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ON THE REPRESENTATION OF INTEGERS
AS LINEAR COMBINATIONS OF CONSECUTIVE VALUES
OF A POLYNOMIAL

JACQUES BOULANGER AND JEAN-LUC CHABERT

ABSTRACT. Let K be a cyclotomic field with ring of integers Ok and let f be
a polynomial whose values on Z belong to Ok . If the ideal of Ok generated
by the values of f on Z is O itself, then every algebraic integer N of K may
be written in the following form:

]
N=>" epf(k)
k=1

for some integer [, where the £ s are roots of unity of K. Moreover, there are
two effective constants A and B such that the least integer [ (for a fixed N) is
less than A N + B, where

N = lo(N)].

max
c€Gal(K/Q)

1. INTRODUCTION

The Waring/Hilbert theorem says that, for each natural integer d, there exists
an integer g(d) such that every natural integer N may be written as the sum of
g(d) dth powers [8] Theorem 11.11].

Waring’s problem for polynomials states that, for each integer-valued polynomial
f with positive leading coefficient, if the greatest common divisor of the values of
f is 1, then there is an integer g(f) such that every sufficiently large integer N can
be written as the sum of at most g(f) values of f [8l Theorem 11.9].

One may change the problem:

— on the one hand, by strengthening the conclusion: we only consider sums either
of consecutive dth powers or of consecutive values of f (see [5 §6]),

— on the other hand, by forgetting the common bound g(d) or g(f) and by intro-
ducing coefficients different from 1.

For instance, if the coefficients are 0 and 1, then we consider ‘lacunary sums’ of
consecutive dth powers or of consecutive values, that is, sums of distinct powers or
sums of values on distinct elements. With respect to this case, we have

Proposition 1.1 ([6l Theorem 1]). Let f be an integer-valued polynomial with
positive leading coefficient such that the greatest common divisor of the values of f
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is 1. Then, every sufficiently large integer N can be written in the following way:
l
N = Z g;jf(j), wherel e N* ande; =0,1(j=1,...,1).
j=1

See also [4] when f has integral coefficients.
If the coefficients are +1 or —1, that is, if we consider ‘signed sums’ either of
consecutive dth powers or of consecutive values, we have

Proposition 1.2 ([2, Theorem 1]). Letd be a natural integer. Every natural integer
N may be written in the following way:
l
N = Z 5jjd, where l e N" and e; =+1 (j =1,...,1).
j=1

According to [2], R.W. Prielipp proved this result for d = 2 in 1987 while,
according to [3], Erdés would have proved this particular case in 1937 when he was
sixteen. Seemingly independently, Proposition[I.2 was extended to integer-valued
polynomials by Yu [10] and Bodini, Duchet and Lefranc [3, Théoréme 2.1]:

Proposition 1.3. Let f be an integer-valued polynomial such that the greatest
common divisor of its values is 1. Then, every integer N may be written in the
following way:

1
N:Z ejf(j), wherel e N* ande; ==%1(j=1,...,1).
j=1

The aim of this paper is to extend this last result to integers of number fields by
considering coefficients €; that are roots of unity. We are going to show that the pre-
vious proposition extends nearly word for word to cyclotomic fields (Theorem [5.3)).
To do so, we use techniques from [3] that seem simpler than Yu’s. Doing this, we
will correct a gap in the proof given by [3]. We also obtain an effective upper bound
for the least integer [ for which N has such a representation (Theorem [B.1]).

2. HYPOTHESES AND NOTATION

Let K be a number field. Denote by Ok the ring of integers of K and by pux
the group of roots of unity of K. We consider the polynomial ring

Int(Z, Oxc) = {g € K[X] | 9(Z) € Oxc}.

Let f be a fixed polynomial in Int(Z, Ok ). Denote by d the degree of f.
We are interested in the subset R = Rg(f) of Ok formed by the integers
N € Ok that may be represented in the following form:

l
N=Y ¢f(G) (€N, g€ px),
j=1

where [ depends on N.
We denote by A(N) = Ax(f, N) the smallest integer [ such that N has such a
representation.

Examples. (1) \g(X?,0) =8, \g(X?2,2) =4, \g(X?,3) =2.
(2) For each k € N*, Ro(X*) = Z.
(3) If d # —1, =3, then Ry /5 (X*) = Z because tgva = {1}
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We are going to prove that, when K is a cyclotomic field, Rk (f) = Ok if and
only if the values of f on Z generate the ideal Ox. When K = Q, we obtain the
previous result of Yu and Bodini, Duchet and Lefranc.

Of course, we have the following containment:

Ri(f) € Zlpxk] - f(Z),

where Z[uk] - f(Z) denotes the Z[ui]-module generated by the values of f on Z.
We are going to study some properties of stability of R. For instance,

Veecug, eER=71R.

In the next section we introduce some tools taken from [3].

3. OPERATORS ON Int(Z, Ok )

We begin with some easy properties concerning the elements of Int(Z, Ok ).

Proposition 3.1. Let g be a polynomial of Int(Z, Ok) and let e be its degree.

(1) There exists a unique sequence by, by, ..., b. of elements of Ok such that

g(X):iz;biC()’ where (f) _ X(X—1)....(X—i+1).

7!

In particular, elg(X) € Og[X].
(2) The following subsets of Ok generate the same Z-module:

{g(k) | ke Z} ) {9(0)79(1)7""9(6)} ) {b07b17---7be}'

We denote this Z-module by Z - g(Z). In particular, these three subsets
generate the same Z[uk]-module.

Proof. (1) Obviously, one may write

- X
g(X)=>" bi(i>, where b; € K.
=0

These b;’s are unique. Replacing X successively by 0,1, ..., e leads to a triangular
linear system in the b;’s whose matrix is unimodular with coefficients in Z:

g(0) 1 0 o --- 0 bo

g(1) 1 1 o --- 0 b1

g2 =] 1 2 1 ... o0 b
g(e) L@ @ () be

Consequently, the b;’s are in Ok.
(2) Obviously, we have the following inclusion of Z-modules:

(g(o)ag(l)a"'vg(e)) - (g(k) | ke Z) c (bOabla"'vbe)'

Moreover, it follows from the previous linear system that we have

(bo,bl,...,be)g(g(O),g(l),...,g(e)). g
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Notation (following [3]). Let A = (e1,...,&;) be a sequence of elements of pg.
Denote by I(A) = its length. For each g € Int(Z, Ok ) we define the action of A

on g by
l

Alg =) erg(X + k).
k=1
The following map is clearly Og-linear:

A:geInt(Z,0k) — Alg] € Int(Z, Ok).

This symbolism is useful here because we have the equivalence

N =3 euf(k) < N = A[f)(0).
k=1

Then
ACN) = min{I(A) | A[f](0) = N}.
We are going to use the following notation:
For A = (a1,...,q1) € by, B=(B1,...,0:) € pk and € € pug, we let
eA = (eaq,...,eqp),
Z: —A= (_alv"'v_al)v
AX B= (al,...,al,ﬁl,...,ﬁt).

Then, one has .
(eA)lgl=cAlgl,  Alg]=-Alg]

1(A) U(B)
(AxB)[g)(X) = arg(X +k)+ Y Buf (X +1(A)+h).
k=1 h=1
Then we have the following obvious lemma.

and

Lemma 3.2. For each A € pt; and each g € Int(Z, Ok),
(A x A)g](X) = Alg](X) — A[g)(X +1).
If the leading term of Alg] is aX ¢, then the leading term of the polynomial (AxA)lg]
is —ael X~ In particular, deg(A x A)[g] = deg A[g] — 1.
Definition 3.3. We define inductively the operators D, (m € N) by
Do= (1) and D1 = Dy x Dy,.
For instance, D; = (1,—1),D2 = (1,—-1,—1,1),.... Replacing 1 by 0 and —1

by 1, we get the Thue-Morse sequence (see [9, Sequence A010060]).
Clearly, {(D,,) = 2™, and hence

Dini1[gl(X) = D [9](X) — Din[g](X +2).

If m > deg(g), then Dy,[g] = 0.

In particular, for the fixed polynomial f of degree d introduced in Section 2:
— Da+1[f] =0, 0 € Ri(f) and A(0) < 24+1,
— Dy[f] is a constant that we denote by Ck(f) or C. More precisely:

Lemma 3.4. Let ag be the leading coefficient of f. Then,

d(d—1)

Dalf] = (-1)%(d)2" T ag = Cx (f) = C € Ok.
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Proof. By linearity,
Dy [f] = Dy [f — adXd] + Dd[adXd] = Dd[adXd] = adDd[Xd].

It follows from Lemma that

d(d—1)

Da[X9 = (—1)4xdx (d—1)x---x2x1x297 x ... x22x2 = (—1)¢xd! x 2™ 2

Finally, it follows from Proposition Bl that dlay € Ok, and hence Ck (f) € Ok.
One could also say that, in fact,

C(f) € Zlpx] - f(Z) € Ok.

4. STABILITY PROPERTIES OF R
Proposition 4.1. For C = Dy[f], one has
R+C - Zluk] € R.
Proof. Let N € R and let A = (v, ...,q;) € pb be such that
N = A[f](0).
Then, for every ¢ € g, one has
(A x eD)[f1(X) = AL](X) + 2Dal FI(X +1),

and hence
A[f](0) + eDg[f](1) = N+ eDy[f] = N +eC € R.
O

The next result is an extension of [3] Lemme 2.2], where K = Q and e +¢&’ = +2.
Proposition 4.2. Let N € R, ¢, &' € uk, and k > A(N). Then
N+ (e+¢€)f(k) e R.

Proof. Let A = (aq,...,0aq) be such that N = A[f](0) and | = [(A) = A(NV). Let
m € N be such that m > d and 2™ > k —[. Then m > d + 1 implies that

(A x eDy)[f1(0) = (A x €Dr)[£](0) = N.

Moreover, 2™ > k — [ implies that —¢ is the k-th term of one of the sequences
A xeD,, or A x eD,,. If we replace this —¢ by &', we obtain a sequence B such
that

B[f](0) = N + (e + &) f(k).
O

Bodini, Duchet and Lefranc forgot this condition k > A(N) in their proof of [3]
Lemme 2.2]. Now we shall see how we may avoid the hypothesis k£ > A(N).

Proposition 4.3. For all N € R, for all €,¢’ € uk, and for all k € Z, one has
N+ (e+¢&)f(k) e R+ COk.
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Proof. Let ¢ € N be such that C = Dy[f] divides ¢ in Ok. Since dlag € Ok, we

may choose
d(d—1)
c=2"72 |NK/Q(d!ad)|.
Then for k and s € Z, one has

f(k+dles) — f(k) € cOx € COg,

because d!f € Ok [X].

Now, let N € R, let ¢,¢’ € ux and let k € Z. Let A = (aq,...,q;) be such that
N = A[f](0). Let s € N be such that ¥’ = k + dles > I(A) = [. Then it follows
from Proposition that

N+ (e+e)f(K)eR.
Moreover, one has
(f(k) = f(K)) € COk,
and hence
N+ (e+¢&)f(k) e R+ COk.
O

Note that in Proposition 3] we no longer have the condition k > A(N) of
Proposition {2, but we no longer have the inclusion in R. In order to be able to
use the inclusion

R+ CZluk] C R,

of Proposition A1l we shall assume that

Zlpk] = Ok.
This last equality is obviously equivalent to: K being a cyclotomic field. This will
be our hypothesis.

5. CYCLOTOMIC FIELDS

From now on, we assume that K is a cyclotomic field, that is, Ox = Z[uxk]
(including the case K = Q).

Lemma 5.1. Assume Og = Z[uk|. Then, for all e,¢' € ux and for all x €
Zpk] - f(Z), one has
R+ (e+€)r CR.

Proof. This lemma extends [3] Lemme 2.3], where K = Q and ¢ + &’ = £2. It
follows from Proposition BTl that

R+COx CR
and, from Lemma 3] that for all €,&’ € ux and for all k € Z
(%) R+ (e+&)f(k) CR.
Let x € Z]uk] - f(Z). Proposition Bl shows that
d
T = Z upf(k), where wuy € Z[uk].
k=0

Writing
U = E m; g€k, where m;, € Nande; € pg,

(3
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we have
(e4+ex = Z mi(egik + k) f(k).
ik
Using the containment (*), we see that

R+ (e+e)r CR.

Remark 5.2. The previous lemma doesn’t say that
R+ Zlpk] - f(Z) CR.
It essentially says that
R—i—Zmieif(k) CR (k€Z, m€Z, ¢; € uk)
i

when ), m; is even (see Proposition[£.2]). We are going to show how this condition
may be dropped in the cyclotomic case.

Theorem 5.3. Let K be a cyclotomic field. Denote by Ok the ring of integers of
K and by ux the group of roots of unity of K. Let f be a polynomial of K[X] with
degree d such that f(Z) C Ok. Let

l
R=Ri(f)={N €Ok |N=> ¢f(j) withe; € ux
j=1
Then:

(1) R is equal to the ideal of Ok generated by the values of f on Z.
(2) R = Ok if and only if the ideal generated by the set {f(0), f(1),..., f(d)}
is the ring Ok .

Proof. Denote by (f(Z)) the ideal of Ok generated by the values of f on Z (here
(f(Z)) =Z|uk] - f(Z)). Let K = Q(({), where ( is a primitive m-th root of unity.
(1) Obviously, R C (f(Z)). Conversely, if m is odd, then
L= —((+ 44",

and it follows from Lemma B that R + (f(Z)) € R. In particular, (f(Z)) C R
since 0 € R, and hence R = (f(Z)).
If m is divisible by an odd number m’ > 1, then, considering £ = Cm/m/, we have

L= —(E+&++m ),

and we may also conclude.
There remains the case when m is a power of 2. First recall, from Lemma (1]
that

R+(1-0(f(Z)CR and (1-)(f(Z))CR.
One knows that
Nigja(l = ¢) =2,

Consequently, the element 1 — ¢ is not invertible in O, and hence

(1= (@) # (f(2)).



5078 JACQUES BOULANGER AND JEAN-LUC CHABERT

Moreover,

Card ((f(2))/(1 = O)(f(2))) = N(1 = () =2
implies that (f(Z)) contains exactly two classes modulo (1 — {)(f(Z)).

Since (1 —¢)(f(Z)) # (f(Z)), there is a smallest integer j > 1 such that f(j) ¢
(1-=0(f(Z)). Let N. = f(1)+ f(2) + -+ f(j). Then, N. € R and N, ¢
(1 =¢)(f(Z)). Thus, R contains two distinct classes modulo (1 — ¢)(f(Z)), and
hence is equal to (f(Z)).

(2) The second assertion results from the first one and from Proposition 31l O

When K = Q, the original result of Yu [10, Theorem] seems to be stronger, but
Theorem B3 may be easily written in a more general form:

Corollary 5.4. With the hypotheses and notation of Theorem [L3, assume that
(f(Z)) = Ok. Then, for every fized integer m, each element N of Ok may be
written in the following way:
m-+l
N = Z exf(k), where e € uk, andl €N
k=m+41

(I depends on K, f, N and m).

Proof. Let g(X) = f(X +m). Then (¢9(Z)) = (f(Z)) = Ok, and it follows from
Theorem B3 that there exist [ € N and ¢, € ux (k =1,...,1) such that

l l ml
N=> ewgk)=> exfk+m)= > exf(k).
k=1 k=1 k=m+1

6. AN UPPER BOUND FOR A(N)

In 2] §4], Bleicher shows that A(N), the least integer [ such that
1
N=> +k' (NeN),
k=1

is less than

ANTT + B
for some constants A and B only depending on the exponent d. On the other hand,
in a concluding remark, Yu [10] says that it seems more difficult to estimate this
minimal value A(N) in the case of integer-valued polynomials. Nevertheless, we are

going to give an upper bound for A\(N) even in the general case of cyclotomic fields
and for integer-valued polynomials.

Theorem 6.1. Let K = Q(¢) be a cyclotomic field, where ¢ is a primitive m-th
root of unity (m is odd or divisible by 4). Let

d
f(X)= ZaiXi € K[X] with aqg # 0, and then deg(f) =d.
i=0
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Assume that the values of f on Z belong to the ring of integers Ok and that the
ideal generated by these values is Ok itself. For each N € Ok, denote by A(IN) the
least integer | such that

1
N:Z exf(k), where ep€pux (k=1,...,10).
k=1

Then there are two effective constants A = Ak (f) and B = Bk (f), only depending
on K and f, such that

AMN)< AN + B,
where, for each x € K,

= max |o(z)|.
o€Gal(K/Q)
More precisely, we may choose

d(3—d)
2

A== p(m)*a By

and
B=Av(N)+ AWN),

where ¢ denotes Euler’s function and ®,, the m-th cyclotomic polynomial,

T ®(m) ' p(m)—1 1
a:a_7 (bm(X): Z BJX] 5 ﬁ: Z |Bj|; 7= Y (C)’
d =0 §=0 m

N denotes a subset of Ok containing at least one representative of the classes of
Ok modulo C, with

d(d—1)

C=Ck(f)=(-1%dI27 = ay,

and where the constants
v(N) =max{N | N e N'}
and
AWN) =max {\(N) | N e N'}
are bounded in Propositions and [71] below.
We begin with two technical lemmas.
Lemma 6.2. Let N and Ny in O be such that
N = Ny + <zs: niei> C with n; €Z, €; € uk.

i=1

Then,
AN) < X(No) + <Z |ni|> 27,

Proof. The case when N = Ny + eC is a straightforward consequence of Proposi-
tion [l We obtain the general case by iteration. O
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Lemma 6.3. There is a constant E = Ex, only depending on K, such that, for
every

x = Z z; ("€ O (v €2),
0<i<ip(m)
one has
lzi| < Ez (0<i<gp(m)).
One may choose
E=Ek =qp(m)p~.

Proof. Denote by ko, k1, ..., Ky@m)—1 the dual basis of the basis 1,(, .. ., Cpim)—1
of K over Q with respect to the trace. Then, for 0 <i < ¢(m), one has

T = trg)g(Thk;) = Z o(z)o(ki),

oceG
where G = Gal(K/Q). Thus,

il ST Y o).

ceG

It suffices to choose a constant E that is greater than

max o(ki)| | .
s ()

One knows that the x;’s are characterized by

i X - ¢t
Z i X = H ¢ —Ck

0<i<ep(m) k#1, (k,m)=1

(see for instance [7, Proposition B03]). Since

I «-¢&=2,0,

k#£1, (k,m)=1
one has
D, (X _ _
2, (0)x 3 mxt = 28— g (x0) (30 ),
: —¢
i k>0
and hence

p(m)

@7, (O] [154] = Z B¢, where ®,,(X) = Z B;X7.
j=0 §=0
Consequently, for every o € G and every i € {0,1,...,p(m) — 1},

|97 (O o (ki) <> 1651,
§=0

and hence

p(m)—1

! where [ = Z 155 1.

lo(k:)] < B ming [o(® ()’ 2
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Let

—_~—

1 1 1
Y= —F]————- = max =

ming o(®7,(C)] e |o(®L ()] ()

Finally,

008X (; |U(m-)|> < p(m) B 7.

Remarks 6.4. (1) Clearly,

p(m)

L+ 8= |8 <2°0m).

§=0
Recall also Bateman’s results on the coefficients of cyclotomic polynomials [I]:

d(m)

1+8<m 5,

where d(m) denotes the number of divisors of m.
(2) Note also the following obvious inequality:

=t < (2 sini)l_w(m).
®7,.(¢)
(3) When m = 2", one has ®-(X) = X2 4+ 1 and 4. (¢) = —% 27~1. Then
B=1andy=2""" sothat E = ¢(2") 3y = 1.
Proof of Theorem Let NV be a finite subset of Ok such that A contains at least

one representative of the classes of Ok modulo C. Then, for every fixed element
N in Ok, there is at least one element Ny in A and an element x in O such that

N—N():CJ).

For each 0 € G = Gal(K/Q),

|0’(.23)| < |0(N)| + |U(NO)|

o

and hence

~ =1
T < (N + No) ok
Since O = Z[(], the element z may be written in the following way:
T = Z ;¢ with z; € Z,
0<i<p(m)
and Lemma shows that
AN) S ANo)+20 > Jal.
0<i<p(m)
On the other hand, it follows from Lemma B3] that

1

| < E(N+ Np) =.
lz:| < E (N + O)C

Consequently,

1

A(N) < MNo) + 2% o(m) E (N + No) &
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~ d(1—d)

Replacing & by 2—— o and E by ¢(m) 37, we obtain

A(N) < A(No) + A(N + Np)

with
P
A== p(m)?apBy.
Finally,
AN) < AW) + A(N +v(N)),
where
v(N) = max {No | Ny € N'}

and

A(N) = max {)\(No) | Ny € N}
We then may choose
B=Av(N) + AWN).

The constant A is well defined. To prove the effectiveness of B, we have to give
upper bounds for v(N) and A(N) for some choice of M. This is done in Proposi-
tions and [Z.1] below. O

A choice for N'. Let

d(d—1)

c=cx(f)=2 2 (d)*"™ |[Ngsqg(aq)l.
Note that ¢ € N and C divides ¢ in Og. Then let

. C C
N={N= Z ’I’LiczlniEZ,—§<’l’Li§§
0<i<p(m)

For every N = 3. n;(* € Ok and for 0 < i < p(m), let nY € Z be such that

n; = nY (mod ¢) and —§ < n < £ Then Ny = >, nf¢* € N, and ¢ divides
N — Ny; a fortiori C' divides N — Np.

Proposition 6.5. With the previous choice for N, one has

d(d—1)

v(N) = max {N |NeN} < (d!)‘p(m) 2=z 1 @(m) [Ngg(aq)|.

Proof. Of course, for every No =), n?¢* € N, one has
No < 37 Il < 5 o(m),
since every o(Np) is of the form
> o) =) nic™,
where k is prime to m. Let
vi(f) = 5 p(m) = ()™ 2

Then, for each Ny € N, Ny < vk (f). O

d(d—1)
P

Yo(m) Nk g(ad)l.
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Remarks 6.6. (1) Note that, with this choice for A" and this bound for v(N), one
has

B =211 (d)?"™ "t o(m)® a By |Niejglaa)l + AN).
(2) In the case when a4 € Q, one has oo = Ia_ld\ and one may choose

d(d—1)
c=2"7z2 d! ag.

Consequently,
B=2"1pom)® B~ + AWN).
B)If K=Q, then m = =v=p(m) =1,
d(3—d)

A== B=2"" 4 AW).
o and + AW)

It remains to give an effective bound for A(N). This is done in Proposition [/l
in the next section.

7. AN UPPER BOUND FOR A(N)
Notation 7.0. Recall that

A(N) =max {\(N) | N € N},
where
€

, c
=N = g i¢"|ni €Z, —5 <n; <
N n;¢" | n; € 5 <M<y

0<i<p(m)
and
d(d—

1
c=ci(f) = ()™ 275 [N g(ar)].
Let vg,...,vq € Ok be such that

d

> onf(k) =1

k=0
(it follows from Proposition[3.] that f(0),..., f(d) generate the ideal Ok), and let
V =Vk(f) = max {vx | 0 < k < d}.

Denote by fthe polynomial

=0
and let
d+1
F=>"f(k).
k=1
If m is not a power of 2, we denote by m’ the least odd divisor > 3 of m, we let
m —1
5 =
m) = "1,

and we put
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If m = 2", we let

1 1
5(1)25, o(m) = — form >4,

and
w2 =[d+1)2" 52"V (2" Pc+ F)].

Proposition 7.1. With the hypotheses of Theorem [2.3 and Notation 7.0, one has
A(N) < )\w(m)v
where A, (m) 15 defined by
o =21 and A1 = (),

h denoting the polynomial

hX)=2dlc + X + G f(X +dlc)

with
(d,+1)2(4—d)

G=—F—¢m?’apn.

We first need several technical lemmas.

Lemma 7.2. If m is not a power of 2, then every N € Og may be written in the
following form:

N = Z (ei +€}) f(k;) with e;,€) € pug, k; €N,
el
with
Card(I) < (d+1) x p(m)? x 6(m) x B xvxV x N.

Proof. Obviously,

d
N =>" Nupf(k).
k=0
Let us write
Nuv, = Z wk,j(:j (w;w- S Z).
0<j<p(m)
Then

d
N=> > weid | fR).
k=0 \0<j<p(m)

m

As already noticed in the proof of Theorem B3|, the element £ = (=" satisfies

m’ —1 A
LR
i=1

Consequently,
6(m)

d
N=3" > e d [ =3 ga+Emy | r),

k=0 \0<j<p(m) i=1



CONSECUTIVE VALUES OF A POLYNOMIAL 5085

and then
d 5(m)
N=3) Sy Y (ke | Fk),
k=0 \0<j<ep(m) i—1

where Q’j,k,s;’j}k € pk and ng; € N. It follows from Lemmal[6.3] that

nk,j:|wk,j|§Exm§ExﬁkxNﬁExVxﬁzap(m)ﬁ'yVﬁ.
O

Lemma 7.3. If m is a power of 2, then every N € Ok may be written in the
following form:

N =Ny+ Z (ei +€)) f(ki), where g;,¢; € px, ki €N,
icl
with

ko
No =0 or NO:Zf(k) for some ko < d+1
k=1

and
Card(I) < (d+1) x p(m) x 6(m) x V x (N + F).

Proof. As seen in the proof of Theorem B3, there exists a least integer ko (1 <
ko < d+1) such that f(ko) & (1 — ()Ox, and then such that

ko
N.=> f(k) ¢ (1-()Ok.
k=1

We also know that every NV € Ok is of the form
N=Nog+(1—-¢)N; with Nyg=0or N, and N; € Og.

As for the previous lemma, we may write

d
Ny = Zvakf(k) = Z Z wi ;¢ | fk).

d
k=0 k=0 \0<j<o(m)

Thus

d
N-No=(1-¢(M :Z Z nk,j(5k7j+5;c,j) f(k),

with ng; € N, e 5, €} ; € px and

Nk,j = |w;w»| §Em §Eﬁﬁk <ExVx (N-l-ﬁ*) X 11(
We may conclude, since
d+1
E=1, N.<Y f(k)=F,
k=1
and
min |1 — o (¢)| = 2sin— = §(m) ™! O
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Lemma 7.4. Let N € Ok and k € N be such that k > A(N). Then, for all
5751 € UK,
AN + (e + &) (k) < AMN) + 2max(2%, k — A(N)).

Proof. The proof of Proposition[4:2lshows that, if N = A[f](0) where [(A) = A(NV),

then N+ (e +¢’) f(k) = B[f](0) for some B such that [(B) = I(A)+2™ with m > d

and k < 2™ +1(A). The least integer m is max(d + 1, [logy(k — A(IV)]), and hence
2™ < 2max(2% k — A(N)).

U

Lemma 7.5. For all N € Ok, e,¢' € ug, and k € N,
AN + (e +€") f(k)) < R(ADN)),
where h is the following polynomial of degree d:

h(X)=2dlc + X + G f(X +dlc)
with

(d+1)(4=d)
2

G = = o(m)* a § 7.

Proof. Let k' € N be such that k' — k € dl¢Z and k' > A(N). One may choose k’
in [A(N),\(N) + dlc]. Then it follows from Lemma [73] that
AN + (e +£)f(K)) < MN) +2max(2%, dlc) = A(N) + 2d!c.
On the other hand,
(e+&Vf(K)— f(k))=Cy, where ye€ Ok.
Obviously,

- 1 1
7<2 2 (TR + FK) <4 5 TOW) + die)
Writing ¥ = 3 <;< o(m) y:Ct, we see from Lemma 6.2 that

1 -

ly| <4E x o FOMN) 4 dlc).

Then,
N+ (e+e)f(k) =N+ (e+e)f(K) + (e +&)(f(k) - f(K))
implies that
AN + (e +€)f(k) SAN)+2dle+27 Yy

0<i<p(m)

1 -~
<A(N) +2dle + 2% 2p(m) x E x G FOMN) +dlc).
To conclude, it suffices to use the values for F and C. (]

Proof of Proposition[7.1. Let N € N; then N < Sp(m). We first consider the case
when m is not a power of 2. Lemma shows that it suffices to use Lemma
Card(I) times starting with N = 0 and A(0) < 2¢+1. We have

Card(I) < (d+1) p(m)*> 6(m) By x V x N

< (d+1) @(m)® 5(m) BV x 3,
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that is,
Card(I) < w(m).
Consider the increasing sequence { A, }nen defined inductively by
Ao =291 and A1 = h(\,).
Then,
AWN) < Ay
Assume now that m is a power of 2. Lemma [[3] shows that it suffices to use

Lemma Card(I) times starting with N = 0 or N = N, and \(0) < 2%+! or
A(N,) <d+ 1. We have

Card(I) < (d+ 1)(m)d(m) V x (N + F)

< (d+1) p(m) 6(m) V x (5¢(m) + F),
that is,
Card(I) < w(m).
The conclusion is the same because we still start with \g = max(29+!,d + 1) =
27+, O

Remark 7.6. The bounds that we obtained are very large, especially those given
for A(N). But, as seen in Remarks [(.6] one may find better bounds when one
considers specific polynomials. In particular, if there exists k € {0,1,...,d} such
that f(k) = 1, then 1 may replace V and d+1 in Lemmas and [Z3l for the upper
bound of Card(I).

For instance, assume that K = Q and that f(z) is the binomial polynomial

(X) _X(X -1 (X —d+1)

d d!
Then ad:$7 C:|C|:2d(d2:1>7 5(1):%7 V:l, 1—(:27 NO iS f(O):OOr
f(d) =1, and F may be replaced by d, so that Card(I) < %(|N| +d) with [N] < §

d?2—d—4

for every N € M. Consequently, w = [2 2 + %} with Ao = d. Recall that

d(3—d)

A=2"z and B =291+ AN).
In the particular case when d = 2 we have ¢ =2, N'={0,1}, A(N) =3 and

g (MN) < 9|N|+5.

2
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