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Ralf Stephan�

In this article, we give two independent proofs of the power series generating functions of the recurrence class
a2n � αan � c, a2n�1 � αan � d, one from the ground up, and one using a recently published lemma of the author.

Having motivated the search for ordinary generating functions of divide-and-conquer
recurrences (and vice versa) earlier[S1], we state first the results of this article.

Let us acquire a symbol from Wilf[W] and define for a formal power series f and a

sequence �an��0 that f
ogf
�� �an��0 means f �z� � ∑ j a jz j. Throughout this article, let α, c, d

be integers, with �α� � 0.
Theorem 1. The sequences

(0.1) e�α, c, d; n� : �a0 � 0, a2n � α � an � c, a2n�1 � α � an � d�

satisfy

(0.2)
1

1 � z ∑
k�0

αk�d � z2k
� c � z2k�1

�

1 � z2k

ogf
�� e�α, c, d; n�

and

(0.3) e�α, c, d; n� �

���
��
�d � c� � e1�n� � c��log2 n�� 1�, α � 1,

�d � c�∑
i�0

αibi �
c
�
α�log2 n��1 � 1

�
α � 1

, else,

where n � ∑ 2ibi and e1�n� � ∑ bi.
The first section contains the proof of all results by elementary means, and the second

section proves (0.2) using a new lemma.

1. BITS AND PIECES

Let α, c, d be integers, �α� � 0. The sequences defined by

e�α, c, d; n� � 0, n � 0,

� α � e�α, c, d; n�2� � c, n � 2k,(1.1)

� α � e�α, c, d; �n � 1��2� � d, n � 2k � 1,(1.2)

include the ones- and zero-counting (and other well-known) sequences with

e1�n� � e�1, 0, 1; n� � ∑
m�0

�m-th bit of n exists and is set �,

e0�n� � e�1, 1, 0; n� � ∑
m�0

�m-th bit of n exists and is not set �.

In order to arrive at Theorem 1, we will prove generating functions with increasing com-
plexity. For the purpose, it is necessary to be rigorous about bits. A number n, expressed
in the minimal binary representation, has �log2 n�� 1 digits, called bits: a bit can exist or not,
and it can be set or not set. Likewise, we would in decimal assume that 08 and 8 are differ-
ent representations that amount to the same number. Let us define the following functions
restricted on m, n � 0:

�m-th bit of n exists and is set � �

�
1 n � 0 �� m � �log2 n� �� bit is set,
0 else,

�m-th bit of n exists and is not set � �

�
1 n � 0 �� m � �log2 n� �� bit is not set,
0 else,

������������	��
������������

1
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where ‘��’ denotes logical AND. The recurrence acts as the divide-and-conquer algorithm
that, starting from an index n, reaches 0 using a path between the two recurrence branches.
This path is identical to the minimal binary representation of n, when read from the least
significant bit first, if one denotes branch (1.2) as 1 and (1.1) as 0.
Lemma 1. For integer m � 0,

(1.3)
1

1 � z
�

z2m

1 � z2m

ogf
�� �am,n � �m-th bit of n exists and is set ��.

Proof. For m � 0 we have the series z��1 � z2� which generates �0, 1, 0, 1, . . .� because it
consists of the partial sums (cf. the factor 1��1 � z�) of the sequence �0, 1,�1, 1,�1, . . .�
that is generated by z��1 � z�. If, in any series, z is replaced by z2, then the generated se-
quence has its members interleaved with 0, for example, z2��1� z2� generates the sequence
�0, 0, 1, 0,�1, 0, 1, . . .�. The partial sums of ever more elongated versions of this sequence
consist of repeating blocks of “2m zeros, followed by 2m ones”, and the identity holds be-
cause any mth bit of n is changed by subtraction of 2m from n. �

Lemma 2. For integer m � 0,

(1.4)
1

1 � z
�

z2m�1

1 � z2m

ogf
�� �bm,n � �m-th bit of n exists and is not set ��.

Proof. The two sequences am,n and bm,n are not the negation of each other, because for ex-
ample

� 6th bit of 2 exists and is set � � � 6th bit of 2 exists and is not set � � 0.

Since bm,n is not 1 � am,n, we cannot simply subtract the g.f. of am,n from 1��1 � x� to get the
g.f. of bn,m. Rather, the mth bit of n does not exist or is unset if the mth bit of n � 2m is set,
because the mth bit is changed by subtraction of 2m. Thus, bm,n is am,n shifted right by 2m

places (the empty placeholders filled with 0), and the g.f. of bm,n is the g.f. of am,n multiplied
with z2m . �

Now, we will compute the recurrence backwards, let q � �log2 n� the index of the most
significant bit, and pm � daq�m,n � cbq�m,n, then

e�α, c, d; n� � ��p0α � p1�α � p2�α � � � �

� αq p0 �αq�1p1 � � � ��α0 pq,

� αq�daq,n � cbq,n� �αq�1�daq�1,n � cbq�1,n� � � � �� �da0,n � cb0,n�.(1.5)

Using Lemmas 1 and 2, equation (0.2) follows.
Corollary 1.

e�α, c, d; n� � e�α, c, 0; n� � e�α, 0, d; n� � ce�α, 1, 0; n� � de�α, 0, 1; n�.(1.6)

e�α, 1, 1; n� �
�log2 n�

∑
k�0

αk �

��
�
�log2 n�� 1, α � 1,
α�log2 n��1 � 1

α � 1
, else.

(1.7)

e�α, c, d; n� �

��
�
�d � c� � e1�n� � c��log2 n�� 1�, α � 1,

�d � c� � e�α, 0, 1; n� �
c
�
α�log2 n��1 � 1

�
α � 1

, else.
(1.8)

Proof. Equation (1.6) follows from the main g.f., in (1.7) the main g.f. simplifies by can-
celling �1 � z2k

� from the fraction, and (1.8) is a consequence of all previous results. �

Identity (1.8) demonstrates that asymptotic behaviour of all sequences discussed in this
section is a simple function of the set of “core” sequences e�α, 0, 1; n�, the possible descrip-
tions of which (modulo α) follow from (1.5):
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	 Replace 2k with αk in binary expansion of n.
	 Sums of distinct powers of α.
	 α-ary representation contains only 0, 1.

Finally, equation (0.3) is a matter of substituting these definitions into eq. (1.8).

2. ALTERNATIVE PROOF OF (0.2)

To restate a proposition of us published in the WWW[S2],
Lemma 3. Let A�z� an infinite sum of rational functions of form

A�z� � ∑
k�0

αkB�z2k
�, B rational, �α� integer � 0,

then A�z� generates an integer sequence of divide-and-conquer type satisfying

a0 � 0, a2n � α � an � b2n, a2n�1 � b2n�1,

where bn is the sequence generated by B�z�.
Note that the summation term with k � 0 fills both bisections of an sinceαk and 2k reduce

to 1. Any other term contributes only to a2n as all exponents to z are even. Moreover, other
sequences from single terms of the sum are increasingly sparse (spread out by a factor of 2)
and have values multiplied with α, with respect to each other. This is essentially the reason
for the sequences’ fractality.

Using Lemma 3, it is easy to show that

(2.1) ∑
k�0

αk�d � z2k
� c � z2k�1

�

1 � z2k

ogf
��

�
a2n � αan � c � d,
a2n�1 � d � c.

Let e��α, c, d; n� the first differences of the sequences e as defined in (0.1):

e��α, c, d; n� � e�α, c, d; n�� e�α, c, d; n � 1�.

We have the four cases

e��4n � 1� � e�4n � 1�� e�4n� � αe�2n� � d �αe�2n�� c � d � c

e��4n � 2� � e�4n � 2�� e�4n � 1� � αe�2n � 1� � c �αe�2n�� d

� α�e�2n � 1�� e�2n�� � c � d � αe��2n � 1� � c � d

e��4n � 3� � e�4n � 3�� e�4n � 2� � αe�2n � 1� � d �αe�2n � 1�� c � d � c

e��4n � 4� � e�4n � 4�� e�4n � 3� � αe�2n � 2� � c �αe�2n � 1�� d

� α�e�2n � 2�� e�2n � 1�� � c � d � αe��2n � 2� � c � d

The fact[GKP, W] that �1 � z�A�z� generates the first differences of an, together with (2.1)
proves the assertion.

We hope that Lemma 3 will help with other proofs of generating functions of this type.
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