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Introduction

What are the rules behind the following integer sequences�

� �� �� �� �� �� �� �� �� � � �

� �� �� ��� ��� ��� ��� ��� ��� � � �

� �� �� �� �� ��� ��� �	� ��� ��� �	� ���� ���� ���� ���� � � �

� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� � � �

� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� � � �

� �� �� �� �� 	� ��� ��� ��� ��� ��� ��� ��� ��� ��� �	� ��� � � �

Given an integer sequence� how can we determine what
it is�

The question is ill�posed� can only look at a �nite num�
ber of terms� and any such sequence has an in�nite number
of potential extensions	
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Two Approaches to Sequence Recognition

� One can mathematically de�ne a large class of se�
quences and then try to determine membership in that
class

� Dana Angluin 
UC Berkeley Technical Report� ���
�

� A	 K	 Dewdney 
Scienti�c American� Mathemat�
ical Recreations� March �����

� Bhansali and Skiena 
Computational Support for

Discrete Mathematics� ���
�

� Sloane and Plou�e�s SuperSeeker program

superseeker�research�att�com�

� One can collect sequences from the literature and then
try to express the target sequence in terms of known
sequences

� Peter Liu 
Master�s Essay� University of Waterloo�
���
�

� Sloane and Plou�e�s SuperSeeker program
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Two Neglected Classes of Sequences

� The k�automatic sequences

� form about �� of the sequences in the Sloane�
Plou�e table

� The k�regular sequences

� form about �� of the sequences in the Sloane�
Plou�e table

�



Basics of Finite Automata

� If 
 is a �nite set of symbols� then by 
� we mean the
free monoid over 
 
set of all �nite strings of symbols
chosen from 
��

� A language is a subset of 
�	

� a �nite automaton is a simple model of a computer

� formally it is a quintuple� M � �Q�
� �� q�� F 
 where�

� Q is a �nite set of states�

� 
 is a �nite set of symbols� called the input alpha�
bet�

� q� � Q is the start state�

� F � Q is the set of �nal states�

� � � Q� 
 � Q is the transition function

� The language accepted by M is denoted by L�M

and is given by fw � 
� j ��q�� w
 � Fg	

�



Example of a Finite Automaton

�



Automata as Computers of Sequences

� First� we can generalize our notion of automaton to
provide an output� not simply accept�reject	

� Formally� we de�ne a deterministic �nite automaton

with output 
DFAO� as a sextuple� �Q�
� �� q���� � 
�
where � is the �nite output alphabet and � � Q� �
is the output mapping	

� Next� we decide on a integer base k � � and repre�
sent n as a string of symbols over the alphabet 
 �
f�� �� �� � � � � k � �g	

� To compute fn� given an automaton M � express n
in base�k� say� arar�� � � � a�a�� and compute fn �
� ���q�� a�a� � � � ar��ar

	

� Any sequence that can be computed in this way is said
to be k�automatic	
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k�Automatic Sequences

A sequence �an
n�� is said to be k�automatic if� an is
a �nite�state 
�automatic�� function of the base�k repre�
sentation of n	

Example	 The following automaton generates the Rudin�
Shapiro sequence�

To compute rn� expand n in base��� and then input the
bits of n into the automaton� starting with the least sig�
ni�cant bit� transiting from state to state	 When last state
is encountered� output is speci�ed in the state	
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The Thue�Morse Sequence

� Introduced by Axel Thue 
����������	

� tn � sum of bits of n 
base ��� taken modulo �	

� First few terms� � � � � � � � � � � � � � � � �

Example �� An unusual in�nite product� De�ne an �
���
tn for n � �	 Then

Y
n��

�
B��n � �

�n � �

�
CA
an

�
�

�
� �
�
� �
�
� �
�
� � � �

p
�

�
�

Example �� A converse of sorts to Example �� De�ne
b� � �� and

bn �

�������
������
�� if

Q
��i�n

�
�i��
�i��

�bi
�
p
����

��� if
Q
��i�n

�
�i��
�i��

�bi
�
p
���	

Then an � bn	
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The Thue�Morse sequence �un
 continued

Example �� Prouhet�s result of ���� on 	multigrades
�

Separate the integers in the set

Sn � f�� �� �� � � � � �n � �g
into two subsets�

Tn � fi � Sn � ti � �g
and

Un � fi � Sn � ti � �g�
Then X

k�Tn
kj �

X
��Un

�j

for j � �� �� � � � � n� �	

Example�

�i � �i � �i � �i � 	i � ��i � ��i � ��i �

�i � �i � �i � �i � �i � ��i � ��i � ��i

for i � �� �� �� �	
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The Rudin�Shapiro Sequence �un


� De�ne un � ���
rn� where rn counts the number of

possibly overlapping� occurrences of the block ���� in
the binary representation of n	

� This sequence was introduced by Rudin and Shapiro�
independently	

Example �� It is easy to prove that� for any sequence
�an
n�� of ���s and ���s� we have

sup
�

							
X

��k�n
ake

ik�
							 �

p
n�

On the other hand� it can be shown that for �almost all�
sequences �an
n�� we have

sup
�

							
X

��k�n
ake

ik�
							 � O�

r
n log n
�

Rudin and Shapiro 
independently� proved in the �����s
that

sup
�

							
X

��k�n
uke

ik�
							 � O�

p
n
�
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The Rudin�Shapiro Sequence� Continued

Example �� Consider a path visiting lattice points in the
plane	 Start at the origin and make a �rst move to ��� �
	
At step n� turn �left� or �right� 	�� according to the fol�
lowing rule�

� �left�� if r�n
 � r�n� �
 � n � � �mod �
�

� �right�� if r�n
 � r�n� �
 � n � � �mod �
	

We get a space�lling curve that visits every lattice point
in ��� of the plane exactly once	
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Robustness of the Notion of Automatic Sequence

� the order in which the base�k digits are fed into the
automaton in does not matter 
provided it is �xed for
all n��

� other representations also work 
such as expansion in
base���k
��

� automatic sequences are closed under many operations�
such as shift� periodic deletion� q�block compression�
and q�block substitution	

� automatic sequences are also closed under uniform trans�
duction	

� a uniform �nite�state transducer is like an automa�
ton� but outputs s symbols at each transition

��



Properties of Automatic Sequences

De�nition�
The k�kernel of a sequence �an
n�� is the set of subse�

quences

f�akrn�c
n�� � r � �� � 	 c � krg�

Cobham�s �st Theorem� A sequence is k�automatic
if and only if its k�kernel is �nite	

De�nition�
A homomorphism � � 
� � 
� is a map satisfying

��xy
 � ��x
��y
 for all x� y � 
�	 If j��a
j � k for
all a � 
� then we say � is k�uniform	 A coding is a
��uniform homomorphism	

Cobham�s �nd Theorem� A sequence is k�automatic
if and only if it is the image 
under a coding� of a �xed
point of a k�uniform homomorphism	

Example� The Thue�Morse sequence is the �xed point
of the map �� ��� � � �� that starts with �	
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The Theorem of
Christol�Kamae�Mend�es France�Rauzy

Theorem� 
Christol� Kamae� Mend�es France� Rauzy�
�����	 Let �un
n�� be a sequence over


 � f�� �� � � � � p� �g�
where p is a prime	 Then the formal power series U �X
 �P
n�� unX

n is algebraic overGF �p
�X � if and only if �un
n��

is p�automatic	

Example�
Let� as before� �tn
n�� denote the Thue�Morse sequence�

i	e	� tn � sum of the bits in the binary expansion of n�
mod �	 Then t�n � tn and t�n�� � tn � �	 If we set
A�X
 � P

n�� tnX
n� then

A�X
 �
X
n��

t�nX
�n �

X
n��

t�n��X
�n��

�
X
n��

tnX
�n �X

X
n��

tnX
�n �X

X
n��

X�n

� A�X�
 �XA�X�
 �X����X�


� A�X
��� �X
 �X��� �X
��

Hence �� �X
�A� � �� �X
�A �X � �	

��



Inferring Automatic Sequences

� Can one infer a k�automatic sequence� given the �rst
few terms�

� If a sequence is k�automatic� and is generated by an
automaton with 	 r states� then given the �rst k�r��

terms� one can correctly and e�ciently predict all future
terms of the sequence	

� In practice k and r are usually small� and the correct
automaton can often be guessed with far fewer terms	

� The automaton can be inferred purely mechanically� by
examining the k�kernel� and declaring two members to
be equal if they agree on the terms actually known	

� If a sequence is not k�automatic� then it is possible to
have two genuinely di�erent elements of the k�kernel
agree on thousands or millions of terms before a dis�
tinguishing element is found	

� However� this rarely occurs in practice	

��



An Amazing Non�Automatic Sequence

Take the Thue�Morse sequence

�tn
n�� � ������������ � � � �
and create a new sequence

�un
n�� � ����������� � � �
that counts the lengths of blocks of identical symbols in
�tn
n��	

Then it can be shown that �un
 is not a ��automatic
sequence� 
but the proof is not easy at all�	

��



An Amazing Non�Automatic Sequence

However� the sequence �un
 comes very �close� to be�
ing ��automatic� in that to distinguish two sequences in the
kernel� one must look at very large values of n	 For exam�
ple� u�n � u��n for � 	 n 	 ������ but not for n � �����	
Similarly� u��n�� � u��n�� for � 	 n 	 �������� but not
for n � �������	

A complete understanding of the behaviour of this se�
quence is still not at hand� but it depends on the fact
that the sequence is the �xed point of the map � � ����
� � ������ and the associated matrix of the map is



��� � �
� �



���

whose characteristic polynomial is �X � �
�X � �
	

��



Automaticity

� One can study how �close� a non�automatic sequence
comes to being automatic	

� To do this� compute �ai
��i�n and then form the k�
kernel	

� Then �ai
 is known to n� � terms� �a�i
 to bn��c� �
terms� etc	 Call two elements of the 
partially�computed�
k�kernel the same if they coincide on the terms on
which they are known	 The size of the k�kernel� as a
function of n� is called the �automaticity� of the se�
quence �an
	

Theorem� A sequence has automaticity O��
 if and only
if it is automatic	

Theorem� If a sequence is not automatic� then its auto�
maticity is ���log n
	

��



Automaticity 	continued


Question� Is there a homomorphism whose �xed point
is quasi�automatic� but not automatic�

Answer� Yes� the homomorphism that sends c � cba�
a� aa� and b� b has a �xed point

cbabaabaaaabaaaaaaaab � � �
in which the b�s are in positions �n � n for n � �	 This
is not a ��automatic sequence� but it is ��quasiautomatic	
An automaton with 	 � log� n states su�ces to compute
the sequence correctly to n terms	

Open Question� Is the �xed point of the homomor�
phism � � ���� � � ����� quasi�automatic�

�	



Automaticity 	continued


� Let � � 	 � � be a real irrational number with
bounded partial quotients in its continued fraction ex�
pansion	

� Then it can be shown 
JOS� ����� that the automatic�
ity of the Sturmian sequence �sn
n�� de�ned by

sn � b�n � �
	c � bn	c
is ��n���
	

� The proof uses basic techniques of Diophantine approx�
imation	

� In particular� can show that for any integer r � �� and
all pairs �c� d
 with c 
� d and � 	 c� d � r � there
exists an n � O�r�
 such that srn�c 
� srn�d	

� Open Question� is the O�r�
 bound best possible�

��



Generalization of Automatic Sequences

� Automatic sequences must take their values in a �nite
set

� This is too restrictive� we would like to de�ne �auto�
matic sequences� over the integers	

� Need the correct de�nition to generalize	

� Recall the k�kernel of a sequence�

Kk�a
 � f�akin�j
n�� � i � �� � 	 j � kig�
� What is the proper generalization of the �niteness prop�
erty�

��



k�regular Sequences

� An integer sequence �an
n�� is said to be k�regular if
the ZZ�module generated by the sequences in the k�
kernel is �nitely generated	

� Example� an � s��n
� the total number of ��s in the
binary expansion of n	

� Then a�n � an and a�n�� � an � �	 It follows that
hK��a
i is generated by �an
n�� and the constant se�
quence �	

� k�regular sequences appear in many di�erent �elds of
mathematics� numerical analysis� topology� number the�
ory� combinatorics� analysis of algorithms� and fractal
geometry	

��



Examples of k�regular Sequences

Example �� The Stern�Brocot Tree

In the limit� the sequence �s�n

n�� of numerators one
gets at level n is

�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� � � �

which satis�es the relations s��n � �
 � �a�n
 � a��n
�
s��n
 � �a��n
 � a�n
� s��n � �
 � �a�n
 � a��n
	

��



Examples of k�regular Sequences

Example �� Minimum cost of addition chains� An
addition chain to n is a sequence of pairs of positive
integers

�a�� b�
� �a�� b�
� �a�� b�
� � � � � � �ar� br


where


i� ar � br � n�


ii� for all s� either as � �� or as � ai � bi for some
i � s� and the same requirement holds for bs	

Example� here is an addition chain to ���

��� �
� ��� �
� ��� �
� ��� �
� ���� ��
� ���� �


� The cost of the addition chain is P
��i�r aibi	

� Denote the cost of the minimum addition chain to n
as c�n
	

� Graham� Yao� and Yao showed that c��n
 � c�n
 �n�

and c��n � �
 � c�n
 � n�n � �
 for n � �	

� It follows that �c�n

n�� is ��regular	

��



Examples of k�regular Sequences

Example �� Subword Complexity� Let w � w�w�w� � � �
be an in�nite word over a �nite alphabet� and let 
w�n
 be
the number of distinct subwords of length n in w	 Then

w�n
 is frequently k�regular� especially when w is the �xed
point of a k�uniform homomorphism	 For example� when
w is the Thue�Morse word �������� � � �� then 
w�n
 is
��regular	

Example �� Mergesort� To sort a list of n integers re�
cursively� �rst sort the left half 
recursively�� then sort the
right half� and then merge the two halves together	 Then
T �n
� the total number of comparisons used in the worst
case� is given by the recurrence

T �n
 � T �bn��c
 � T �dn��e
 � n� ��

It follows that T �n
 is ��regular� and one can obtain the
closed form

T �n
 � ndlog� ne � �dlog� ne � ��

��



Properties of k�regular Sequences

� Every k�automatic sequence is also k�regular	

� If a k�regular sequence is bounded� then it is k�automatic	

� The k�regular sequences are closed under shift� and
periodic deletion	

� A sequence is k�regular i� it is kr�regular for any r � �	

� The k�regular sequences are closed under 
termwise�
sum and product	

� If f �X
 �
P
n�� fnX

n and g�X
 �
P
n�� gnX

n are
formal power series with k�regular coe�cients� then so
is f �X
g�X
	

� Conjecture� if �fi
i�� and �gi
i�� are both k�regular
sequences� and fi�gi � ZZ for all i � �� then �fi�gi
i��

is also k�regular	

� Open Question� Show that b�� � log� nc is not a ��
regular sequence	

��



The Pattern Transform

� Let eP �n
 denote the number of 
possibly overlapping�
occurrences of the pattern P in the base�� expansion
of n	 Then eP �n
 is ��regular	 Furthermore� every
sequence �fn
n�� can be expanded as a sum of such
pattern sequences� and the coe�cients in this sum are
��regular if and only if �fn
n�� is ��regular	

� Example�

e���n
 � �e� � �e���n
 � e����n
� �e�����n
 � � � �

� �e��n
� �
X
i��

e	��
i���n
 �
X
i��

e��	��
i��n
�

� It had previously been observed by Newman that the
�rst few values of �e���n

n�� are almost all even	

��



Inferring k�regular sequences

� given a sequence �sn
n��� how can we determine if it
is k�regular�

� construct a matrix in which the rows are elements of
the k�kernel� and attempt to do row reduction

� as elements further out in the k�kernel are examined�
the number of columns of the matrix that are known
in all entries decreases

� if rows that are previously linearly independent sud�
denly become dependent with the elimination of terms
further out in the sequence� then no relation can be ac�
curately deduced� stop and retry after computing more
terms

� if the subsequence �skjn�c
n�� is not linearly dependent
on the previous sequences� try adding the subsequences
�skj	kn�a
�c
n�� for � 	 a � k

� when no more linearly independent sequences can be
found� you have found relations for the sequence

��



Inferring k�regular Sequences

� 
N	 Strauss� ����� De�ne

r�n
 �
X

��i�n

�
BBB�
�i

i

�
CCCA�

� let ���n
 be the exponent of the highest power of �
that divides n	

� The �rst few terms of ���r�n

 are�

�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� � � �

� A ��regular sequence recognizer easily produces the fol�
lowing conjectured relations

where f�n
 � ���r�n � �

��

� f ��n � �
 � f�n
 � ��

� f �	n
 � f�	n � �
 � f��n
�

� f �	n � �
 � f�	n � �
 � f�	n � �
 � f��n
 � �	

� With a little more work� one arrives at the conjecture

���r�n

 � ���

�
BBB�
�n

n

�
CCCA
 � ����n
�

� proved by Allouche and JOS	

�	



� A beautiful proof of this identity using ��adic analysis
was also given by Don Zagier	

� Zagier showed that if we set

F �n
 �
P
��k�n��

�
�k
k

�

n�
�
�n
n

� �

then F �n
 extends to a ��adic analytic function from
ZZ� to �� � �ZZ�� and has the expansion�

F ��n
 � ���n� �
�

�n�
�
X

��k�n��

�k�
�

�k � �
�
�

��



The Automatic Real Numbers

� We say that a real number r is �k� b
�automatic if
the base�b representation of its fractional part is a k�
automatic sequence	

� For example� the number

��������������������������������� � � �	b

with ��s in the �st� �nd� 
th� �th� etc	� positions 
some�
times called the Fredholm number� although Fredholm
never studied it�� is ��� b
�automatic	

� The set of all �k� b
�automatic numbers is denoted by
L�k� b
	

��



The Automatic Reals form a Vector Space over �Q

� The proof is rather technical	

� It su�ces to show that if x� y are in L�k� b
� then so
are x�n 
for any integer n� and x � y	

� For the �rst� we can express division by n as a �nite�
state transducer that just mimics long�division as done
by hand	 For example� here is a transducer for division
by � for numbers written in base���

� Now a theorem of Cobham implies that x�n � L�k� b
	

� For x�y� a more complicated proof is necessary� since
carries can come from arbitrarily far to the right	

� More generally� we have a Normalization Lemma� if
�ai
i�� is a k�automatic sequence taking values in ZZ�
then

P
i�� aib

�i � L�k� b
	

��



What is the Dimension of L�k� b
 over �Q�

� Now that we know L�k� b
 is a vector space over �Q�
a natural question is� what is the dimension of that
vector space�

� A simple argument shows that it is in�nite�

� For example� de�ne

f�X
 � X �X� �X� �X� �X�� � � � � �
Then clearly f���br
 � L��� b
 for all odd integers r �
�	

� But the numbers

ff���br
 � r odd� � �g
are linearly independent over �Q	

� For if not� then we would have
X

��i�s
dif���b

�i��
 �
X

��i�s
eif���b

�i��


with � 	 di� ei 	M and diei � � for � 	 i 	 s	

� Now for n su�ciently large� the base�b digits to the left
of position ��i � �
�n on the left�hand side are �di
b�
while those in the same position on the right�hand side
are �ei
b	 It follows that di � ei � �	

��



Automatic Reals are Not Closed Under Product

Theorem 
Lehr� Shallit� and Tromp� ���
�	 The auto�
matic reals are not closed under product	

Proof� We showed that

f �
X
r��

���r

and
g �

X
m��� n��

��	�m��
�n

are both in L��� �
� but their product is not	

��



Is There an Automatic Ring Strictly Containing �Q�

� Let f�X
 � X �X� �X� �X� � � � � �
� Then it can be shown that y � f���b
 is transcenden�
tal over �Q	

� Hence �Q�y� is a ring with ��Q�y� � �Q� � �	

� If we could show all positive powers of y are in L�k� b
�
we�d be done	

� By previous results� it su�ces to show that� for any
�xed r� the coe�cients of f�X
r are bounded	

� Let Wr � maxn�� �X
n��f�X
r
	 Consider the follow�

ing Catalan tree�

1

43

3

2132121

21

1 2

1 2

1 2 1 2 3

� Then Tromp has shown that Wr is bounded by the
sum� over all vertices v at level r � �� of the product
of all vertex labels in the path from the root to v	 It
follows that Wr 	 ��r
����r � r�
	

��
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