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1. Motivation

Sometimes when working on one problem, another problem and solution are
found. The divisibility result in this paper is a consequence of attempts to prove

some conjectures of Melham [9] related to the sum
n
LiL3---Lopmi1 Z Jaiany
k=1

where m is a nonnegative integer and n is a positive integer. Here, we use the usual

notation for Fibonacci and Lucas numbers, i.e.
F() = 0, F1 = 1, and Fn = Fn,1 + Fn,Q, for n Z 2

and

LO = 2, L1 = 1, and Ln = Ln,1 + Ln,Q, for n Z 2.

When m = 2, Melham found that

LhL3Ls Y F =4F5, = 15F5 ) + 25F,,1 — 14,
k=1

To prove this result we will use the identity

1
F> = 5 <F5m —5(=1)"F3pn + 10Fm)

(proved using Binet’s formula), a result by Melham [9] that if m is an odd integer

Ly, Z Fomk = Fm(2n+1) — b
k=1



(proved using Binet’s formula and summing the resulting geometric series), and the

well-known identities [6]
Fs, = 25F2 + 25(—1)"F2 + 5F, and F3, =5F> +3(—1)"F,.
Substituting these in turn into our sum we obtain

n n 1
LiLsLs Y F3, = LiLsLs » o5 (Fiok = 5 + 10F)
k=1

k=1
= %L1L3L5 (i Fior — 5 zn: Fer, + 10 zn: sz)
k=1 k=1 k=1
- %(L1L3(F10n+5 — F5) = 5Ly Ls(Fonts — F) + 10Ls L5 (Fant1 — F1))
_ %(Lngpwn% — LyL3F5 — 5Ly Ly Fapys + 5Ly F3 L

+ 10L3L5Fony1 — 10F L L)
1
= %(L1L3(25F25n 11— 25F5, ) + 5F41) — L1 LsFy
—5L1L5(5F%, 1 — 3Fans1) + 5L1FsLs + 10L3L5(Fapny1) — 10F1 L Ls)

= (L1L3)F3, 1 — (LiLs + L Ls) F, 4y
LiL3+ 3L Ls +2L3L5 L1L3F5 — 5L, F3Ls + 10F, L3Ls
+ 2n+1 —
5 25
=4F) | —15F5 | +25F5,41 — 14.

In the last step, we note that
25|L1LsF5 — 5L F3L5 + 10F 1 LsLs. (1)
Here, | means divides. This paper will generalize (1).
2. History and Result

Divisibility of Fibonacci and Lucas numbers has been the topic of much research

in the mathematical literature. Some well-known divisibility properties of Fibonacci



numbers and Lucas numbers can be found in [3]. For example,
F,|F,, if and only if m = kn;
L,|F,, if and only if m = 2kn, n >1;
and Ly,|Ly, if and only if m = (2k — 1)n, n > 1.
In [8], Matijasevi¢ proved that

F%}Fmr if and only if F,,|r.

Later, Hoggatt and Bicknell-Johnson [5] extended these results. In [4], Hoggatt and

Bergum discovered a number of interesting results. For example, they proved that
n=2-3%and k > 1 implies n|L,.
They also showed that
p is an odd prime and p|F,, implies pk‘ankfl for all £ > 1.
A corollary to this last result is the fact that
5F|Fs. for k> 1.

In this paper we will prove the following theorem.

Theorem. Let n be a nonnegative integer. Then

" " 2n+1 i o
o <2>
i=0 v

3. Lemmas

To prove our theorem we will need several lemmas. Some of these lemmas

involve the quantity

I

J
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where p and j are positive integers and 1 < j < p. If we list the first few values of

ap; we have

1
4 1
11 ) 1

26 16 6 1

o7 42 22 7 1

120 99 64 29 8 1

247 219 163 93 37 9 1

502 466 382 256 130 46 10 1

1013 968 848 638 38 176 56 11 1

2036 1981 1816 1486 1024 562 232 67 12 1
4083 4017 3797 3302 2510 1586 794 299 79 13 1

This array is part of the sequence A008949 and can be found in [10]. Another

notation we will use is (). This will denote an Eulerian number [2].

Lemma 1. Let p be a positive integer. Then

S
ap1 = 1 .

Lemma 2. Let p and j be positive integers and let 1 < 7 < p. Then

w= > (1)

0<i<p—j

Lemma 3. Let n and k be positive integers with n > k. Then

zn: (2" M 1) (=1 (2n — 2i +1)%*! = 0.

; 1
1=0
Lemma 4. Let p and j be positive integers and 1 < j < p+ 1. Then
p+1
Gp+1,5 — j = 2ap;.

Here we adopt the convention that a, ,4+1 = 0.



Lemma 5. Let k and p be positive integers with p > 2k. Then

(_1)japjj2k =0.
1

p
1=

4. Proof of Lemma 1

The proof is by induction on p.

Base Step. Since

- (1)()

k=1

() -

the result is true for p = 1.

Induction Step. Assume the result is true for some positive integer p. Then

by properties of binomial coefficients, the induction hypothesis, and a recurrence

relation for Eulerian numbers, we have

p+1
_ kopti—k (P T2 [k
apry == (-1)"2° (k: + 1) (1

S (1) () e (1) ()
=23 (ot (0 () z(_wﬂ_kw 0(,")
g (1)) g ()

=24, +(p+1)(2—-1)P=2a, +(p+1)-1
:2<pil>+(p+1)<pgl>:<p7;2>.
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Thus, the result is true for p + 1. By induction, the result is true for all positive

integers p.
5. Proof of Lemma 2

We will prove this result in 3 parts. Let

w= > ("7

0<i<p—j
First we will show that for any positive integer p,
App = Cpp-

This follows since

= 0P (VY (4

k=p p

()

p+1 p+1
we 2 0103
0<i<p—p

Second we will show that for any positive integer p,

and

ap1 = Cp1-

S
ap1 = 1 .

By a property of Eulerian numbers

+1 +1
Cpl = Z (pz ):2p+1—p—2:<p1 >

0<i<p—1

By Lemma 1



Third we will show that for p > 2 and 2 < j <p,

Apy1,j = Apj + Gpj—1
and
Cp+1,j = Cpj + Cpj—1-

We see that

MDY (p;rz): 2. (pil)jL 2 (]Zirll)

0<i<p+1—j 0<i<p+1—y 1<i<p+1-—j

- ¥ (p—{—l)_}_ 3 (pjl):cp,j_ﬁcpj.

i
0<i<p—(j—1) 0<i<p—j
We also see (using several binomial coefficient identities and rearranging terms in

the sums) that

z() 4

f(fii) () 3 e () ()

L )(p“) |

ﬂ(p“) (o) Ch)0)

+<—”z§.ﬂ< v (5 ()G - () O]
e () () v () ()

S (P (1) s 3 () (5
rever () (0) o (1) ()

cew 3 e ()5 ) - () 0]

(1))



e ) ()

=7 Y (0 (o)) () 0)
) k_Z+< peetr (M) (0)

F ey k;:f—n’fz () () e () 0)
Y ENGE )t 0)

Thus, by the 3 parts, the two arrays are identical. Therefore, the proof of Lemma

2 is complete.
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6. Proof of Lemma 3

Let
f(i) = (2n — 2i 4+ 1)1

and let A denote the forward-difference operator. Then

2n—+1

=0

. )(—1)i(2n — 2i 4 1)1

"\ /2n +1 ; . 2k+1
=2 —-1)'2n—2i+1 :
() eren—2iey
But since f is a polynomial in i of degree 2k + 1 and n > k,
A?"HLE0) = 0.

Therefore,

" 2n+1 :
( " )(—1)1(271 —2i 4 1)%F 1 =0,
1
0

1=

7. Proof of Lemma 4

Let p and j be positive integers and 1 < 5 < p+ 1. By Lemma 2

p+1
w= > (7).
0<i<p—j
Also, assume ap ,4+1 = 0. Thus,

p+1 p+2 p+1
“p“’j_(j): 2 (z‘)_(j
0<i<p+1—j

_(p+2 p+2 p+1
_( 0 )+ Z ( i ) ( J )
1<i<p+1—j
1 1 1 1
(o)L () ER) -0
0 . . i 1 —1 J
1<i<p+1—j
p+1) (p+1) ( p+1 ) (p+1)
( 0 1<i<priog N PrI=i) LG N
_(p+1 p+1 p+1
_(O)+Z(2)+Z<z)
1<i<p—j 0<i<p—j

Il
[\
VRS

i~
S
—_
N———
|
[\
S
=
S



8. Proof of Lemma 5

The proof is by induction on p.
Base Step.

We will show that Lemma 5 is true for p = 2k. We will do this by solving a se-
quence of recurrence relations by the perturbation method. Let m be a nonnegative

integer. Consider the recurrence relation
r_.1=0, and z,=n""—x,_1 for n>0.

Let P,,(n) be the solution of this recurrence relation. To describe the solutions
to these recurrences we need the following notation. Let C(n) denote a statement
which is either true or false, depending on n. Then using APL notation [2] we define

1, if C(n) is true

[C(n)] = { 0, if C(n) is false.

The first 3 recurrence relations and their solutions can be found in Problem 21 of

Chapter 2 of [2]. The solutions for m = 0,1 and 2 are

Py(n) =1—[nis odd]

1 1
Pi(n) = on + §[n is odd]
1 1
and Py(n) = §n2 + M (4)

In using the perturbation method to find the solutions for m > 3, we obtain the

relation

Po(n) = %((n + )™ — é (”Z) Pm_i(n)). (5)
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Using this relation, we can compute P, (n) for m = 3,4,...,12.

1 3 1
Ps(n) = §n3 + 4n2 - Z[n is odd|
1 1
Py(n) = §n4 +n® - Jn
1 5) 5) 1
Ps(n) = §n5 + 4n4 - Zn + 2[n is odd]
1 3 5 3
P6(n):§n6—|— 2n5 2n3—|— o
1 7 35 21 17
P;(n) §n7 1 6—; 4+Z 2—§[n150dd]
L g 7 5 3 17
Pg(n) = o +2n' —Tn° + 14n° — 5N
1 9 21 63 153 31
Poln) = —n® 4 Op8 _ 226 4 00 4 199 o
o(n) 57 T gn Fn t5m LAY [n is odd]
1 5) 25 155
Pip(n) = §n10+ 2n — 150" + 63n° -5 n? + -
1 11 165 231 2805 1705 691
Pyi(n) = §n11 + ano 3 n® + 5 nb — 3 nt + 1 n? — T[n is odd]
1683 5 2073

+ 170503 — =

Each P,,(n) is a polynomial of degree m plus possibly a term involving [n is odd].
If we let b, denote the coefficient in front of the term [n is odd] in P,,(n), then we

have the table of elements

m 0 1 2 3 4 5 6 7 &8 9 10 11 12
by -1 1/2 0 —-1/4 0 1/2 0 -17/8 0 31/2 0 —691/4 O

By (4) and (5), the values of the b,,s satisfy the conditions by = —1 and for m > 1,
1< /m
bm = =3 ;O (l)b
Using generating functions, it can be shown that

2

0 I'k .
Zbkﬁ S
k=0 )

Since




is an odd function it follows that the even subscripted bs are 0, i.e. by = 0 for
k > 1. Therefore, Py(n) for k > 1 is a polynomial of degree 2k, i.e. it contains no
term [n is odd].

It should be noted that the Genocchi numbers [1] are defined by

2x > xk
= Gr—.
et +1 l;) P!

Therefore, for n > 0
1
b, =——G,11.
n—+1 1

Now, using Lemma 2 on the first equality we have

2k 2k 2k—j
. . . 2%k + 1\ .
(1) agk 5% =) (1) > ( i )‘7%

=1 j=1 i=0
2k—1 2k—1
2k+1 .
- () e
i=0 =1
2k—1 2k—i
2k+1 .
- () X
i=0 =0
2k+1 2k—1
2k+1
=3 () S
i=0 =0
2k+1 2%k 11 2k—(2k+1—1)
:Z (2k+1—i) Z (=1)75*
2k+1 1—1
2k +1 i . i
=3 () ev [ S
i=0 =0
2k+1
2% + 1 .
- ( i )( 1) Py (—1 +14)
=0

But since the last sum is —AZ**1 Py, (—1) and Py, is a polynomial of degree 2k, it

follows that the above sum is 0. This completes the proof of the base step.
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Induction Step. Next, we will show that if the formula is true for some p > 2k,

then it is true for p + 1. Suppose that the formula is true for some p > 2k. We will
use the fact that

Sy (") =

=0 J
This can be seen by noting that if Q(j) = j2*, then
p+1
- 1
S (41) a0 o
j=0 J

since () is a polynomial in j of degree 2k and p + 1 > 2k. Hence,

p+1 .
> (—Vapia5%*
j=1
p+1 p+1
; . ; + 1\ .
— (_1)]ap+1,jj2k+2(—1)]+1 (p . )]%
j=1 §=0 J
p+1

I
INg

NS
+ |l
—_ =

p+1
; . ; +1Y) .
(_1>Jap+17jj2k + Z(_1>J+1 (p . )j2k
j=1

1 (apens = (P51) )

j=1
=) (-1)2a,;5% =2 [ Y (~1)ay;5**
Jj=1 j=1

The next to last equality follows from Lemma 4. But the last expression is 0 by our
induction hypothesis. Therefore, the result is true for p + 1. This completes the

proof of the induction step.

Thus, by induction, Lemma 5 is proved.
9. Proof of the Theorem
We begin the proof of (2) by noting that if

. . n 2n_|_ 1 nfi‘TQile -1
(.13—1)2 +1 (1}+1)(1§3+1)(x2 +1+1)Z(n—l)(_1) 73}2“_1_}_1 (6)
1=0

13



is true, then (2) is true. Suppose (6) is true and substitute o/ for z in (6), where

1 5 1—+5
+2\/_ and = 2\/_.

o =

Using the fact that o — 8 = v/5 and multiplying (6) by 5”2, (6) becomes

5@+ B)a® + 7)o 2 3

on + 1) (_1)n—1, a2i+1 _ ﬁ2i+1
=0

n—1 \/5(042”1 + 527;+1)'

But this last result, by the use of Binet’s formula [3], i.e.

an_ﬁn

Fn =
V5

and L, =a" + 3",

is (2) .

Let
flx)=(z+ 1)(2® + 1)--- (2" 4 1)

and
" /on+1 g2l 1
= _1 n_z.i.
g(.fE) ;:0: ( n—i )( ) r2it+l +1

Now, if D denotes the derivative operator, then by applying the product rule j

times we obtain the formula
. TN .
D fa)gle) =3 (1) D' @)D gl ©
i=0
Proving (6) would be equivalent to showing that
D7 f(1)g(1) =0 for j =0,1,...,2n. (8)

But by (7) we can prove (8) if we can show that

9(1) = Dg(1) = D*g(1) = --- = D*"g(1) = 0. (9)

14



Simplifying g(z) we have

n )

2n +1 ot

g(I) ( . )(_1)n ‘ 241 1
o n—1 x +

G (i) w

First of all, it is clear that g(1) = 0. To compute the pth derivative of g(z) where

3 |

1=0

1 < p < 2n, we need to find the pth derivative of

1
z2i+l 41

Using a result in [7],

1 L p+1 1 .
D? | ——| = —1)k . DP (2 4 1)F].
LC%JA + 1} ];( ) (k’ + 1) (QC27’+1 + 1)kz+1 [(l‘ + ) ]
We now need the notation for falling factorials [2], i.e.

=zxz—-1)---(r—p+1)

and the binomial theorem

Thus,

bk iy

DP § ( ,)$(2i+1)j — § ( ')Dpx(Qi—i—l)j

, J , J
J=0 7=0

(20 + 1)5][(20 + 1) — 1] -+ [(2i + 1)j — p+ 1]a@FHI~P

(24 + 1)j]2a@ D,

15



It follows that
1 u p+1
DP | =) (—1)* PR [(2 L, 11
L22+1+1] ‘ B ;( ) <k+1) Z (2i + 1)7] (11)
Next, we will study (11) with 2i + 1 replaced by m, i.e.
P k
P11\ k1 k
S (P )z e () e
k=1 k1 i=o M
Using the fact that p > 1, so we have no term when 7 = 0, we wish to investigate
the sum
P p+1 i Mk
—1)k 9—k—-1 im)P. 12
S () (5)um (12)
k=1 j=1
By changing the order of summation, it follows that (12) becomes

Sprgn (1)

J=1 k=j

p p
o kp [P+ 1\ [k
2p+ Z::Jm_z (k+1)(j '

k=j

We want to show that the above polynomial in m only contains odd terms, i.e. there

are only terms of odd degree in the polynomial. The first few such polynomials are

1
1(_m)7
1
g(Zm),
i(z 5 —8m)
TG (2m m),
24 4
32( m® + 48m),
= (—16m” + 280m” — 384m),
1
and 128(480m — 3600m> + 3840m),

for p=1,2,3,4,5, and 6, respectively. Now, by (3) we have that the polynomial is

DP !
™+ 1

1 & .
~ optl Z(_l)]am’(.?m)g-
]:

=1
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Next, we recall the Stirling numbers of the first kind. They are denoted by
s(n, k)

and count the number of ways to arrange n objects into k cycles [1,2]. A property

of Stirling numbers of the first kind is

s(n,n—k) = Z SRERE TS

0<iT<--<tp<n—1

Thus, we have that

p
2= ala = 1) 1) = Sl )
7=0
It follows that
p p
L= (=1)F =s(p,p—k)(im)PPF => (=1)*s(p,p— k)j* FmPF. (13
k=0 k=0

Hence, by using (13) and changing the order of summation, the polynomial in m is

» 1
xm+1
=1
1
~ optl Z(_l) apj(jm)%
j=1
1 D
onH Y (Wap Y (=DFs(p,p — k)P FmP
j=1 k=0
1 & P
= optt Z(_l)ks@,p— k)m? kZ(_l)JG Pk
k=0 =
1 & P
= 57 2D Fs(p kym® Y (= 1) a5
k=0 e

17



Therefore, for p > 1 we have by (7) that

Drg(1) =Y (2: N Z-l) (=1"pr (1 - ﬁm) |

=0 =1
" /on+1 . 2
E)r (i)
=0 ? 92n—2z‘+1($) I
" /on+1 . 1
= -2 ") (=)D ———
ZZ:; ( i )( ) (92n—2z‘+1(~”3)) |m:1
" /on+1 P ‘
- ( i ) 2p+1 k) (2n = 2i + 1) Z Y ap;5*
) p - 4 ; . n o+ 1 i . .
= g1 2 (-1 s, k) Z(—l) apd* Y (7T ) (Dien 20+ D"
k=0 Jj=1 i=0

To finish the proof of the Theorem we will prove that the last expression is 0. To
do this we will isolate the term when k& = 0 and the two sums when 0 < 2k +1 <p

and 0 < 2k < p. The term and the two sums are listed below.

D RIS B e [}

—9 P :
+ il Z (_1)17*%718(]),2]{: +1) Z(_l)Japjj2k+1
0<2k+1<p j=1

(5 (v

The term when k = 0 is 0 since s(p,0) = 0 for p > 1. Since 1 < p < 2n and
2k + 1 < p, it follows that k < n. Thus by Lemma 3 the first sum is 0. Lemma 5

proves that the second sum is 0.

18



Summarizing, we have just shown that the term and the two sums are 0. Thus,
for 1 < p < 2n we have DPg(1) = 0. Since g(1) = 0 we have proved that (6) is true.

Therefore, the Theorem is proved.
10. Further Questions

First of all, we could study the polynomial P,, in Lemma 5. Is there an explicit

formula for P,,? Second, in studying (2) we came across the conjecture that

n—1

" n " 2n+1 Y |

1=0

Finally, we could again study Melham’s sum
n
LiLs - Lomi1 Y Fo ™,
k=1
where m is a nonnegative integer and n is a positive integer.
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