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Abstract. We consider the uniformly most powerful unbiased (UMPU) one-sided test for the
comparison of two proportions based on sample sizes m and n, i.e., the randomized version of
Fisher’s exact one-sided test. It will be shown that the power function of the one-side UMPU-test
based on sample sizes m and n can coincide on the entire parameter space with the power function
of the UMPU test based on sample sizes m + 1 and n for certain levels. A characterization of all
such cases with identical power functions is derived. Finally, this characterization is closely related
to number theoretical problems concerning Fermat-like binomial equations. Some consequences
for Fisher’s original exact test will be discussed, too.

1. Introduction

One of the oldest and apparent most basic problems in statistics is the evaluation of a 2 x 2-table.
Originally, our aim was to develope certain optimal multiple decision procedures as for example
optimal selection and partitioning procedures in k-sample situations with underlying binomial dis-
tributions. We expected that everything should be clarified concerning the evaluation of 2 x 2-tables.
After inspection of uncountable papers on 2 x 2-tables we learnt that there are more unsolved than
solved problems and that some of the problems we had are not even mentioned in the literature.
Some of these issues concerning structural properties of Fisher’s exact test (Fisher (1934/35), Yates
(1934), Irwin (1935)) as well as the corresponding UMPU-tests for 2 x 2-tables (Tocher (1950))
are discussed and partially solved in Finner & Strassburger (2000). Some of the results for the
one-sided UMPU-test derived there will be applied here, too. In the present paper we investigate a
surprising phenomenon arising in connection with power considerations for one-sided UMPU-tests
for comparing two proportions. It will be shown that increasing sample sizes do not always increase
the (unconditional) power of the one-sided UMPU-test.

To set up notation, suppose we have two sets of Bernoulli random variables X;, ¢ = 1,...,m and
Y, 1 = 1,...,n, respectively, with success probabilities p and g, respectively, where Xi,..., X,
Y1,...,Y, are independently distributed, m,n are fixed and known and p, g are unknown. We are

faced with testing the one-sided hypothesis H : p < g versus the one-sided alternative K : p > gq.
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Then X =37", X; and Y = Y i, Y; are independent random variables having a binomial distrib-
ution with parameters m € IN, p € [0,1] and n € IN, q € [0, 1], respectively. The UMPU-test at
level « € (0,1) for testing H versus K is based on conditioning on S = X +Y = s and is given by

0, T < Cs,mn,a
(1'1) 1/)(:E|s,m,n,a) = Vs,myn,ar L = Cs,mn,a
L, T > Cs,myn,a
where ¢ = ¢ mn,a € {0,...,m} and v = ¥5 mn,a € [0,1) are determined such that

F(c|s,m,n) —7f(c|s,m,n) =1l—-o
Here

"™ (") /("M),  for max(0,s —n) <z < min(s,m), s,z € INo,

f(ac|s,m,n):{ (2 5

. m, n € IN
0, otherwise , ’ ’

denotes the probability mass function (pmf) of the hypergeometric distribution with parameters
s,m,n and F' denotes the corresponding cumulative mass function (cmf). Let g(z|m,p) = (7)p*(1—

p)" T x=0,...,m, denote the pmf of the binomial distribution with parameters p and m. Setting
b1 (p|y7 m,n, Oé) = Z 1/)($|:13 +y,m,n, a)g($|map)7
T

the (unconditional) two-dimensional power function of ¢ can be calculated by

(1.2) B(p,qlm,n,a) = > Bi(ply,m,n, a)g(yln, q), p,q € [0,1].
Yy

It is well known, that the power of the UMPU-test is non-decreasing on the alternative K in the
sample sizes m and n, respectively. This is based on the fact, that the UMPU-test, given m and n,
is based on the sufficient statistic (>_;%; X; , >i—; Y;). One might expect, that the power function
is not only non-decreasing in m and n on K but even strictly increasing for at least some (if not
all) parameter points in K. It will be shown, that this expectation turns out to fail, that is, there
exist « € (0,1) and m,n, such that

(1.3) B(p, qlm,n,a) = B(p,qlm + 1,n, ) Vp,q € [0,1].

A full characterization of situations where (1.3) is satisfied is given in Section 2. The technical
and rather lengthy part of the proof of our main result is deferred to the Appendix. Consequences
for the classical exact test of Fisher are discussed in Section 3. Finally, in Section 4 we show that
the whole problem results in interesting for the most part unsolved number theoretical problems
concerning Fermat-like binomial equations.

2. The main result

Noting that the class of binomial distributions with pmf g(-|m,p), p € [0,1], is complete, we get
that (1.3) is equivalent to

(21) ,81(p|y,m,n,a) = /81(p|y7m+ ]_,77,,0[) Vp € [07 1]7 Yy = 07 y T



Since (1 (ply, m,n,a) — Bi(ply,m + 1,n,a) is a continuous function in p and S(p,p|m,n,a) =
B(p,plm + 1,n,a) for all p € [0,1], (1.2) yields that (2.1) is equivalent to

(22) /81(p|y7manaa) = /Bl(p|yam+ lanaa) Vp € (07 1)7 y=0,....,n—1

To further characterize the situations where (1.3) holds, we make use of the following Lemma the
proof of which is given in the Appendix.

Lemma 1. Let o € (0,1).

a) B1(p|0,m,n,a) = Bi(p|0,m + 1,n,a) holds for all p € (0,1) if and only if there exits an u €
{0,...,m — 1} such that F(u|lu +1,m,n) =1—a.

b) Let y € {1,...,n — 1} and suppose there exists an integer v € {0,...,m — 1} with F(u|u +
y,m,n) = 1 —a. Then B (ply,m,n,a) = Bi1(ply,m + 1,n,«) holds for all p € (0,1) if and only if
there exits a v € {u + 1,...,m — 1} such that F(v|[v +y+ 1,m,n) =1 — .

Lemma 1 immediately yields the following characterization of (1.3).

Theorem 2. For a € (0,1) equation (1.3) holds, if and only if there exists a sequence of integers
0<u; <...<up < m such that

(2.3) F(ujlu; +i,m,n) =1—a foralli=1,...,n.

It remains the question whether there exist m,n and a sequence of integers 0 < u; < ... <wup, <m
such that (2.3) is satisfied. In case of n € {1,2} and in case of m = n, n € IN, we obtain the
following answer.

Theorem 3. Let o € (0,1), m € IN.
(a) For n =1, (1.3) holds if and only if « = £/(m + 1), £ € {1,...,m}.
(b) For n = 2, (1.3) holds if and only if there exist u,v € {0,...,m — 1} with a = f(u + l|lu +
1,m,2) =1— f(vlv +2,m,2). or, equivalently,
(v+1)(v+2) wu (v+1)(v+2)

(2.4) mzw+§—l and a:1_(m—i—1)(m+2)'

(c) For m =n, (1.3) holds if o = 1/2.

Proof. Parts (a) and (b) follow immediately from Theorem 2. In case of m =n and o = 1/2 the
UMPU-test is given by

0, z <y
(2.5) Pzl +y,m,m,1/2) =< 1/2, z=1y .
1, T >y

This can easily be seen by noting the symmetry of f(-|s,m,m). Hence we also get part (c¢) from
Theorem 2. O

Remark. (a) The set of all solutions (m,u,v) of (2.4) is infinite, since for all u € IN U {0} the
triples (bu + 5, u, 3u + 2) and (5u + 7,2u + 2,4u + 5) belong to this set.



(b) Setting a = m —u — 1, b = v and ¢ = m, it can easily be seen that the equation f(u + 1l|u +
1,m,2) =1— f(v|v+2,m,2) is equivalent to

(@+1)(a+2)+b+1)(b+2)=(c+1)(c+2) or (a—;2> . (b-|2-2> _ (c_y).

The set of all positive integer solutions for these equations can be found e. g. in Harborth (1988),
related references are Khatri (1955), Sierpinski (1962) and Fraenkel (1971). At this place we refer
to Section 4 of this paper for a more detailed discussion concderning the relationship to number
theoretic problems.

We display two examples where the power functions of two different tests coincide. The UMPU
tests at level a = 1/2 for (m,n) = (5,5) and (m,n) = (6,5) are given by

Y(z|z +y,5,5,1/2) Y(z|lr +y,6,5,1/2)
6(1 1 1 1 1 3
50111 1 1 & 501 1 1 1 &5 &
4111 1 1 3 0 411 1 1 2 L 0
z|3/1 1 1 3 0 0 z|3]1 1 3 L 0 o0
211 1 L 0 0 0 211 2 2 0 0 0
1/t 2 0 0 0 0 1/E & 0 0 0 0
0|2 0 0 0 0 O 0|+ 0 0 0 0 O
0 1 2 3 4 5 0 1 2 3 4 5

y y

The UMPU tests at level a = 2/7 for (m,n) = (5,2) and (m,n) = (6,2) are given by

p(xle +y,5,2,2/7) P(zlr +y,6,2,2/7)

6|1 1 2

2 7 1

501 1 2 501 & &

411 L 0 411 4+ 0

z|3|1 1 0 z|3|3 & 0
3 8

2 : 0 0 2 15 0 0

1 : 0 0 1 o1 0 0

012 0 0 0|2 0 0

0 1 2 0 1 2

y y

All cases for 3 < m < 62, where (2.4) is fulfilled with corresponding values « = 1 — ((v+1)(”+2)

m+1)(m+2)
tulestl with a < 1/2 are given in Table 3.



m o m o m o m «

2|3 20 | &, £ 39 | & 52 | 22, 16
512 |22 |5 w5 || 40| o5 a1 287 || 93 | 59
7% |25 i 42 | 351 54 | %
9|2 || 26|28 43 | & 55 | B2

10 | & || 27| &, 22, 1381144 | & 56 | 28

12 | 3 1130 | & 45 | -, 218 57 | L, 20
14| & 32 | £ 47 | 42 58| &

15 | 156 || 35 | 5 5950 209 || 48 | 515> 3% 60 | {551+ 18071801
17| 2 |36 | 2 50 | 12 61 | +29

19 | 4 37 | 22 51 | L2 62 | 227

Table 3. All values for m, 3 < m < 62 and corresponding values of « < 1/2 for which
the assumptions of Theorem 3 (b) are satisfied.

3. Consequences for Fisher’s exact test

Fisher’s (nonrandomized) exakt Test QZ is given by

1, rlr+y,m,m,a) =1,
) $lals +y,m,m,0)
0, otherwise.

(el +y,m,m,a) = {

The (unconditional) two-dimensional power function of 4 can be calculated by

Blp,qlm,n,e) = 33" p(zlz + y,m,n,a)g(z|m, p)g(yn, q), p.q € [0,1].
y

The next Theorem yields that there are situations where the power function of Fisher’s exact test
for sample sizes (m + 1,n) is strictly greater than for sample sizes (m,n). Some of these situations
are covered by Theorem 2.

Theorem 4. If (1.3) is valid, then
(32)  Plalz+y,mn,0) =gz + 1z +ym+Ln,a), ©=0,...
Moreover, (3.2) implies

B(p,qlm,n, @) > B(p,qlm + 1,n,a) Vp,q € (0,1).

Proof. Using similar arguments as in the beginning of the proof of Lemma la,b, Theorem 2 yields
that (1.3) implies the existence of integers 0 < u; < -+ < uy, < m, such that

. 0, for0<z< +1,
(3.3) Ple +y,m+1,n,a) = o=
1, otherwise,
and
~ 0, for0<z< ,
(3.4) Pale +y,mn,0) =4 0 T ==
1, otherwise.



holds for all y = 0,...,n — 1. This implies (3.2).

On the other hand, (3.2) implies the existence of integers 0 < u; < -+ < uy, < m, such that (3.3)
and (3.4) holds. By noting that ¢(z + 1|z +n,m+ 1,n,0) = P(z|z +n,m,n,a) =0, 2 =0,...,m
and 1/;(0|y,m +1,n,a) =0,y =0,...,n, we conclude that

n—1
ﬂ(p,q|m,n,a) - /B(pa Q|m + ]-777’7 O[) = Z g(y|n7q)[‘H(uy+1 + 1|m7p) - H(uy+1 + 2|m + 17p)]
y=0

Using (A.5) we get

H(uyq1 + 1ym,p) — H(uy41 +2/m + 1, p)
9(uyt1 + m,p) + H(uyt1 + 2[m,p) — H(uy1 + 2[m + 1,p)
= g(uyt1 + 1jm,p) — pg(uy41 + 1{m, p)
= (1 =p)g(uys1 + ljm,p).

This completes the proof of Theorem 4. O

There exit situations where (1.3) is not valid but (3.2) holds. Numereous examples for this phe-
nomenon can be constructed using very small values of «, m and n. But there exist some practical
relevant cases, too. For instance, (3.2) is fullfilled for (m,n) = (12,12) and « = 0.02. In this case
Fisher’s exact test is given by

(z,2 +y,12,12,0.02)
111110

O N W ks Ut OO N o ©

O O O O O O O O o o o o O
O O O O O O O O o o o o O
O O O O O O O O o o o o o

v
1
1
1
1
1
0
0
0
0
0
0
0
0
2

OO © © © © O O O O O O O O

OO © O O O H = o e e
O O O O O O O = = = = =

WO © O O O O O O O = = =
o O O O O O O O O© O =
GO © © O © O O O O O O
DO O O O O O O O O O O O
N O O O O O O O O o o o O
IO O O O O O o o o o o o

—
o
—
—
—
[N}

and condition (3.2) is satisfied.

The reason for the observed phenomenon is the discreteness of the underlying distributions as well
as fixing the level « in advance. It should be noted that the unconditional size of Fisher’s exact
test for (m,n) = (13,12) is approximately 0.0077574 which is strictly less than the corresponding
unconditional size 0.0114223 for (m,n) = (12,12), i.e., the loss in power yields a gain with respect to
(unconditional) type I errors. The maximum difference between the unconditional power functions
over the alternative K is approximately 0.1370881 and is attained in (p,q) = (0.3846154,0.0). The



maximum conditional size (0.0195629) for (m,n) = (12,12) is attained for s = 12, the maximum
conditional size (0.0149068) for (m,n) = (13,12) is attained at s = 20.

4. Open problems

The question arises whether there exist further parameter configurations (m,n) # (m'/,n') with
identical unconditional power functions than given in Theorem 3. The existence of a solution of
(2.3) may be described via n urn experiments. Suppose we have an urn with m red and n black
balls. The i’th experiment consists in drawing exactly u; + ¢ balls. Let A(%,u;) denote the event
of drawing at most u; red balls in the ¢’th experiment. Then the question is, whether there exist
integers 0 < u; < --- < u, < m such that all the events A(7,u;), i = 1,...,n have the same
probability.

The attempt to find a set (o, u1,...,u,) of solutions of (2.3) for 3 < m,n < 500 for a € (0,1),
(a # 1/2 if m = n) by using an algebraic computer package failed, moreover, for 3 < m,n < 100
we found that if F(ulu + i,m,n) = 1 — a for some i,u, then there exists at most one tuple
(4,v) # (i,u) with F(v|v+7,m,n) = 1—a, except for (m,n, o) = (85,35,1/2) where F'(1|2, 85, 35) =
F(42]60,85,35) = F'(83]118,85,35) = 1/2. For n = 3 we found that (2.3) is not solvable for
3 <'m < 66500 whenever e # 1/2. These observations lead us to the following conjecture.

Conjecture. Let a € (0,1) and m,n > 3. Then (1.3) holds, if and only if m =n and oo = 1/2.

Finally the whole bag of tricks results in number theoretic problems which also show that the most
critical point of our conjecture is the case n = 3. For example, the equation F'(u|u 4+ 1,m,n) =
F(v|v +n,m,n) (which is a necessary but not sufficient condition for the validity of (1.3), consider
i=1,n, uy =u, u, = v in (2.3)) is equivalent to 1 — f(u + lju + 1,m,n) = f(vlv + n,m,n). A
straight forward calculation shows that the last equation is equivalent to

n n n

[Tn—u—144)+[[(w+i)=][0m+i).
i=1 i=1 i=1
In other words, we are looking for integer solutions a, b, ¢ satisfying the diophantine equation

n n n

(3.5) [T+ +][6+i)=]](c+9).

i=1 =1 =1

Harborth (1988) called this type of equation a Fermat-like binomial equation. More precisely, he
as well as Wunderlich (1962) for n = 3,4, considered the equation

() (2)-2)

Fraenkel (1971) considered a more general class of diophantine equations by replacing 7 in (3.5) by
10, 0 being a positive integer.

However, (3.5) has at least one solution for each n > 2, namely a = b = n — 1,¢ = n. This has
already been mentioned in Fraenkel (1971). By the way, this corresponds to the case & = 1/2 and
m = n. Now the question is, whether there exist further solutions for n > 3. For n = 3 it is



mentioned in Wunderlich (1962) that S. Chowla (in a paper which seems to be unpublished) proved
that the number of solutions of (3.5) is infinite. A proof can be found in Sierpinski (1962), confer
also the remarks in Fraenkel (1971) on this topic. Settinga =u—v—1,¢c=u+v—1and b= 4v—1,
for n = 3 (3.5) is equivalent to 31u? — 3v? = 1, or, setting = 31u, we get

(3.6) z? — 93v? = 31,

which is a diophantine equation (or Pell equation) of the type 2> — Cy? = R. It is well known,
that a diophantine equation of this type has either infnitely many solutions or no solution. Since
z = 14 x 31, v = 45 solves (3.6), we obtain in fact that (3.5) has infinitely many positive integer
solutions for n = 3.

For n > 4, the number of further solutions seems to be rather small although Harborth (1988)
proved that there exist infinitely many n’s with further solutions. Fraenkel (1971) conjectures
that the number of solutions is finite for any fixed n > 3. Numerical calculations have shown,
that there exist only seven solutions (n,a,b,c) for 4 < n < 500, ¢ < b, 1 < ¢ < 500 namely
(4,128,186, 196), (6,8,9,10), (6,13,13,15), (35,83,83,85), (40,63, 64,65), (204,491,491,493) and
(273,440,441, 442). We found no further solution for n = 4 for ¢ < 126900, for n = 5,6 for
¢ < 10000. As far as we know it is not known whether the set of solutions of (3.5) for fixed n > 4
is finite.

Some readers may be interested in visiting the WWW-address of Sloane (2000) where sequences of
solutuions (which are partially slightly shifted) for n = 2,3, 4 of (3.5) can be found, cf. the sequences
A012132, A002311, A020329.

A further question is whether we can conclude that the power functions of the UMPU-tests based
on sample sizes (m,n) and (m + 1,n) satisfy B(p,q|m,n,a) # B(p,qlm + 1,n,a) for all p # q,
p,q € (0,1), provided that they do not coincide on the entire parameter space. If the power functions
coincide on an open subset of the parameter space, then it is immediate that they coincide on the

entire parameter space.

It remains the question whether there exit further practically relevant models with testing situations,
where the power of optimal tests considered as a function of the sample sizes is not uniformly
increasing.

Appendix

Proof of Lemma 1. To prove part a) and b) we make use of the following facts, which are valid
for all m,n € IN, z € {0,...,m}, y € {0,...,n}.

a—1+ F(z|lz +y,m,n)

(A.1) Y(zlz +y,m,n,a) € (0,1) = x|z +y,m,n,a) = Flzlz +y,m,n)

1/)(:B—1|:B+y,m,n,a) =0
Y(z+ 1z +y,m,na) =1

a—1+4+ F(z|z +y,m,n)

(A2) f(z|z +y,m,n)

} = P(zlr +y,m,n,a) =



(A.3) Pzl +y,m+1,na) <Ypzlz+ymna) <plz+llz+1+y,m+1,n,«a)

where H (z,m,p) = 32y, g(y|lm,p) for z € {0,...,m} and H(z,m,p) =0 for z > m.

A gzlm,p) gz +ylm+n,p)

(4.6) f(@|z +y,m,n,p) 9(yln,p)

(A7) (L= plglalm — 1,p) = glalm.,p) = Tpgla —1m—1.p) @ ¢ {0,m)
T+y r+y

(A.8) F(z|lz +y,m,n)=(1- VF(z|z +y,m—1,n)+

m+n m+n
The monotonicity properties (A.3) and (A.4) can be found in Finner & Strassburger (2000). All

remaining properties are easily verified.

Flz—-1lz—-14y,m—1,n)

Proof of Lemma 1 Part a). Since 9(0[0,m,n,a) = « for all m,n € IN there exists an integer
u € {1l,...,m}, such that

a

P(zlz,m +1,n,a) = f(x|lz,m+1,n)’
1, otherwise.

for0<z<u+1,

Combining (A.1) with (A.3) we conclude that there exist r € [0, 1], so that

«

—— for0<z <
falamm) ==
1/)(36|x,m,n,a) = T, 1f$:u—|—1,
, otherwise.
For p € (0,1) we get with (A.6)
u+1
Bupl0,m+1,n,0) = H(u+2m+1,p)+a glalm+1,p)/f(]z,m+1,n)
=0
u+1
= Hu+2m+1,p)+a 3 (1 —p)"galm +n+1,p)

=0

= Hu+2m+Lp +a(l—p)™"[1—-—H(u+2/m+n-+1,p).
The identity (A.5) yields

(A.9)  Bi(pl0,m +1,n,) = H(u+2|m,p) +pg(u+1jm,p)
+a(l —p) "[1 = H(u+2|m +n,p) — pg(u + 1jm +n, p)].

Similarly we get
Combining this equation with (A.9) we obtain

(AIO) ﬁl(p|07m+lanaa) _ﬁl(p|07m7naa)
= (p—r)glu+1m,p) + a(l —p)"[g(u + 1lm +n,p) — pg(u + 1jm + n, p)].



If u = m, the r.h.s. of (A.10) is equal to a(l — p)'~"g(m + 1|m + n,p), which is positive for all
p € (0,1) so we can reduce our attention to the case u < m — 1. Now the r.h.s. of (A.10) equals
Pt (L —p)m " (p—7)(,",) + (") (1 —p)]. This term equals zero for all p € (0,1) if and only

u+1 u+1
m m-+n
= — 1).
T(u—i—l) a<u+1> Vp € (0,1)

m m+n
-«
u—+1 u—+1
But this can happen if and only if (UTI)/(TZ‘I?) =« and r = 1, or, equivalently F(ulu + 1,m,n) =

1—q. O

p

Proof of Lemma 1 part b). Let y € {1,...,n—1}. By assumption there exists an u € {0,...,m—
1} such that F(u,u+y,m,n) = 1 —a, hence Y(u|u+y,m,n,a) =0 and Y(u+ llu+y,m,n,a) = 1.
The monotonicity property (A.3) yields ¢(u|u+y, m+1,n,«) = 0 and ¥ (u+2u+y+1,m+1,n,a) =
1 and by combining (A.3) and (A.4) we get ¥(uju +y + 1,m + 1,n,a) = 0. Together with (A.2)
this yields ¥(u + lju +y + 1,m + 1,n,a) = (« — 1 + F(z|lz + y,m + 1,n))/f(z|z + y,m + 1,n).
Hence there exist an integer v € {u +1,...,m} such that

0, for 0 < z < u,
a—1+F(zlz+y,m+1,n)
flzlz+y,m+1,n)

1, otherwise.

Y(zlz +y,m+1,n,a) = , foru+1<zx<v+1,

Similarly as in the proof of part a) by making use of (A.3) and (A.1) we conclude that there exists
a real number r € (0, 1], such that

0, for 0 < z < u,
-1+ F
a + (x|x+y,m,n)’ foru+1<z<w,
1,/)((E|:E—|—y,m,n,a): f($|$—l—y,m,n)
T, forz =v+1,
1, otherwise.

Using (A.6) we get

(A1) Bi(ply,m,n, @) = H(v +2|m,p) +rg(v + 1jm,p) + Y W(zly,m,n,p,a)

r=u+1
and
v+1
(A.12) Biply,m+Lin,a) =Hw+2m+1,p)+ > W(zly,m+1,n,p,a),
r=u+1

where W is defined by

gz +ylm+n,p)

W(x|y,m,n,p,a) = [04—1+F(36|x+y,m,n)]

9(yln, p)
With (A.8) and (A.7) we obtain
z+y glx+ym+n+1,p)
w 1 = (1- —14+F
1
vty gledymEnt o)L p 1l — 14y mn)]
n+m+1 9(yln, p)

10



g(z +ylm +n,p)

_ 1—p a—1+F$$+y,man
A “ !
-1
9(y[n, p)

= (1 =p)W(zly,m,n,p,a) +pW(z — 1ly,m,n,p, o),

i.e., (A.12) can be written as

(A.13) Bilply,m+1,n,a) = Hw+2m+1p)+ > Wl(zly,m,n,p,a)
r=u+1

+(1 _p)W(U + 1|y7m7napa a) +pW(U|y,m,n,p, Oé)

Noting that W (u|y, m,n,p,a) = 0 since F(u|u+y,m,n) = 1 —«, combination of (A.11) and (A.13)
and application of (A.5) results in

(A.14) Bi(ply,m +1,n,a) — Bi(ply,m,n,a) = (p—r)g(v+1|m,p)
+(1 —p)W(’U + 1|y7m7n7p7 Oé).

If v = m the r.h.s. of (A.14) is equal to a(mﬁzil)pm“/(;j), which is positive for all p € (0,1). So

we can reduce attention to the case v < m — 1. Now the r.h.s. of (A.14) equals

a—1+Flv+1v+1+y,m,n)
fw+1lv+1+y,m,n)

glv+1m,p) |(p—7)+(1—p)

This term equals zero for all p € (0,1) if and only if

a—1+Flv+1lv+1+y,m,n)
p+(1-p) flo+1v+1+y,m,n) - P € (0, 1).

But this can happen if and only if [0 — 1+ F(v + 1jlv + 1 + y,m,n)]/f(v + ljv + 1+ y,m,n) =1
and r = 1, or, equivalently F'(v|v +y + 1,m,n) =1 — a. This completes the proof. O

Acknowledgement. We would like to thank Werner Schachinger from the University of Vienna
for some helpful hints concerning diophantine equations.
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