increasing sample sizes do not always increase

the �unconditional� power of the one�sided UMPU�test�

To set up notation� suppose we have two sets of Bernoulli random variables Xi� i � �� � � � �m and

Yi� i � �� � � � � n� respectively� with success probabilities p and q� respectively� where X�� � � � �Xm�

Y�� � � � � Yn are independently distributed� m�n are �xed and known and p� q are unknown� We are

faced with testing the one�sided hypothesis H � p � q versus the one�sided alternative K � p � q�
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Then X �
Pm

i��Xi and Y �
Pn

i�� Yi are independent random variables having a binomial distrib�

ution with parameters m � IN � p � ��� �� and n � IN � q � ��� ��� respectively� The UMPU�test at

level � � ��� �� for testing H versus K is based on conditioning on S � X � Y � s and is given by

��xjs�m� n� �� �

�����
�� x � cs�m�n���

�s�m�n��� x � cs�m�n���

�� x � cs�m�n���

�����

where c � cs�m�n�� � f�� � � � �mg and � � �s�m�n�� � ��� �� are determined such that

F �cjs�m� n� � �f�cjs�m� n� � �� ��

Here

f�xjs�m� n� �

� �m
x

�� n
s�x

�
�
�m�n

s

�
� for max��� s� n� � x � min�s�m�� s� x � IN ��

�� otherwise �
m� n � IN �

denotes the probability mass function �pmf� of the hypergeometric distribution with parameters

s�m� n and F denotes the corresponding cumulative mass function �cmf�� Let g�xjm� p� �
�m
x

�
px���

p�m�x� x � �� � � � �m� denote the pmf of the binomial distribution with parameters p andm� Setting

���pjy�m� n� �� �
X
x

��xjx� y�m� n� ��g�xjm� p��

the �unconditional� two�dimensional power function of � can be calculated by

��p� qjm�n� �� �
X
y

���pjy�m� n� ��g�yjn� q�� p� q � ��� ��������

It is well known� that the power of the UMPU�test is non�decreasing on the alternative K in the

sample sizes m and n� respectively� This is based on the fact� that the UMPU�test� given m and n�

is based on the su�cient statistic �
Pm

i��Xi �
Pn

i�� Yi�� One might expect� that the power function

is not only non�decreasing in m and n on K but even strictly increasing for at least some �if not

all� parameter points in K� It will be shown� that this expectation turns out to fail� that is� there

exist � � ��� �� and m�n� such that

��p� qjm�n� �� � ��p� qjm� �� n� �� �p� q � ��� ������
�

A full characterization of situations where ���
� is satis�ed is given in Section �� The technical

and rather lengthy part of the proof of our main result is deferred to the Appendix� Consequences

for the classical exact test of Fisher are discussed in Section 
� Finally� in Section � we show that

the whole problem results in interesting for the most part unsolved number theoretical problems

concerning Fermat�like binomial equations�

�� The main result

Noting that the class of binomial distributions with pmf g��jm� p�� p � ��� ��� is complete� we get

that ���
� is equivalent to

���pjy�m� n� �� � ���pjy�m� �� n� �� �p � ��� ��� y � �� � � � � n������

�



Since ���pjy�m� n� �� � ���pjy�m � �� n� �� is a continuous function in p and ��p� pjm�n� �� �

��p� pjm� �� n� �� for all p � ��� ��� ����� yields that ����� is equivalent to

���pjy�m� n� �� � ���pjy�m� �� n� �� �p � ��� ��� y � �� � � � � n� �������

To further characterize the situations where ���
� holds� we make use of the following Lemma the

proof of which is given in the Appendix�

Lemma �� Let � � ��� ���

a� ���pj��m� n� �� � ���pj��m � �� n� �� holds for all p � ��� �� if and only if there exits an u �

f�� � � � �m� �g such that F �uju� ��m� n� � �� ��

b� Let y � f�� � � � � n � �g and suppose there exists an integer u � f�� � � � �m � �g with F �uju �

y�m� n� � � � �� Then ���pjy�m� n� �� � ���pjy�m � �� n� �� holds for all p � ��� �� if and only if

there exits a v � fu� �� � � � �m� �g such that F �vjv � y � ��m� n� � �� ��

Lemma � immediately yields the following characterization of ���
��

Theorem �� For � � ��� �� equation ���
� holds� if and only if there exists a sequence of integers

� � u� � � � � � un � m such that

F �uijui � i�m� n� � �� � for all i � �� � � � � n����
�

It remains the question whether there exist m�n and a sequence of integers � � u� � � � � � un � m

such that ���
� is satis�ed� In case of n � f�� �g and in case of m � n� n � IN � we obtain the

following answer�

Theorem �� Let � � ��� ��� m � IN �

�a� For n � �� ���
� holds if and only if � � 	��m� ��� 	 � f�� � � � �mg�

�b� For n � �� ���
� holds if and only if there exist u� v � f�� � � � �m � �g with � � f�u � �ju �

��m� �� � �� f�vjv � ��m� ��� or� equivalently�

m �
�v � ���v � ��

��u� ��
�
u

�
� � and � � ��

�v � ���v � ��

�m� ���m � ��
������

�c� For m � n� ���
� holds if � � ����

Proof� Parts �a� and �b� follow immediately from Theorem �� In case of m � n and � � ��� the

UMPU�test is given by

��xjx� y�m�m� ���� �

�����
�� x � y

���� x � y

�� x � y

����
�

This can easily be seen by noting the symmetry of f��js�m�m�� Hence we also get part �c� from

Theorem �� �

Remark� �a� The set of all solutions �m�u� v� of ����� is in�nite� since for all u � IN � f�g the

triples �
u� 
� u� 
u � �� and �
u� �� �u� �� �u � 
� belong to this set�






�b� Setting a � m � u � �� b � v and c � m� it can easily be seen that the equation f�u � �ju �

��m� �� � �� f�vjv � ��m� �� is equivalent to

�a� ���a� �� � �b� ���b� �� � �c� ���c � �� or

�
a� �

�

�
�

�
b� �

�

�
�

�
c� �

�

�
�

The set of all positive integer solutions for these equations can be found e� g� in Harborth ��	����

related references are Khatri ��	

�� Sierpi�nski ��	��� and Fraenkel ��	���� At this place we refer

to Section � of this paper for a more detailed discussion concderning the relationship to number

theoretic problems�

We display two examples where the power functions of two di�erent tests coincide� The UMPU

tests at level � � ��� for �m�n� � �
� 
� and �m�n� � ��� 
� are given by

��xjx� y� 
� 
� ���� ��xjx� y� �� 
� ����

� � � � � � �
�
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The UMPU tests at level � � ��� for �m�n� � �
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All cases for 
 � m � ��� where ����� is ful�lled with corresponding values � � � � �v����v���
�m����m��� �

�m�u��m�u���
�m����m��� with � � ��� are given in Table 
�
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Table �� All values for m� 
 � m � �� and corresponding values of � � ��� for which

the assumptions of Theorem 
 �b� are satis�ed�

�� Consequences for Fisher�s exact test

Fisher�s �nonrandomized� exakt Test e� is given by

e��xjx� y�m�m��� �

�
�� ��xjx� y�m�m��� � ��

�� otherwise�
�
���

The �unconditional� two�dimensional power function of �� can be calculated by

���p� qjm�n� �� �
X
y

X
x

e��xjx� y�m� n� ��g�xjm� p�g�yjn� q�� p� q � ��� ���

The next Theorem yields that there are situations where the power function of Fisher�s exact test

for sample sizes �m��� n� is strictly greater than for sample sizes �m�n�� Some of these situations

are covered by Theorem ��

Theorem �� If ���
� is valid� then

���xjx� y�m� n� �� � ���x� �jx� y�m� �� n� ��� x � �� � � � �m� y � �� � � � � n� ���
���

Moreover� �
��� implies

���p� qjm�n� �� � ���p� qjm� �� n� �� �p� q � ��� ���

Proof� Using similar arguments as in the beginning of the proof of Lemma �a�b� Theorem � yields

that ���
� implies the existence of integers � � u� � � � � � un � m� such that

���xjx� y�m� �� n� �� �

�
�� for � � x � uy�� � ��

�� otherwise�
�
�
�

and

���xjx� y�m� n� �� �

�
�� for � � x � uy���

�� otherwise�
�
���






holds for all y � �� � � � � n� �� This implies �
����

On the other hand� �
��� implies the existence of integers � � u� � � � � � un � m� such that �
�
�

and �
��� holds� By noting that ���x� �jx� n�m� �� n� �� � ���xjx� n�m� n� �� � �� x � �� � � � �m

and ����jy�m� �� n� �� � �� y � �� � � � � n� we conclude that

���p� qjm�n� �� � ���p� qjm� �� n� �� �
n��X
y��

g�yjn� q��H�uy�� � �jm� p��H�uy�� � �jm� �� p���

Using �A�
� we get

H�uy�� � �jm� p��H�uy�� � �jm� �� p�

� g�uy�� � �jm� p� �H�uy�� � �jm� p��H�uy�� � �jm� �� p�

� g�uy�� � �jm� p�� pg�uy�� � �jm� p�

� ��� p�g�uy�� � �jm� p��

This completes the proof of Theorem �� �

There exit situations where ���
� is not valid but �
��� holds� Numereous examples for this phe�

nomenon can be constructed using very small values of �� m and n� But there exist some practical

relevant cases� too� For instance� �
��� is full�lled for �m�n� � ���� ��� and � � ����� In this case

Fisher�s exact test is given by

e��x� x� y� ��� ��� 	�	��

�� � � � � � � � � 	 	 	 	 	

�� � � � � � � 	 	 	 	 	 	 	

�	 � � � � � 	 	 	 	 	 	 	 	


 � � � � 	 	 	 	 	 	 	 	 	

� � � � 	 	 	 	 	 	 	 	 	 	

� � � 	 	 	 	 	 	 	 	 	 	 	


 � 	 	 	 	 	 	 	 	 	 	 	 	

� � 	 	 	 	 	 	 	 	 	 	 	 	

� 	 	 	 	 	 	 	 	 	 	 	 	 	

� 	 	 	 	 	 	 	 	 	 	 	 	 	

� 	 	 	 	 	 	 	 	 	 	 	 	 	

� 	 	 	 	 	 	 	 	 	 	 	 	 	

	 	 	 	 	 	 	 	 	 	 	 	 	 	

	 � � � � � 
 � � 
 �	 �� ��

and condition �
��� is satis�ed�

The reason for the observed phenomenon is the discreteness of the underlying distributions as well

as �xing the level � in advance� It should be noted that the unconditional size of Fisher�s exact

test for �m�n� � ��
� ��� is approximately ������
�� which is strictly less than the corresponding

unconditional size ��������
 for �m�n� � ���� ���� i�e�� the loss in power yields a gain with respect to

�unconditional� type I errors� The maximum di�erence between the unconditional power functions

over the alternative K is approximately ���
����� and is attained in �p� q� � ���
����
�� ����� The

�



maximum conditional size �����	
��	� for �m�n� � ���� ��� is attained for s � ��� the maximum

conditional size ������	���� for �m�n� � ��
� ��� is attained at s � ���

�� Open problems

The question arises whether there exist further parameter con�gurations �m�n� �� �m�� n�� with

identical unconditional power functions than given in Theorem 
� The existence of a solution of

���
� may be described via n urn experiments� Suppose we have an urn with m red and n black

balls� The i�th experiment consists in drawing exactly ui � i balls� Let A�i� ui� denote the event

of drawing at most ui red balls in the i�th experiment� Then the question is� whether there exist

integers � � u� � � � � � un � m such that all the events A�i� ui�� i � �� � � � � n have the same

probability�

The attempt to �nd a set ��� u�� � � � � un� of solutions of ���
� for 
 � m�n � 
�� for � � ��� ���

�� �� ��� if m � n� by using an algebraic computer package failed� moreover� for 
 � m�n � ���

we found that if F �uju � i�m� n� � � � � for some i� u� then there exists at most one tuple

�j� v� �� �i� u� with F �vjv�j�m� n� � ���� except for �m�n� �� � ��
� 

� ���� where F ��j�� �
� 

� �

F ���j��� �
� 

� � F ��
j���� �
� 

� � ���� For n � 
 we found that ���
� is not solvable for


 � m � ��
�� whenever � �� ���� These observations lead us to the following conjecture�

Conjecture� Let � � ��� �� and m�n � 
� Then ���
� holds� if and only if m � n and � � ����

Finally the whole bag of tricks results in number theoretic problems which also show that the most

critical point of our conjecture is the case n � 
� For example� the equation F �uju � ��m� n� �

F �vjv�n�m� n� �which is a necessary but not su�cient condition for the validity of ���
�� consider

i � �� n� u� � u� un � v in ���
�� is equivalent to � � f�u � �ju � ��m� n� � f�vjv � n�m� n�� A

straight forward calculation shows that the last equation is equivalent to

nY
i��

�m� u� � � i� �
nY
i��

�v � i� �
nY
i��

�m� i��

In other words� we are looking for integer solutions a� b� c satisfying the diophantine equation

nY
i��

�a� i� �
nY
i��

�b� i� �
nY
i��

�c� i���
�
�

Harborth ��	��� called this type of equation a Fermat�like binomial equation� More precisely� he

as well as Wunderlich ��	��� for n � 
� �� considered the equation�
a� n

n

�
�

�
b� n

n

�
�

�
c� n

n

�
�

Fraenkel ��	��� considered a more general class of diophantine equations by replacing i in �
�
� by

i
� 
 being a positive integer�

However� �
�
� has at least one solution for each n � �� namely a � b � n � �� c � n� This has

already been mentioned in Fraenkel ��	���� By the way� this corresponds to the case � � ��� and

m � n� Now the question is� whether there exist further solutions for n � 
� For n � 
 it is

�



mentioned in Wunderlich ��	��� that S� Chowla �in a paper which seems to be unpublished� proved

that the number of solutions of �
�
� is in�nite� A proof can be found in Sierpi�nski ��	���� confer

also the remarks in Fraenkel ��	��� on this topic� Setting a � u�v��� c � u�v�� and b � �v���

for n � 
 �
�
� is equivalent to 
�u� � 
v� � �� or� setting x � 
�u� we get

x� � 	
v� � 
���
���

which is a diophantine equation �or Pell equation� of the type x� � Cy� � R� It is well known�

that a diophantine equation of this type has either infnitely many solutions or no solution� Since

x � �� � 
�� v � �
 solves �
���� we obtain in fact that �
�
� has in�nitely many positive integer

solutions for n � 
�

For n � �� the number of further solutions seems to be rather small although Harborth ��	���

proved that there exist in�nitely many n�s with further solutions� Fraenkel ��	��� conjectures

that the number of solutions is �nite for any �xed n � 
� Numerical calculations have shown�

that there exist only seven solutions �n� a� b� c� for � � n � 
��� a � b� � � c � 
�� namely

��� ���� ���� �	��� ��� �� 	� ���� ��� �
� �
� �
�� �

� �
� �
� �
�� ���� �
� ��� �
�� ����� �	�� �	�� �	
� and

���
� ���� ���� ����� We found no further solution for n � � for c � ���	��� for n � 
� � for

c � ������ As far as we know it is not known whether the set of solutions of �
�
� for �xed n � �

is �nite�

Some readers may be interested in visiting the WWW�address of Sloane ������ where sequences of

solutuions �which are partially slightly shifted� for n � �� 
� � of �
�
� can be found� cf� the sequences

A����
�� A���
��� A���
�	�

A further question is whether we can conclude that the power functions of the UMPU�tests based

on sample sizes �m�n� and �m � �� n� satisfy ��p� qjm�n� �� �� ��p� qjm � �� n� �� for all p �� q�

p� q � ��� ��� provided that they do not coincide on the entire parameter space� If the power functions

coincide on an open subset of the parameter space� then it is immediate that they coincide on the

entire parameter space�

It remains the question whether there exit further practically relevant models with testing situations�

where the power of optimal tests considered as a function of the sample sizes is not uniformly

increasing�

Appendix

Proof of Lemma �� To prove part a� and b� we make use of the following facts� which are valid

for all m�n � IN � x � f�� � � � �mg� y � f�� � � � � ng�

��xjx � y�m� n� �� � ��� ��	 ��xjx � y�m� n� �� �
�� � � F �xjx� y�m� n�

f�xjx� y�m� n�
�A���

��x� �jx� y�m� n� �� � �

��x� �jx� y�m� n� �� � �

	
	 ��xjx � y�m� n� �� �

�� � � F �xjx� y�m� n�

f�xjx� y�m� n�
�A���

�



��xjx� y�m� �� n� �� � ��xjx� y�m� n� �� � ��x� �jx� � � y�m� �� n� ���A�
�

��xjx� y�m� n� �� � ��x� �jx� � � y�m� n� �� � ��x� �jx� y�m� n� ���A���

H�xjm� p��H�xjm� �� p� � pg�x� �jm� �� p���A�
�

where H�x�m� p� �
Pm

y�x g�yjm� p� for x � f�� � � � �mg and H�x�m� p� � � for x � m�

g�xjm� p�

f�xjx� y�m� n� p�
�

g�x� yjm� n� p�

g�yjn� p�
�A���

m

m� x
��� p�g�xjm� �� p� � g�xjm� p� �

m

x
pg�x� �jm� �� p� x �� f��mg�A���

F �xjx� y�m� n� � ���
x� y

m� n
�F �xjx� y�m� �� n� �

x� y

m� n
F �x� �jx� � � y�m� �� n��A���

The monotonicity properties �A�
� and �A��� can be found in Finner � Strassburger ������� All

remaining properties are easily veri�ed�

Proof of Lemma � Part a�� Since ���j��m� n� �� � � for all m�n � IN there exists an integer

u � f�� � � � �mg� such that

��xjx�m � �� n� �� �

���
�

f�xjx�m� �� n�
� for � � x � u� ��

�� otherwise�

Combining �A��� with �A�
� we conclude that there exist r � ��� ��� so that

��xjx�m� n� �� �

���������
�

f�xjx�m� n�
� for � � x � u�

r� if x � u� ��

�� otherwise�

For p � ��� �� we get with �A���

���pj��m� �� n� �� � H�u� �jm� �� p� � �
u��X
x��

g�xjm� �� p��f�xjx�m� �� n�

� H�u� �jm� �� p� � �
u��X
x��

��� p��ng�xjm � n� �� p�

� H�u� �jm� �� p� � ���� p��n���H�u� �jm� n� �� p���

The identity �A�
� yields

���pj��m� �� n� �� � H�u� �jm� p� � pg�u� �jm� p��A�	�

���� � p��n���H�u� �jm� n� p�� pg�u� �jm� n� p���

Similarly we get

���pj��m� n� �� � H�u� �jm� p� � rg�u� �jm� p� � ���� p��n���H�u� �jm� n� p���

Combining this equation with �A�	� we obtain

���pj��m � �� n� �� � ���pj��m� n� ���A����

� �p� r�g�u� �jm� p� � ���� p��n�g�u� �jm� n� p�� pg�u� �jm� n� p���

	



If u � m� the r�h�s� of �A���� is equal to ��� � p���ng�m � �jm � n� p�� which is positive for all

p � ��� �� so we can reduce our attention to the case u � m � �� Now the r�h�s� of �A���� equals

pu����� p�m�u����p� r�
� m
u��

�
��

�m�n
u��

�
��� p��� This term equals zero for all p � ��� �� if and only

if

p


�
m

u� �

�
� �

�
m� n

u� �

��
� r

�
m

u� �

�
� �

�
m� n

u� �

�
�p � ��� ���

But this can happen if and only if
� m
u��

�
�
�m�n
u��

�
� � and r � �� or� equivalently F �uju� ��m� n� �

�� �� �

Proof of Lemma � part b�� Let y � f�� � � � � n��g� By assumption there exists an u � f�� � � � �m�

�g such that F �u� u�y�m� n� � ���� hence ��uju�y�m� n� �� � � and ��u��ju�y�m� n� �� � ��

The monotonicity property �A�
� yields ��uju�y�m��� n� �� � � and ��u��ju�y���m��� n� �� �

� and by combining �A�
� and �A��� we get ��uju � y � ��m � �� n� �� � �� Together with �A���

this yields ��u � �ju � y � ��m � �� n� �� � �� � � � F �xjx � y�m � �� n���f�xjx � y�m � �� n��

Hence there exist an integer v � fu� �� � � � �mg such that

��xjx� y�m� �� n� �� �

���������
�� for � � x � u�
�� � � F �xjx� y�m� �� n�

f�xjx� y�m� �� n�
� for u� � � x � v � ��

�� otherwise�

Similarly as in the proof of part a� by making use of �A�
� and �A��� we conclude that there exists

a real number r � ��� ��� such that

��xjx � y�m� n� �� �

���������������

�� for � � x � u�
�� � � F �xjx� y�m� n�

f�xjx� y�m� n�
� for u� � � x � v�

r� for x � v � ��

�� otherwise�

Using �A��� we get

���pjy�m� n� �� � H�v � �jm� p� � rg�v � �jm� p� �
vX

x�u��

W �xjy�m� n� p� ���A����

and

���pjy�m� �� n� �� � H�v � �jm� �� p� �
v��X

x�u��

W �xjy�m� �� n� p� ����A����

where W is de�ned by

W �xjy�m� n� p� �� �
g�x� yjm� n� p�

g�yjn� p�
��� � � F �xjx� y�m� n���

With �A��� and �A��� we obtain

W �xjy�m� �� n� p� �� � ���
x� y

n�m� �
�
g�x � yjm� n� �� p�

g�yjn� p�
��� � � F �xjx� y�m� n��

�
x� y

n�m� �

g�x� yjm� n� �� p�

g�yjn� p�
��� � � F �x� �jx� � � y�m� n��

��



� ��� p�
g�x� yjm� n� p�

g�yjn� p�
��� � � F �xjx� y�m� n��

�p
g�x� � � yjm� n� p�

g�yjn� p�
��� � � F �x� �jx� � � y�m� n��

� ��� p�W �xjy�m� n� p� �� � pW �x� �jy�m� n� p� ���

i�e�� �A���� can be written as

���pjy�m� �� n� �� � H�v � �jm� �� p� �
vX

x�u��

W �xjy�m� n� p� ���A��
�

���� p�W �v � �jy�m� n� p� �� � pW �ujy�m� n� p� ��

Noting that W �ujy�m� n� p� �� � � since F �uju�y�m� n� � ���� combination of �A���� and �A��
�

and application of �A�
� results in

���pjy�m� �� n� �� � ���pjy�m� n� �� � �p� r�g�v � �jm� p��A����

���� p�W �v � �jy�m� n� p� ���

If v � m the r�h�s� of �A���� is equal to �
� m�n
m�y��

�
pm���

�n
y

�
� which is positive for all p � ��� ��� So

we can reduce attention to the case v � m� �� Now the r�h�s� of �A���� equals

g�v � �jm� p�

�
�p� r� � ��� p�

�� � � F �v � �jv � � � y�m� n�

f�v � �jv � � � y�m� n�



�

This term equals zero for all p � ��� �� if and only if

p� ��� p�
�� � � F �v � �jv � � � y�m� n�

f�v � �jv � � � y�m� n�
� r �p � ��� ���

But this can happen if and only if �� � � � F �v � �jv � � � y�m� n���f�v � �jv � � � y�m� n� � �

and r � �� or� equivalently F �vjv � y � ��m� n� � �� �� This completes the proof� �
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