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Abstract

Extending earlier work of R� Donaghey and P� J� Cameron� we investigate some canon�

ical �eigen�sequences	 associated with transformations of integer sequences� Several known

sequences appear in a new setting
 for instance the sequences �such as �� 
� ��� ��� ���� ��
��

� � �� studied by T� Tsuzuku� H� O� Foulkes and A� Kerber in connection with multiply transi�

tive groups are eigen�sequences for the binomial transform� Many interesting new sequences

also arise� such as �� �� �� ��� ���� ����� � � �� which shifts one place left when transformed by

the Stirling numbers of the second kind� and whose exponential generating function satis�es

A��x� � A�ex � �� � ��
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�� Transformations of sequences

The purpose of this note is to present certain integer sequences that are associated in a

canonical way with various sequence transformations� This is an extension of earlier work

of R� Donaghey ��
�� who was concerned with the transformation denoted by BINOMIAL in

the present paper� and of P� J� Cameron ���� who mainly considered the transforms that we

call EULER� INVERT and WEIGH� Cameron says that the last of these transformations was

suggested to him by Professor Seidel� We hope that Professor Seidel will enjoy the sequences

presented here�

A number of papers have appeared in recent years in the combinatorial literature dealing

with generalizations of the Catalan and Bell numbers �e�g� ����� ����� ����� ������ The present

paper provides another way to view certain of these sequences� as well as suggesting still further

generalizations�

We shall not give any proofs of the identi�cation of certain of our sequences with those in

the literature � in most cases these are easily obtained from known properties of the sequences�

The majority of the sequences discussed here are not in ����� although they will appear in �����

A typical sequence will be written a � �a�� a�� � � ��� with ordinary generating function �o�g�f��

A�x� �
�P
n��

anx
n and exponential generating function �e�g�f�� A�x� �

�P
n��

anx
n�n�� The

logarithmic derivative A��x��A�x� is denoted by L�x�� Unless indicated otherwise� �sequence	

means �sequence of real numbers	� The following list contains the transformations that we

shall consider� Here a is the original sequence and b the transformed sequence� In each case b

is integral if a is�

The initial transformations map a sequence a � �a�� a�� � � �� to b � �b�� b�� � � ���

BINOMIAL

bn �
nX

k��

�
n

k

�
ak � an �

nX
k��

����n�k

�
n

k

�
bk � ���



with two equivalent forms

B�x� �
�

�� x
A

�
x

�� x

�
� B�x� � exA�x� � ���

References
 ���� p� ��� ���� p ����� ���� p� ��� ��
�� ���� �in the latter reference the inverse of

this transformation appears under the name �Euler transformation	�� If an enumerates a class

of structures on n points in which every element is involved� bn enumerates the same type of

structure when only a subset of the points needs to be involved�

This transformation also arises when analyzing sequences by means of di�erence tables�

The familiar di�erence table associated with a sequence �c�� c�� � � �� is its di�erence table of

depth �� By using the leading diagonal of this table as the top row of a new table� we obtain

the di�erence table of depth �� and so on�

For example the di�erence tables of depths � and � for ��� 
� �� ��� � � �� are

� 
 � ��
� � ��

� ��
�

� � � �
� � �

� �
�

To recover the sequence from the leading diagonal of the di�erence table of depth r� we apply

the binomial transform r times� In the example we go from ��� �� �� �� � � �� to ��� �� �� �� � � �� to

��� 
� �� ��� � � ���

STIRLING

bn �
nX

k��

S�n� k�ak� an �
nX

k��

s�n� k�bk �

or equivalently

B�x� � A�ex � �� � �
�

where S�n� k� and s�n� k� are respectively Stirling numbers of the second and �rst kinds �the

numbers of the second kind being the more fundamental� ���� pp� ������� ���� p� ����� ����

p� ��� If an is the number of objects in some class with points labeled �� �� � � � � n �with all labels

distinct� i�e� ordinary labeled structures�� then bn is the number of objects with points labeled

�� �� � � � � n �with repetitions allowed��

The following transformations are related to the operation of convolution� They do not in

general have inverses�

�



CONV

bn �
nX

k��

akan�k � B�x� � A�x�� �

EXP�CONV

bn �
nX

k��

�
n

k

�
akan�k � B�x� � A�x�� �

F�CONV

bn �
nX

k��

F �ak� an�k� �

where F �r� s� is one of LCM� GCD� AND� OR� XOR �in the last three F is applied to the

binary representation of its arguments�� The F�CONV transforms were suggested to us by M�

Le Brun �

�� and will be applied only to sequences of nonnegative integers�

The remaining transformations map a � �a�� a�� � � �� to b � �b�� b�� � � ���

M�OBIUS

bn �
X
djn

�

�
n

d

�
ad� an �

X
djn

bd �

where � is the M�obius function� Two equivalent forms are

�X
n��

an
ns

� ��s�
�X
n��

bn
ns

� ���

�X
n��

anx
n �

�X
n��

bnx
n

�� xn
�

the latter being a Lambert series ���� p� �����

WEIGH

� �
�X
n��

bnx
n �

�Y
n��

�� � xn�an �

bn is the number of ways of getting a weight of n grams if we have ai weights of i grams� i � �

���� p� ����� Cameron ��� gives other interpretations�

EULER

� �
�X
n��

bnx
n �

�Y
n��

�

��� xn�an
�

If an enumerates a class of connected structures on n unlabeled nodes� bn enumerates the same

structures when connectedness is not required� bn is also the number of ways of partitioning

the integer n� given that there are ak possible types of parts of size k� for k � �� �� � � ��






Alternatively� if an is the number of generators of degree n of a graded polynomial algebra�

then bn is the dimension of the n�th homogeneous component� i�e� the number of linearly

independent monomials of degree n� WEIGH has a similar interpretation in terms of graded

exterior algebras� References ���� ���� and ��� give other interpretations� Calculations are

facilitated by setting the left side equal to exp
�P
n��

cnx
n�n� so that cn � nbn �

n��P
k��

ckbn�k�

an � �
n

P
djn

�
�
n
d

�
cd�

PARTITION� For � � a� � a� � � � �� form c � �c�� c�� � � �� by discarding all duplicate entries

from a� so that c is strictly increasing� then

� �
�X
n��

bnx
n �

�Y
n��

�

�� xcn
�

bn is the number of ways of partitioning n into parts that can have sizes a�� a�� � � � �

INVERT

� �
�X
n��

bnx
n �

�

��
�P
n��

anxn
�

bn is the number of ordered arrangements of postage stamps of total value n that can be formed

if we have ai types of stamps of value i� i � � ���� p� ����� ��� gives several other interpretations�

REVERT� If y �
�P
n��

anx
n with a� � �� de�ne b by x �

�P
n��

����n��bny
n �so b� � �� ����

p� ����� ��� p� ���� �
���

EXP

� � B�x� � expA�x�� A�x� � log�� � B�x�� �

This transformation relates the number connected structures on n labeled nodes to the total

number of structures ���� �����

�� Eigen�sequences

Let T denote any of the above transformations� We are interested in eigen�sequences a

such that T � a � a� or �since in most cases that equation has only trivial solutions�

T � a � L � a� T � � a � L � a� T � a � L� � a �

T � a � N � a� T � a � M � a �

�



etc�� where the auxiliary operators R� L� M � N are de�ned by

R � �a�� a�� a�� � � �� � ��� a�� a�� � � �� �

L � �a�� a�� a�� � � �� � �a�� a�� a�� � � �� �

N � �a�� a�� a�� � � �� � �a���a���a�� � � �� �
M � �a�� a�� a�� � � �� � �a�� �a�� �a�� � � �� �

Note that the e�g�f��s for R�a and L�a are respectively ��
R x
� A�x�dx and A��x�� The equations

T � a � L � a and T � a � M � a were studied by Cameron ��� for the transformations EULER�

INVERT and WEIGH�

Suppose T is linear� in the sense that it maps a to b with

bn �
nX

k��

Dn�kak �

Let D denote the array �Dn�k 
 n � �� � � � � k � �� � � ��� and set Dr � �D
�r�
n�k�� Then a sequence

satisfying T r � a � Ls � a has the recurrence

an�s �
nX

k��

D
�r�
n�kak � ���

and� provided Dn�n � � for all n� sequences satisfying T � a � N � a or T � a � M � a have

recurrences

an � ��

�

n��X
k��

Dn�kak � ���

or

an �
n��X
k��

Dn�kak � ���

respectively�

Tables I and II show the most interesting of these eigen�sequences� The symbol in the last

column of Table I indicates the sense in which the sequence is unique


�
 unique sequence �xed by the operator� furthermore any sequence converges to this one

under repeated application of the operator

�
 unique sequence beginning �� � � � that is �xed by the operator

�
 unique sequence ��� �� a�� a�� � � �� of nonnegative integers that is mapped to ��� a�� a�� � � ��

under XOR�CONV

�
 every sequence converges to one of these �ve �see below for further details�

�



	
 lexicographically earliest integer sequence �� � a� 
 a� 
 � � �� �xed by REVERT�

We now comment on some of the individual sequences� especially those that have already

appeared in the literature�

BINOMIAL� S� is the familiar sequence of Bell numbers� with A�x� � ee
x��� L�x� � ex

�
�� ����� ����� ���� ����� an is the number of ways of partitioning a set of n objects �Motzkin�s

�sets of sets	 ������ This sequence has property �� as indicated in the table� In particular�

BINOMIAL � a � L � a� In fact b � L � a � ��� �� �� ��� ��� � � �� is the unique sequence b that

begins �� � � � and has the property that the leading diagonal of its di�erence table is R � b� Al�

though this property of the Bell numbers must be well�known� we have not seen it mentioned

before� an is also the number of orbits on n�tuples of an n�fold transitive group� Sequences

S�� S
� S� �and further sequences of the same type� appear in Kerber ���� �see also Tsuzuku

����� Foulkes ����� in connection with the characterization of multiply transitive permutation

groups by cycle structure� These sequences have L�x� � e�x� e�x� e�x� etc�� a pleasant property

not recorded in ����� Furthermore b � L � S� is the unique sequence b that begins �� � � � and

has the property that the leading diagonal of its di�erence table of depth � is R � b� Similar

properties hold for the other sequences� Sequence S� has A�x� � ����� ex� �from Eq� �����

and gives the number of unlabeled planar rooted trees with n � � terminal nodes all at the

same height� in which at every other height there is a node with at least two successors ����

�
��� E�g� a� � 
 refers to

Equivalently� an is the number of preferential arrangements or total preorders of n things

�Motzkin�s �lists of sets	�� i�e� the number of linear orderings of n things using 
 and � �����

����� The orderings corresponding to the above trees are � 
 �� � 
 �� � � �� Sequence S�� has

A�x� � ���� � ex� and is related to the Bernoulli numbers Bn ��� ����� the tangent numbers

Tn �
��� and the Hn numbers of Terrill and Terrill ���� by

an � � �

n � �
��n�� � ��Bn�� �n � �� �

� �����n�����
Tn

n
� � H�n�����

��n�����
�n � �� �

Donaghey ��
� has studied a di�erent kind of self�inverse sequence associated with this trans�

�



form� namely sequences satisfying an �
nP

k��
����k

�n
k

�
dn�kak � where d � �� is a constant�

STIRLING� Only one of these sequences seems to have been studied before� For sequence

S�� we have A�ex � �� � �A�x� � �� an �
n��P
k��

S�n� k�ak �n � ��� This sequences gives the

number of rooted �but not planar� trees with n � � labeled nodes all at the same height �
���

E�g� a� � � refers to

1

1 20 1 0 2 2 0 1

20

Equivalently� an counts a certain class of preferential arrangements on unordered pairs of

elements of an �n � ���set� called �ultradissimilarity relations	 �����

The e�g�f��s for S� and S�� satisfy

A��x�� A�ex � �� � � �

A�x� � A�ex � �� � �

respectively� Recurrences for all these sequences follow from ��������

The identity
n��X
l�k

�
n � �

l

�
Sl�k � Sn�k��

����� p� ����� shows that

STIRLING �R � R �BINOMIAL � STIRLING �

�with a little care about the zeroth term�� from which it follows that STIRLING maps the

all�ones sequence to the Bell numbers �S���

CONV� S�� is the ubiquitous sequence of Catalan numbers� one realization of which is the

number of unlabeled planar rooted trees in which each node has � � successors ���� p� �
��

����� ����� Sequences S��� S��� S�
� etc� satisfy

CONVr � a � L � a �

hence xA�x�r � A�x�� �� and are given by

an �
�

�r � ��n � �

�
rn

n

�
�

�



These sequences have a long history ���� Section ���� Example ��� �
��� They also appear in

the context of enumerating clusters of polygons in �����

The sequences satisfying

CONV � a � Ls � a� �s � �� 
� � � ��

appear to be new� The �rst of them� S��� has

A�x� �
��p

�� �x� � �x�

�x�
�

Except for S��� the factorial numbers� all the sequences emerging from the other convolutional

transforms are new�

M�OBIUS� From here on the subscripts of the sequences start at ��

S�
� with a� � ��

an�� �
X
djn

ad� n � � �

is the number of planted achiral trees ����� �����

S��� with a� � � and

an �
X
djn
d�n

ad� �n � �� �

is the number of ordered factorizations of n� Its Dirichlet generating function D�s� �
�P
n��

an�n
s

is ���� � ��s����� an is also the number of �perfect partitions	 of n � �� that is� partitions of

n� � which contain precisely one partition of every smaller number �i�e� a set of weights such

that every weight of m grams� m � n� �� can be realized in exactly one way� �
��� ���� p� ��
��

���� p� �����

The other sequences appear to be new� Sequence S�� has Dirichlet generating function

����� ��s�����

WEIGH� S�� gives the number of unlabeled rooted trees with no symmetries ������ see in

particular Eq� ������ That this sequence shifts left under WEIGH was already pointed out by

Cameron ����

EULER� S
� counts unlabeled rooted trees� and satis�es

�X
n��

an��x
n �

�Y
n��

�

��� xn�an

�



���� p� ����� ����� S

 counts series�reduced planted trees� and M � S

 counts series�parallel

networks ����� ���� p� ����� �
��� The connections of these three sequences with the EULER

transform have been investigated by Cameron ���� ����

PARTITION� Every sequence converges to one of these �ve� S
� is �xed� while S
� swaps

with S
�� and S
� with S
�� There are no other sequences of �nite order under this trans�

formation� In particular� S
� is the unique sequence �a�� a�� � � �� with the property that the

number of partitions of n into parts of sizes fa�� a�� � � �g is equal to an� We �nd it remarkable

that� in spite of all the papers that have been written about partitions� these �ve sequences

seem never to have been published before�

INVERT� Cameron ��� has already observed that the Catalan numbers �S��� shift left under

INVERT� and that S
�� the solution to Schr�oder�s second problem satis�es

INVERT � a � M � a� Like the Catalan numbers� the latter sequence occurs in many guises�

sometimes being called super�Catalan numbers ��
�� ����� ���� p� ����� �
��� ���� p� ���� ����� �
���

����� ��
�� an is among other things the number of rooted planar trees with n � � nodes� The

o�g�f� satis�es �A�x�� � �� � x�A�x� � x � �� which implies the inversion property mentioned

above� as well as the fact that this sequence also satis�es INVERT� � a � L � a�

S�� is the sequence of Motzkin numbers� again a widely�studied sequence ����� ���� �����

����� ����� The o�g�f� satis�es A�x�� � �� � x��A�x�� x��

Sequences S��� S�
 and similar sequences are related to the Motzkin numbers� and have

been studied in ����� ����� ����� in part because they enumerate secondary structures of nucleic

acids�

REVERT� S�� is new� and no combinatorial setting is presently known for it�

EXP� S�� is the sequence of Euler numbers� with e�g�f� �� � sin x�� cosx ��
� p� ����� ����

p� ����� ���� p� �����

S�� is the solution to Schr�oder�s fourth problem� which is also connected with series�parallel

networks ���� p� ����� ���� p� ����� �
��� The e�g�f� satis�es expA�x� � �A�x����x ���� p� ����

Eq� �aa���

S�� arises in an unexpected context� If we multiply an by �n�� we obtain an integer

sequence ������ �� ����
� ��� �
� � � ��� sequence ���
 in ����� This occurs in numerical analysis

�



in the computation of Airey�s converging factor for asymptotic series� both for the Weber

parabolic cylinder function and for the exponential integral ���� �
��� ����� ����� The simple

equation for the e�g�f� for S�� which follows from the eigen�sequence property�

expA�x� � � � �x�A�x� �

does not seem to be given in any of these references� Once again the other sequences are new�
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Table I�a� Integer eigensequences

� Sequence Operator Property

S� ��� �� �� �� ��� ��� ��
� ���� ����� ���� R � BINOMIAL �

S� ��� �� 
� ��� ��� ���� ��
�� ������ ���� R � BINOMIAL� �
S
 ��� �� �� ��� ���� ���� ����� ����
� ���� R � BINOMIAL� �

S� ��� �� �� ��� ���� ����� ������ ���� R � BINOMIAL� �
S� ��� �� �� �� �� �� �
� ��� ���� ���� ���� R� � BINOMIAL �
S� ��� �� 
� �
� ��� ���� ���
� ����
� ���� M�� � BINOMIAL �

S� ��� �� �� �� ��� ���� ����� ������ ���� R � STIRLING �

S� ��� �� 
� ��� ��� �
�� ������ ������� ���� R � STIRLING� �
S� ��� �� �� �� �� ��� ��� 
�
� ����� ���� R� � STIRLING �

S�� ��� �� �� 
�� �
�� ����� ������� ���� M�� � STIRLING �

S�� ��� �� �� �� ��� ��� �
�� ���� ��
�� ���� R � CONV �
S�� ��� �� �� ��� ���� ���� ����� �
���� ���� R � CONV� �

S�
 ��� �� �� ��� ����� ������ ���
��� ���� R � CONV� �
S�� ��� �� �� �� 
� �� ��� ��� ��� ��� ���� ���� R� � CONV �

S�� ��� �� �� �� ��� ���� ���� ����� ���� R � EXP�CONV �
S�� ��� �� �� ��� ���� 
���� ������ ���� R � EXP�CONV� �

S�� ��� �� �� �� �� ��� 
�� ���� 
��� ����� �� R� � EXP�CONV �

S�� ��� �� �� �� ��� ��� ���� 
��� ����� ���� R � LCM�CONV �
S�� ��� �� �� 
� �� �� �� ��� ��� ��� ��� ���� R �GCD�CONV �

S�� ��� �� �� �� �� �� �� �� �� �� �� ��� �� ���� R �AND�CONV �
S�� ��� �� �� �� ��� ��� ���� ���� ����� ���� R �OR�CONV �

S�� ��� �� �� �� ��� 
�� ���� 

�� ����� ���� R �XOR�CONV �

S�
 ��� �� �� 
� �� �� ��� ��� ��� ��� ��� ���� R �M�OBIUS
��

�

S�� ��� �� 
� �� ��� ��� ��� ��� �
� ��� ��� ���� R �M�OBIUS
��

�

S�� ��� �� �� �� �� �� 
� �� �� ��� �� ��� �� ���� R� �M�OBIUS
��

�

S�� ��� �� �� �� �� 
� �� �� �� 
� �� �� �� 
� 
� ���� M�� �M�OBIUS
��

�

��



Table I�b� Integer eigensequences �cont��

� Sequence Operator Property

S�� ��� �� �� �� 
� �� ��� ��� ��� ��
� ���� ���� R �WEIGH �
S�� ��� �� �� 
� �� ��� �
� ���� 

�� ���� ���� R �WEIGH� �

S�� ��� �� �� �� �� �� �� �� ��� ��� ��� ��� ���� R� �WEIGH �

S
� ��� �� �� �� �� ��� ��� ���� ���� ���� ���� R � EULER �
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