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Abstract

In this paper we consider the generalized Catalan numbers F'(s,n) = ﬁ (SS),

which we call s-Catalan numbers. For p prime, we find all positive integers n such
that p? divides F(p?,n), and also determine all distinct residues of F(p?,n) (mod p?),
q > 1. As a byproduct we settle a question of Hough and the late Simion on the
divisibility of the 4-Catalan numbers by 4. In the second part of the paper we prove
that if p? < 99999, then (pq?fl) is not squarefree for n > 7 (p?) sufficiently large
(11 (p?) computable). Moreover, using the results of the first part, we find n < 7 (p?)

(in base p), for which (pq’:fl

) may be squarefree. As consequences, we obtain that
dn+1
(")

is squarefree only for n = 1, 3,45, and (9717-1-1

A ) is squarefree only for n = 1,4, 10.
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pl-Catalan Numbers and Squarefree Binomial Coefficients
1 Introduction

Problems involving binomial coefficients were considered by many mathematicians for over
two centuries. R.K. Guy in [6] mentions several problems on divisibility of binomial coef-
ficients (see B31, B33). Erdos conjectured that for n > 4, (27?) is never squarefree. This
was proved by Sarkozy in [13], for sufficiently large n, and by Granville and Ramaré in [5]
for any n > 4 (see also [17] for another proof).

Many people (see, for instance, [1, 2, 7, 8, 9, 12, 15]) proposed and studied the following

generalization of classical Catalan numbers n%rl (Zn"), which we will call s-Catalan numbers,
namely F(s,n) = m (57?) There are many interpretations of this sequence (see

[2, 7,9, 12, 15]), for instance: the number of s-ary trees with n source-nodes, the number
of ways of associating n applications of a given s-ary operator, the number of ways of
dividing a convex polygon into n disjoint (s + 1)-gons with nonintersecting diagonals, and
the number of s-good paths (below the line y = sz) from (0, —1) to (n, (s — 1)n —1).
Naturally, some of the questions proposed by Erdos on the classical Catalan numbers,
may be asked here as well, as Hough and the late Simion proposed [8]: (a) When p is prime,
for what values of n is F'(p,n) divisible by p? (b)* For what values of n is F'(4,n) divisible
by 47 (c¢)* What can you say when s takes on the other composite values? There are no
answers yet known for (b) and (c¢). In this paper we give a simple proof to (a), and we show
that F(p?,n) is divisible by p?, unless (p?> — 1)n + 1 is an even power of p, or a p-term sum
of odd powers of p, thereby answering (b), and (c) for s = p?. We generalize this result
describing all integers n, for which p? divides F'(p?,n), ¢ > 3. In the second part of the

paper, we show that if p? < 99999, then (pq?fl) is not squarefree for n > 71 (p?) sufficiently



large (computable). If n < 71(p?), we employ the generalized Catalan numbers to find

the set of integers n, where (p q?;rl) might be squarefree. As consequences, we obtain that

(4n+1

" (")

) is squarefree only for n =1, 3,45, and is squarefree only for n = 1,4, 10.

2 Preliminary Results

Let [z] be the largest integer smaller than or equal to z. In this section we state a few results
which will be needed later. Lucas (1878) (see [3]) found a simple method to determine (")

(mod p).

Theorem 1 (Lucas). If p is prime, then (Z‘) = ([[73//5]}) (?;00) (mod p), where mg, ng are

the least non-negative residues modulo p of m, respectively n.

In 1808 Legendre showed that the exact power of p dividing n! is

[n/p] + [n/p°] + [n/p°) + - - . (1)

We define (see [4]) the sum of digits function op(n) =ng+ni+---+ngq, if n =no+nip+
-+ +ngp?. Then, using o, (1) transforms into

n — op(n)

o )

Kummer found a way to determine the power to which a prime p divides a binomial

coefficient.

Theorem 2 (Kummer). The power to which the prime p divides the binomial coefficient

(’ZZ), say vp((qg)), 18 given by the number of carries when we add n and m — n in base p.

Define n!j, to be the product of all integers < n, that are not divisible by p. We see that

n!
nl, = W.
Lucas and Kummer’s Theorems.

Granville in [4] proves the following beautiful generalization of both



Theorem 3 (Granville). Suppose that the prime power p? and positive integers m = n+r
are given. Let N; be the least positive residue of [n/p’] (mod p?) for each j > 0 (that is,
N =nj+njpp+---+ nj+q_1pq_1, where n = ng +nyp + - + ngp®): also make the
corresponding definitions for m;, M;,r;, R;. Let e; be the number of indices i > j for which
m; < n; (that is, the number of carries, when adding n and r in base p, on or beyond the

jth digit). Then

1 m MQ' Ml' Md'
o =) S AT NIRRT NLRL  (wedp?),
PO\ n N().p Ro.p Nl.p Rl.p Nd.p Rd.p

where (£) is (—1) except if p=2 and q¢ > 3.

Our first result gives a complete answer to the first posed question (a), generalizing
the well-known result on Catalan numbers, or equivalently, on middle binomial coefficients
(see [6]), which states that 4 | (27?), unless n = 2F, for some k. Denote by N the set of

nonnegative integers.

. . . k_q
Theorem 4. Let p be a prime. Then, p divides F(p,n), unless n is of the form I;j, ke

N, in which case F(p,n) =1 (mod p).

Proof. We rewrite F(p,n) = m(i’:) = [ﬁ(pnjl). Since p [F(p,0), we assume n >

0. Applying Lucas’ Theorem repeatedly for the base p representations (0 < m;,n; < p—1),

m = mo+mip+---+mgp? and n = ng+nip-+- - -+ngp?, we obtain (M= () () - ()

no/ \ny ng

(mod p). For m =pn+1=1 (mod p), we get

= (%)= () () s

If F(p,n) # 0 (mod p), we must have 1 > ng > ny > --- > ng > 0, therefore n; = 1,

d+l_1

0 <j <d. In that case,n:1—|—p—|—---—|—pd=pp_1 and F(p,n) =1 (mod p). O




The following lemma will be extensively used throughout the paper.

Lemma 5. We have

oyt~ n+1) 1

’Up(F(pq,n)) = p— 1

Proof. Using (2) we get that the power of p dividing (") is

o (1)) = oot ) ) 5

n p—1

If m = p?n + 1, by using the identity F(p?,n) = pqan (pq?fl), (3) becomes

o (F(p4,n)) = ap(n) + op((P? — ;)TI 1) —op(pin+1) _ ap((p" —p11n1+ -t

since o, (pin + 1) = op(n) + 1. O
3 Scarce squarefree p>-Catalan numbers

Denote by n = (ab...), the base p representation of n, a being the most significant digit.

Our next result refers to the third question of Hough and Simion, if s = p?.

Theorem 6. Let p be a prime. Then, p* divides F(p?,n), unless n is of the form
P S e — 1

P t € N, in which case F(p*,n) =1 (mod p?), or of the form R ,

S
1 < - < g, wherecj>0and2cj:p,sz2, mwhichcaseF(pQ,n)E< p )
]:1 617627"'768

(mod p?) (the multinomial coefficient).

Proof. By Lemma 5, if F(p?,n) # 0 (mod p?), then

p? —1)n+1)
p—1

wp(F () = 22 1oy (4)

which implies that o,((p? — 1)n + 1) is 1 or p.



If o,((p> — 1)n+1) = 1, then (p> — 1)n +1 = p* = (—=1)* (mod (p + 1)), therefore k

2t
-1
must be even, say k = 2¢, and n = —; .
p*—1
P
If 0,((p*> — 1)n + 1) = p, then (p2 —1n+1= Zpo‘k, a; < ax < -0 <y, with
k=1

a1 < ap. It follows that

(»* —1)n

~1+4p > 14+ > 1

a; odd «; even

“14+pP—(p-1) ) 1

a; even

= —(p—-1) Z 1 (mod (p* - 1)),

a; even

Z 1 must be divisible by p + 1. Since 0 < Z 1 < p, we see that Z 1

a; even a; even a; even
S eptitt — 1
must be an empty sum. Therefore, all a; = 2i; +1. We obtain n = = 71 ,
p2 —
1 <ig < -+ <ig, ch = p and the first claim is proved.
j=1
For the second part of our theorem, we use the congruence F(p?,n) = (pQTT‘LH) (mod p?).
2% _

Let n_; = 0. Consider n = L It follows that n = (1010 --101),, and since p?n + 1

-1
attaches to this string the block 01 to the right, it is of the same form. Moreover, M; = N;_o

and R;!, = 1, except for Ro;—1!, = (p — 1)!. By Granville’s theorem, we get

Mo\, M1,

o1l (mod p?). (5)

F(p* n) =po (-1

Now, Mol, = 1,My!, = (p — 1)!. Thus, (5) becomes F(p?,n) = p®(—1)* =1 (mod p?),

since eg = e; = 0.
s 20+
Zj:l ¢;p~ 1
p?—1

S
, 11 < -+ < ig and Zci = p, with s > 2. It follows
i=1

Consider n =

that

Y@ —p)+pr -1 2i;—2k+1
2 1 ZP + 1
pm = =1 k=1 (6)

PP ep® TP ()PP T 4 L

n =



By Kummer’s theorem, there is a carry in this case, so eg = e; = 1. Also, ng = 1, My!, =

(cxp)!

1, Mq!p, = (p—1)!, R;!), = 1 except for Ry;, !) = (ckp)!p = ol and Ra;i, +1!p = (ck)lp = ¢!,

for k=1,2,...,s. Applying Granville’s theorem we get

o MlMy! p—1)
F(pzan)zpo(_l)l | 0% %p | E(_l)p¥
R().p...RQZS+1.p H(Ckp)!pck!
k
(7)
O S N G
C1,€2,...,Cs H(Ckp)!p €1,C2,...,Cs ’
k
since (¢xp)!p = (—1)%* (mod p) and ch =p. 0
k=1

The following corollary gives a complete answer to the second question of Hough and

Simion.

2t

Corollary 7. F(4,n) is divisible by 4, unless n is of the form , in which case
22t+1 + 22j+1 -1

3

F(4,n) =1 (mod 4), or of the form , fort > j, in which case F(4,n) = 2

(mod 4).

In [10] we study products of factorials modulo p, and a consequence of one of our results
is that the multinomial coeflicients appearing in our previous theorem cover all residues of
the form p k modulo p?, where 0 < k < p— 1 (except for p = 5). Therefore, the residues of
F(p?,n) modulo p? will be {1} U {pk|0 < k < p— 1} (except for p = 5, in which case the

residues are {0,1,5,10,20}).
4 Divisibility of p?-Catalan numbers

Let p prime and ¢ > 2 fixed. For easy writing we denote by S the set of all positive
p?—1

1, g T o
9 qul

,tkEN,1§ck<p,0§m<q,l:ch:
k

integers of the form

m(p —1) EN, gty +ir#qti+jiand 0 < j1 < jo <--- < js < q.



Concerning arbitrary powers of an odd prime, we prove

Theorem 8. Ifp is a prime and q > 3, then p? divides F(p?,n), unless n is of the form

tq 1
pq 1 for some t € N, in which case F(p?,n) = 1 (mod p?), or n is in S, in which
p p—
_ a—11
case, F(p?,n) = e peo+m(pq '-1) % (61 .. ) (mod p?), if jx > 1,tx > 1, where

e=1forp=2ande=(—1)%" forp>3.

-1 1)—-1
Proof. By Lemma 5, if p? [F(p?,n), then v,(F(p?,n)) = ap((p )n+1)

<qg-—1,s0

p—1
op((p?=1)n+1) = m(p—1)+1, for some 0 < m < (g—1). If m = 0, then (p?—1)n+1 = pta+t
tq __ 1
for some 0 < i < ¢ — 1. Working modulo p? — 1 implies ¢ = 0. Thus, n = pq T Next,
p p—

assume 0 < m < ¢ — 1. We obtain, for [ = m(p—1)+ 1, (p? —1)n+1 =p* +--- +

pM,a; < --- < g, where no p of the o;’s can be equal. Thus, n = a1 ,
p fe—
1<, <q,0<j1<jo<---js<¢q Y yp_qck=1land chpjk =1 (mod p?—1), therefore,
k
nisin S.

To find the residues of the generalized Catalan numbers modulo p?, we use the con-

gruence F(p?,n) = (pn’;;“) (mod p?), Granville’s theorem and the proof of Theorem 6. If

- 55:117 m = pin + 1 and r = p'4. We observe that M,,, = N;. Moreover, M;, = 1,
Migi1 = p77Y, Migro = p? 2, -+ Migiq—1 = D, Mgty =1, forany 0 <@ < ¢ —1;
Rilp =1 except for Rgt—g41 = Pt Ryt—g+2 = p2 Ry—1 = p. Since eg = e; =0,
we get

co Moly - Mylp - My_q!p
Ryt—q+1lp -+ Rg—1lp
P () Py

L (), Pl (mod p?) =1 (mod p?).

F(p?,n) (mod p?)

We find the residues of F'(p?,n) modulo p? when j, > 1,t; > 1, for any k. In base p,
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using jr > 1,1, > 1, we get
S

n = Zcﬂﬂjk (pq(t’“fl)+---+1>+d

k=1
= ...+d(qu1)+1+d:1+dPQ+...:1+d’pQ+...
(0 < d' < p and the power of p in the missing terms is at least ¢ + 1). Moreover, pin +
1=1+p?l+dp*?+---. Thus, My = 1,M; = p?~} My = p?=2... M, 1 = p. Since
R = >, pp®™ Ik, then Ryl = 1, except for Ry, 14511 = ¢p? 'y Rytti—1)4j42 =

S
cip?™2, ..., Ryt +j,+1 = ¢, for any i. By Granville’s theorem, using Z ci=1l=m(p—1)+1

i=1
A
ci po)! .
and (c; p*)l, = (C,pk(i)lplipk_l , we obtain
i !
qg—1 q—1 ky
p*)!
165w 11 #)pm
Fphn)=ep® ————= ep* ——_3 -
nE B (Clp )'
[TITCew") LRty e
i=1k=0 i=1  k=1\" )
p !
- p?1=1)/(p—1) = protm o) pd 1! (8)
S S
(Cipq_l)! q—1
. |
Hl pe T =D/ (p=1) Hl(m’ )
1= 1=
= ¢ peotm@ -1 P! It~
B (Ip= 1 \ept=h, . egpt™?
a—11 l
— ¢ peotm(prt-1) P~ - q
=cp (Ipa—1)! <01,CQ,...,CS> (mod p"),
where € = 1 for p =2 and ¢ = (—1)%-1! for p > 3. O

We use in the next section the following

Corollary 9. p? divides m(pin) if and only if p? divides (pqzﬂ).
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5 Squarefree Binomial Coefficients

In this section we study squarefree binomial coefficients of the form (p q?fl), by employing
the previous results on the generalized Catalan numbers.

In [5], the authors proved that if (Z) is squarefree, then n or n — k must be small.

Finding explicit bounds is a much more difficult task. They showed that <2:> is squarefree
for n > 21617 and used some clever arguments to simplify the computer’s work, in checking
the possible exceptions n = 2" up to 2'617. In this section of the paper we rely on [5] and use
some estimates on the Chebyshev’s function » ;. A(d), where A(d) is the Von Mangoldt’s
function, A(d) = logr, if d = r*, r prime and A(d) = 0, otherwise, to show our results.
Define e(z) = € and ¢(z) = 0, if z is an integer, and ¢(z) = {z} — 3, otherwise, where
{z} is the fractional part of x.

The following lemma proves to be very useful

Lemma 10. If p? < 99999, the inequality

0.9999975 \/pin + 1 — 1.0000025 \/(p? — 1)n + 1 >

1 (9)
+ §(3logn + 2qlogp).

I

21.683p nit (log (256((p7 — )n + 1))))

is true for n > 1y sufficiently large.

Proof. First, (v +1+ vz — 1)2 = 2r + 2va? — 1 < 4z, since 222 — 1 < 2z. Thus,

Vitrz+Vi+z—n<Vo+l+Vor—-1<2yz, for2<n<z+1. Now,letz =1+ z.

We evaluate

1—a)?2 — (1+a)*(@’ —n)
| —aWIFa—(4a)ita—n="
(1) v+ e (1—a)Va'+ (1 +a)Va' —n
11—« 2 0%
n(l+ a)? — 4o’ o n(l+ a)? — 4o’ - n (( 1+a) - n(f+a)$)

(I—a)Wa'+(1+a)WWa' —n ~ (1+a) (Vo' +Va' —n) ~ 2V
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Therefore,
(- aWTTz—(ltapitsn> (1700 da o) n (10)
— T — « r—n — — .
—\ 1+« l+an)2yx
Taking x = pin, a = 110’ in (10), we get
0.9999975 \/pin + 1 — 1.0000025 v/(p? — 1)n + 1
0.99999752 1 1 (11)
> - p? nz.
1.0000025  100000.25 2./p7

If p?7 < 99999, then (11) implies our claim that the inequality (9) is true for n > 7

sufficiently large, since, by (11), the left side of (9) is O(n%) and the right side is O(n%) O

As before, p is a prime and ¢ > 2 is an integer. Also, 79 is the bound obtained in

Lemma 10 and 71(p?) = max <%, 510p%4, 7'0). Our main result of this section is stated

in the next

Theorem 11. Assume p? < 99999. Then, (pqzﬂ) is not squarefree for n > 7(p?).
Moreover, if n < 11(p?), (qufl) may be squarefree only for n of the form occurring in

Theorem 8 (q > 3) or Theorem 6 (¢ = 2).

We proceed to the proof of the theorem. Let P = n(pin —n + 1)(p?n + 1). Corollary

3.2 (p. 82) of [5] implies

Lemma 12. Suppose that (pq?fl) is squarefree. Then,

S () a@]+[Tv () A
del del (12)
0 (P ) a2 Atd),

del del,(d,P)=1

where I is the set of integers d in the range \/(p? — 1)n+1 < d < /pin+ 1.
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An immediate consequence of Lemma 7.1 of [5] (see also [16]) is

> (@)

del

1
A +

S9R12 D AD+| > lar X Xr
del 0<|r|<R del

’ 1 Ir|
h izé 1_L t r m + 1— )
e G = R+ 1) (”( R+1)\&v1) T ) ToRr2 R+1

86
Taking R = 10 and using Mathematica' we obtained Z la| ~ 0.868 < , which
0<[r[<10

implies

Lemma 13.

> (a)e

del

A(d
- 22 Z 99 X<Ilg;l<1ox €
del

Using (12) and the previous lemma we get

5OY A < Zw(pq”d+1>1\(d)+

>ow(5)a@

del, (d,P)=1 del del
(0" — D+ 1
n Zw( Ut L) A
der
< A(d
- 222 99pqn+1<x<10pqn+1 dZ: ( )
86
+ max

> (2)

99 (p9—1)n+1<x<10((p?—1)n+1)

86 x

50285 200 (3) @
3 86 T

< = A(d) + —= max — ) A(d
22 eyt ( ) 33 n<z<10(pin+1) ; (d) ( )

Since, Z A(d) <logn +log ((p? —1)n+ 1) +log (p?n + 1) < 3logn + 2qlogp, for
del, (d,P)>1
n > 2, we obtain

43 1
Ad) < =2 ~—(31 2qlog p). 1
> Ad) < 6 neoX ) + < (3logn +2qlogp) (13)

del

del

LA Trademark of Wolfram Research
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Schoenfeld [14], obtained, for 2 > €3°, (see also [11])

d<z
Since ZA(d) = Z A(d) — Z A(d), we obtain
del d</pIn+1 d</(p1—1)n+1
N S S (B Ty SRS TR
4-10° 4-10°

11
—§(3 log n + 2¢logp) = 0.9999975+/pin + 1—

11 (14)
1.00000254/ (p? — 1)n + 1 — §(3logn + 2qlogp)

> (5

del

43
— max
6 n<z<10(pin+1)

60_1

for n > .
p?—1
Now, we apply Theorem 9 of [5], a consequence of some very important bounds on

exponential sums.

Theorem 14 (Granville-Ramaré). If k > 0 integer and y < %x?’/‘r’, then

1
T 50 A G 1
Z e <E> A(d)] < gy <k+3> (log 16y) 1,

y<d<y' Y2

for any y <y' <2y.

Since /pin +1 < 24/(p? — 1)n + 1, the above theorem of Granville and Ramaré ap-

plies, and we get for n > 5199% (to have the bound y < %a:?’/g’),

Y e (%) A(d)

del

max

50
< max — V(@I —=1n+1x
n<z<10(pin+1)

n<z<10(pin+1) 3

11

((( 1)36 >( (g 0y D D) ¢
pq_

n+1) 1
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1
50 10(p? 1 4(2k-1)
=0 et wntl) "
3 ((p?—Dn+1)7

2 50, 1 o
(log (16/(p =1 +1)) * < F- 117D pi=D x

1 k+3 11 11
4

1 1 k43
n4@* -1 ((p? —1)n+1)? #2@"-1 277 (log (256(p? — 1)n + 1))

50 . 1__ k=1 )\ 1__ k=1
32‘% 114F-1 pq(2 42<zk—1>>n2 42(2F-1) (log(256((pq—1)n+1)))%.

<

We obtain (by taking k = 2 - that will suffice for our purpose)

> (5

del

23q 23

< % 2 11 p 0% (log (256((p* = 1) + 1))

s
N

max
n<z<10(pin+1)

By combining (14) and the previous inequality, we get (by Lemma 12) that if (pan)

n

. 60 _
is squarefree, and n > max (‘;q—_ll, 510p5‘1), then

0.9999975 \/pin + 1 — 1.0000025 /(p? — 1)n + 1 <
(15)
11

: : 11
21.683p 18 ni (log (256((p? — )n+1)))* + §(3 logn + 2¢log p),

which is false for n > 7y by Lemma 10. By taking 71 (p?) = max (e;;—:ll, 510p54, 7'0), the first

claim of Theorem 11 follows. If n < 71(p?), then we use the fact that p? divides (p q’:fl)
tq _

-1’

(therefore it it is not squarefree, since ¢ > 2), unless n is of the form for any t € N,

m(p=1)+1 pdtetic — 1
or of the form =k=1

1 yforany t;, e N, 1<m<g—1,0<75 <qg—1, and
pl —

Zpﬁ =1 (mod p? —1). The proof of Theorem 11 is done.

)

Remark 15. The inequality (9) provides explicit bounds for n, for any choice of p and g,
with p? < 99999. We can increase the bound for p?, by using a weaker result of Schoenfeld
[14]. However, in doing that we increase the bound on n as well, so we preferred a better

bound on n.

If ¢ = 2, using Theorem 6, we get better results for the number of exceptions up to

the bound 71(p?). We give here two samples in our next theorem.
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Theorem 16. FEzcept for 1, 3 and 45, (4”;“1) is not squarefree. Except for 1, 4 and 10,
(9";1) is not squarefree.

Proof. If (p,q) = (2,2), the inequality (9) changes into

0.9999975 v4n + 1 — 1.0000025 vV3n + 1 >
23 1 33 (16)
42.1311n3s (log (768n + 1))+ + 3 log n + 1.65566,

. . 60
which is true for n > 218 = 7, Observe that 7 = 7y = max (%, 510210 7'0). Theorem

6 and Corollary 9 imply that the exceptions for n < 215 (if they exist) are of the form
22t+1 + 22j+1 -1
3

(4, 1), giving different numbers of the above form, is less than (731) ~ 2182

, 7 <t (weinclude j =t in the count). Observe that the number of pairs

If (p,q) = (3,2), the inequality (9) changes into
0.9999975 v9n + 1 — 1.0000025 v/8n + 1 >
23 11 33 (17)
26.04n4s (log (2048n+ 1))+ + 3 logn + 2.62417,
which is true for n > 396 = ;. Observe that 71 = 79 = max (GGOT_l,510310,To>. As in
the previous case, we get that the exceptions for n < 3%°¢ (if they exist) are of the form

32t+1 4 32j+1 4 32i+1 -1

8
number of triples (4, j,t), giving different numbers of the above form, is less than (458).

, 1 <j <t (weinclude i = j =t in the count). Observe that the

To check divisibility by squares up to 71, we need only concern ourselves with integers
of the described forms. First, take the binomial (4";1). We used Granville’s theorem (or
Kummer’s theorem) to find the power to which p = 3 divides (’:), m = 4n+1. We expanded
n, m in base 3 and then compared their digits. The computation took about 6 hours on our
PC (850Mhz with 256Mb of RAM). After the first run of the algorithm, we obtained that all

binomial coefficients (4";1) (for n among the above values) are divisible by 32, except for the

following integers n = 1, 3, 13, 45, 85, 171, 181, 2731, 2733, 10965, 13653, 43861, 44741973,



17

181753173. For n = 1, we get (?) = 5. Forn = 3, we get (130) = 2-11-13. For n = 45, we get

('3) = 2-3-5-7-13-23-29-47-53-59-71-73.79-83-89-137-139-149-151-157-163-167-173-179-181.

For the remaining values of n, the binomial coefficient (4"J1) is divisible by 52 for n =
171,181,2731,2733, 10965, 13653, 43861, 44741973, 181753173; divisible by 72 for n = 13;
divisible by 132 for n = 85. The first claim follows.

We ran a similar program for (9";[1), which unfortunately stopped (because of integer
overflow) after a few days. Meanwhile, we wrote another program in Python (which we
mnl on a Pl’C with the same features), based on the known fact that the number of carries

ogym
is | gZZ:H ([gﬂ — [%} — [mQ—tn] > For each ¢, we checked if the number of carries is
greatglthan or equal to 2, and if it is, we stopped the summation (the expression inside
the sum is either 0 or 1). The output of our program (which ran for 9 days) is that the

binomial coefficient (9"7:%) (

for n among the above values) is divisible by 22, except for
the following integers: 1, 4, 10, 34, 64, 274, 277, 280, 304, 334, 550, 5194, 24604, 199297,
199324, 201754, 202024, 145285144. Among these, for n = 34, 64, 274, 280, 304, 334, 24604,
199324, 201754, 202024, 145285144, we have divisibility by 5%; for n = 277,550, 199297, we
have divisibility by 72; for n = 5194, we have divisibility by 112. For n = 1,4, 10, we get
(") =25, () =3-5-7-17-37, respectively, (;) =7-11-13-17-29-41-43 - 83 - 89.

The second claim follows. O

Remark 17. Since we were successful in getting the computation done in Python, we
experimented with a large set of integers n for divisibility of (4”;1) and (9”;1) by squares
of various other primes r. It might be worth mentioning that the output in each case was
a very short list of integers for which we have no divisibility by 72 (or 22, respectively 32).

Further investigation is needed to find a bound for the number of binomial coefficients of
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the form (pq?fl) (or more general (ZL)), which are not divisible by either p? or r2 (p,r

primes).
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