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1 Introduction and summary

In [3] it has been shown that powers of the generating function ¢(z) of Catalan numbers {Cp, }nen, =
{1,1,2,5,14,42, ...} where Ny := {0,1,2,...} (nr.1459 and A000108 of [8], and references of [3]) can be
expressed in terms of a linear combination of 1 and c¢(z) with coefficients replaced by certain scaled
Chebyshev polynomials of the second kind. In this paper derivatives of c(x) are studied in a similar
manner. The starting point is the following expression for the first derivative.

d c(x) 1

C

dx (=) = x(1 — 4x)

(14 (~1+22) c(=)) . (1)

This equation is equivalent to the simple recurrence relation valid for C,;:
n+2)Chy1 — 22n+1)C, =0, n=-1,0,1,..., with C_, =-1/2 . (2)
Equation (1) can, of course, also be found from the explicit form ¢(z) = (1 —+/1 —4x )/(2x). The
result for the n-th derivative is of the form
1 d"c(x) 1

n! dz™ = (@l —42))" (an—l(x) + b () c(x)), (3)

with certain polynomials a,,_1(z) of degree n — 1 and b, (z) of degree n. These polynomials are found to
be
n
bu(z) = (=1)™B(n,m) "~

m=0

o = (2) () /(5)

which defines a triangle of numbers for n,m € N, n > m > 0, where N := {1,2,3,...}. The first terms
are depicted in TAB. 1 with B(n,m) = 0 for n < m. Another representation for the polynomials b, (x)
is also found, viz.

with

n

bp(x) = —22 Cr_1 o¥ (4o —1)"F . (5)
k=0
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of an arbitrary constant A := (4z — 1)/z . This formula is given in (31). Equation (5) reveals the
generating function of the polynomials b, (z) because it is a convolution of two functional sequences. The

result is
> V1 —4dzz
12) = by, "=
The other family of polynomials is
ap(z) = 2:(—1)]C A(n+1,k+1) z" "

k=0

with the triangular array A(n, m) defined for m = 0 by A(n,0) = C),, and for n,m € N withn >m >0

by the numbers
s =5t = () /0] ”

The first terms of this triangular array of numbers are shown in TAB. 2 with A(n,m) = 0 for n < m.
Both results, (4) and (7), are solutions to recurrence relations which hold for b,(z) and a,(z) and their
respective coefficients B(n,m) and A(n,m).

Another representation for the polynomials a,(z) is found to be
n
an($) = Z Ck a (43j - 1)n—k ’ (8)
k=0

which shows that the generating function of these polynomials is

xz:ooanxz":%. 9
w2 = L ) = ()

Comparing (5) with (8) yields the following relation between these two types of polynomials
bp(z) = (dz—1)" — 2z ap_1(x) , n€ Ny with a_1(z)=0, (10)
and between the coefficients

n
m

B(n,m) = ( >4"—m — 2 A(n,m+1) . (11)

The triangle of numbers A(n,m) is related to a rectangular array of integers A(n,m), with A(0,m) =1,

A(n,0) =—-C, forn € N, and for n > m > 1 by

Almym) = —A(n—m,m) + 220=m)+1 (Zj) , (12)

(2(n+m)>/<2(m—l)> _yntl m—1
n+m m—1 n+m

or with (7), for m € N,n € Ny, by

N 1fn+m
A(n,m) = §<n+1>
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It turns out that the m—th column of the triangle of numbers A(n,m) for m = 0,1, ... is determined

by the generating function c(z)(;7%z)™. The m—th column of the triangle of numbers B(n,m) for

m = 0,1, ..., is generated by ﬁ (=)™ This fact identifies the infinite dimensional matrices A and
B as examples of Riordan matrices in the terminology of [7]. The matrix A associated with A(n,m) is

an example of a Riordan array.

Because differentiation of ¢(z) = Y232, Cr =¥ leads to

1 d"c(z)
n! dx™

(2(n + k))!
nlkl(n +k + 1)1’

o 1 n
= Y C(n,k) a*, with C(n, k) == — [[(k+7) Coss = (14)
k=0 i

where C(0, k) = Cf , one finds, together with (3), the following identities, forn € N, p € {0,1,2,...,n—1}

& n 2n—p+k)\ 1 n » 2n 2(n—p—1)
wo: Fevta (1) /(050 sl e/ ) /)

2
= A(n,n—p)/( ”> , (15)
n
and, for n € N, k € Ny,

n . k
(D2): S (-1) ((?) /(2;)) 34 (”:f_ll> oyt = C(n,k)/<2:> T

The remainder of this paper provides proofs for the above statements.

2 Derivatives

The starting point is equation (1) which can either be verified from the explicit form of the generating
function ¢(z), or by converting the recursion relation (2) for Catalan numbers into an equation for their
generating function. A computation of

1 d"le(x) 1 d <1 dnc(:v)>

(n+ 1)1 dgntl T n+1 dz \n! dz"

with (3) taken as granted and equation (1) produces the following mixed relations between the quantities
an(z) and by, (z) and their first derivatives, valid for n € Ny,

(n+1) ap(z) = z(1—4z) a;,_;(z) + bo(z) + nBz —1) ay_1(z) , (17)
(n4+1) bpy1(z) = z(l —4z) b (z) + (—(n+1)+2(1+4n)z) by(z) , (18)
with inputs a_1(z) =0 and by(z) =1 .

From (18) it is clear by induction that b, (z) is a polynomial of degree n. Again by induction, the same
statement holds for a,(x) in (17). Therefore we write, for n € Ny ,

n

an(r) = Z(—l)k a(n, k) "%, (19)

k=0



bu(z) = > (-1)* B(n,k) 2" ", (20)
k=0

with the triangular arrays of numbers a(n, k) and B(n, k) with row number n and column number k < n.
The triangular array a(n, k) will later be enlarged to another one which will then be called A(n, k).

We first solve b,(z) in (18) by inserting (20) and deriving the recursion relation for the coefficients
B(n,m) after comparing coefficients of "', 20, and 2" * for k =0,1,...,n — 1.

"t (n+1) B(n+1,0) = 2(2n+ 1) B(n,0) (21)
0 B(n+1,n+1) = B(n,n), (22)
F o ) Bt Lk+1) = (k+1) Bnk) + 2(2(n+k) +3) Bn,k+1) . (23)

With the input B(0,0) = 1 one deduces from (21) for the leading coefficient of b, (x)

B(n.0) — 2n(2n;!1)!! _ Elz’nrz: _ <2:> (24)
and from (22)
B(n,n) =1, ie., by(0)=(-1)". (25)

In (24) the double factorial (2n — 1)!! := 1-3-5---(2n — 1) appeared.
In order to solve (23) we conjecture from TAB. 1 that for n,m € N
B(n,m) = 4B(n—1,m) + B(n—1,m—1), (26)
with input B(n,0) = (2:) from (24).
If in (23) we use this conjecture, written with n — n — 1, K — m — 1, we are led to consider the simple

recursion
n+1—m

2(2m — 1)

The solution of this recursion is, for n,m € Ny,

1 n! 2n m! n! 2n 2n n 2m
B(n,m) = 2m(2m — 1) (n — m)! <n> - (2m)! (n —m)! <n> - <n> <m>/<m> - (28)

With the Pochhammer symbol (a),, := I'(n 4 a)/I'(a) this result can also be written as

B(n,m) = B(n,m —1) . (27)

B(n,m) = (2m+1)/2)p_m4d™ " /(n —m)!.

This result satisfies (21), i.e., (24), as well as (22), i.e., (25). It is also the solution to (23) provided
we prove the conjecture (26) using B(n,m) in (28). This can be done by using the equality B(n,m) =
% in (26). Thus we have proved:

Proposition 1: We have

where B(n,k) = (3) (2) /(F) -
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One can derive another explicit representation for the polynomials b, (z) by using (27) in (20):

(1—4z) b (z) + 2(2n—1) by(z) + 2 (2:> " = 0. (29)

This leads, together with (18), to the following inhomogeneous recursion relation for b, (z).
boi1(z) = (4 —1) by(z) — 2C, 2" | bo(z)=1. (30)
Equation (29) can also be solved as a first order linear and inhomogeneous differential equation for b, (z).

Proposition 2: We have

n
bp(x) = -2 Z Cp_1 ¥ (42 — 1)
k=0

where the Cy s are the Catalan numbers for k € Ny, and C_y = —1/2.
Proof: Tteration of (30). O
Proposition 3: The generating function gy(z;2z) =Y ooy bp(z) ™ for {by(z)} is given by (14).

Proof: The alternative form of b,(x), given by (5), is a convolution of the functional sequences
{=2C) 1 2*}pen, and {(4z — 1)"}nen,, with generating functions 1 — 2zz c(zz) = /1 —4zz and
1/(1 + (1 — 4z)z) , respectively. Therefore, gy(z;z) is the product of these two generating functions.
O

Comparing this alternative form (5) for b,(2) with the one given by (20), together with (28), proves the
following identity in n and X := (4z — 1)/z. The term k£ = 0 in the sum (5) has been written separately.

Corollary 1 (Convolution of Catalan sequence and the sequence of powers of \):

Forn € N and X\ # oo ,

n—1 n
sn—1(A) = A" Y % = % (A” - (2:> S (=DF (4= NF (Z) /(2:>> : (31)
k=0 k=0

Therefore, the generating function for the sequence s, (1)) is
g\ z) = Z sn(A) 2" = ¢c(z)/(1 =X z) .

From the generating function the recurrence relation is found to be s,(\) = X s,1(A\) +Cp, ,s-1(A) =0.
The connection with the polynomial b, () is s,(\) = %(A”‘H — A= b, (1) (4 - )\)))

The case A = 0 (z = 1/4) is also covered by this formula. It produces from s,(0) = C,, the following
identity.

Example 1: Case A\ =0 (z =1/4)
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We note that from (5) one has —2b,1(1/4) = C,, /4™ . The large n behaviour of this sequence is known

to be C,, /4" ~ # —75 5 ¢f- [2], Exercise 9.60.
5) 4

If one puts in (5) 4 — 1 =z, i.e. z = 1/3, one can identify the partial sum s, (1) of Catalan numbers:

sn(l) = Enj Cr = %(1 — 3" b, 1(1/3) ). (33)
k=0

This sequence {1,2,4,9,23, 65,197,626, 2056, ...} appears as A014137 in the web encyclopedia [8]. If one
puts A =1 in Corollary 1 one also finds the following

2 sp_1(l) = 1 + (2:> f: (—1)k+1 (Z) 3'@/(2]57) . (34)
k=0

Another interesting example is the case A\ = 4 (x = oo). Here one finds a simple result for the convolution
of Catalan’s sequence with powers of 4, viz.

Example 2:

Example 3: A =4 (z = o0)

2
2 sp_1(4) = 4" — ( ") . (35)
n
This sequence {1,5,22,93, 386, 1586, 6476, ...} appears in the book [8] as Nr. 3920 and as A000346 in the
web encyclopedia. It will show up again in this work as A(n + 1,1), the second column in the A(n,m)

triangle (¢f. TAB. 2).

The sequence for A = —1 (zr = 1/5) is also non-negative, as can be seen by writing sor(—1) =
Co+3F o (Coyy—Coy_q) for k € N and sop1(—1) = S8 | (Cory1 —Cy), and using AC), := Cp—Cp_y =
32—3 Cp—1 > 0. This is the sequence {1,0,2,3,11,31,101,328,1102,3760, ...} which appears now as
A032357 in the web encyclopedia [8] .

Recursion (26) for B(n,m) can be transformed into an equation for the generating function for the
sequence appearing in the m—th column of the B(n,m) triangle

o0

Gp(m;x) := Z B(n,m) z" , (36)

n=m

with input Gp(0;2) = Y020 (*") 2" = 1/V/I— 4z , the generating function for the central binomial
numbers. So (26) implies for m € Ny,

w)m 1

Gpmiz) = (1—433 Vi_dz

(37)

For wg—xGB(m; z) see (53). Therefore, we have proved:
Proposition 4 (Column sequences of the B(n,m) triangle)

The sequence {B(n,m)}5,. , defined, for fited m € Ny and n € Ny by (28) is the convolu-
tion of the central binomial sequence {(Qkk)}keNo and the m—th convolution of the (shifted) power
sequence{0,1,41,42 ..}.
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B(n,m) = 0 for n < m is an example of a Riordan matrix [7]. With the notation of this reference

1
B = (e, 5.

Note 2: Sheffer-type identities from Riordan-matrices

Triangular Riordan-matrices M = (M; j)i>;>0 = (9(x), f(x)), M;; = 0 for j > 4, in the notation of [7],
lead to polynomials which satisfy Sheffer-type identities (see [5] and its references, and [1])

n

Su(z+y) = > Sk(y) Pa-k(z) Z () (38)

k=0
Py(z+y) = Y Puy) Pai(2) 2 () , (39)

k=0

where the polynomials S, (z) and P,(z) are defined by

n m n m
= Y Muw—7 n€No , Pi@) = 3 Pam—r ne€N, R)=1, (40)
m!
m=0 m=1
with P, = [2"] (f™(z)), n > m > 1. Here g(z) defines the first column of M: M, o = [z"] g(z).

If one uses sy, (z) := n! S, (z) and p,(z) := n! P, (z) one obtains the Sheffer-identities (also called binomial
identities) treated in [5]. Then s,(z) is Sheffer for (1/g(f(t)), f(t)), and py(z) is associated to f(t) (or
Sheffer for (1, f(¢))) in the terminology of [5]. Here f(¢) stands for the inverse of f(¢) as a function.

Let us give the relation between g, (z;2) and Gg(m;z).

Proposition 5: We have

ale:2) = 3 ()" Gulminz) ()" (41)
m=0

Proof: One inserts the value of b,(z) given in (20) into the definition (6) of g,(z;2) and rewrites the
Cauchy-sum as two infinite sums which are then interchanged. Finally, the definition of Gp(m;x) in (36)
is used. O

One can check (41) by using the explicit form of Gg(m;zz) given in (36) and comparing with (6).

In a similar vein we can solve a,(z) in (17) with b, (x) given by (20) and (28). The coefficients a(n, k),
defined by (19), have to satisfy, after comparing coefficients of 2", 2°, and 2" * for k = 1,2, ....,n — 1 and

n € Np:
" a(n,0) = 4a(n—1,0) + Cp, (42)
0 (n+1)a(n,n) =1+ nan—1,n-1), (43)
vk (n+1)a(n,k) = kan—1,k—1) + 4(n+1+k)a(n—1,k) + B(n, k). (44)

In (42) we have used (24), i.e., B(n,0) = (n 4+ 1) C,, and in 43 we have used (25), i.e., B(n,n) = 1.
From (42) one finds with input a(0,0) =1

k=0
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a(n,n) =1, or a,(0) = (-1)". (46)

Note that a(n,0) = s,(4) of (31) with solution (35). It is convenient to define a(n—1,—1) := C), , n € Nj.
Then the sequence {a(n,0)}> is, with a(—1,0) := 0, the convolution of the sequence {a(k, —1)}>%
and the shifted power sequence {0, 1,4', 42, ...}. Before solving (44), with B(n, k) from (28) inserted, we
add to the trianglular array of numbers a(n,m) the m = —1 column and an extra row for n = —1, and
define a new enlarged triangular array for n,m € Ny as

A(n,m) = a(n—1,m —1) (47)

with A(n,0) = a(n —1,—-1) = C, and A(0,m) = a(—1,m — 1) = do,m, . An inspection of the A(n,m)
triangular array, partly depicted in TAB. 2, leads to the conjecture

A(n,m) = 4 Aln—1,m) + Aln—1,m—1) , (48)

with A(n,0) = C, and A(n,m) =0 for n < m . This recursion relation can be used to extend the array
A(n,m) to negative integer values of m. This conjecture is correct for A(n+1,1) = a(n,0) found in (45),
as well as for A(n 4+ 1,n+ 1) =a(n,n) =1 known from (46). The generating function for the sequence
appearing in the m—th column,

Ga(m;z) = Z A(n,m) z" | (49)

due to (48) satisfies Ga(m;x) = %7 Ga(m — 1;x) , remembering that A(m — 1,m) = 0, and that
GA(0;z) = c(x). Therefore

T m
— 495) e(z) . (50)
Note 3: The infinite dimensional matrix A with elements A(n,m) given for n > m > 0 by (48) and
A(n,m) = 0 for n < m is another example of a Riordan matrix, written in the notation of [7] as

(c(2), 2/ (1 — 4z)).

Because of (37) and v/1 — 4z c¢(x) = 2 — c(x), these generating functions of the conjectured A(n,m)
column sequences obey

Ga(m;z) = (

Ga(m;z) = (2—c(z)) Gg(m;z) . (51)
If we use the conjecture (48) in (44) which is written with (47) in the form

(n+1) Ain+1,m+1) =&m A(n,m) + 4(n+m+1) A(n,m+1) + B(n,m),
for n € Ng, m € {1,2,..,n — 1} , we have
mAmn+1,m+1) — (n+1) A(n,m) + B(n,m) = 0. (52)
This recursion relation can be written with the help of the generating functions (36) and (49) as

<$5—x+1> Ga(m;z) — % Ga(m+ 1;z2) = Gp(m;z) (53)

or with (50) (i.e. the conjecture) as

(xj—xﬂ - 11”436) Galm;z) = Gglm;z). (54)
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m
1—4z

d
29 (2~ ele)) Gulmi)) = [( —1)2—cl) + 1] Gy(miz) . (55)
x
If we can prove this equation with Gp(z) given by (37) we have shown that (44) is equivalent to the

conjecture (48). In order to prove (55) we first compute from (37), for m € Ny ,

d m
With this result, (55) reduces to
(2 dl@) + 2-c@) % — 1) Gplmiz) = 0 (57)
1—4z ’ ’

and with (1) the factor in front of Gp(m;z) vanishes identically for = # 1/4. Therefore, we have proved
the following two propositions concerning the column sequences of the A(n,m) triangular array and the
triangular A(n,m) array respectively.

Proposition 6: The triangular array of numbers A(n,m), defined for n,m € Ny by equation (48),
A(n,0) = Cy, A(n,m) =0 for n < m has as m—th column sequence {A(n,m)} 2, the convolution of
the Catalan sequence and the m—th convolution of the shifted power sequence {0,1,4',42,...}.

Proof: Use (50) with (49). O

Proposition 7: The triangular array A(n,m) of Proposition 6 coincides with the one defined by (47)
and (42), (43) and (44) with B(n,m) given by (28).

Proof: On the one hand a(n,0) = A(n+1,1) and a(n,n) = A(n+1,n+1) =1 of (42) and (43), i.e.,
(45) and (46), respectively, satisfy (45). On the other hand (44) is rewritten with the aid of (47) as (52),
and (52) has been proved by (53) to (57). O

Alternatively, one can use the now proven conjecture (48), together with (47), in (44) and derive for
n € Ny, m € Ny,

dm a(n—1,m) = (n+1—m)a(n—1,m—1) — B(n,m) . (58)
This is written in terms of the polynomials a,_;(z) of (19) and b,(x) of (20) as

2n

(1 —4z) a,_1(z) + (1 -4z +4nx) ap_1(x) — (n

) z" 4+ bp(z) = 0. (59)

With this result (17) becomes an inhomogeneous recursion relation for a,(x), viz.
an(z) = 4z —1) ap_1(z) + Cp 2" , ao(z)=1. (60)

Moreover, (59) can also be considered as an inhomogeneous linear differential equation for a,_;(z) with
given by (z). To find the solution this way is, however, a bit tedious. Let us give an alternative form for
an(z):
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Proof: Tteration of (60). O

Next we give a

Corollary 2: The generating function gq(x;2) = Y ;2 an(x) 2" is given by (9).

Proof: Equation (8) shows that a,(z) is a convolution of the functional sequences {Cj z*},en, and
{(47 — 1)*}xen, with generating functions c¢(xz) and 1/(1+ (1 —4x)z). Therefore, g,(z; z) is the product
of these generating functions. |

We now have a relation between gq(z;2) and G 4(m; z):

Proposition 9:

1 = m 1y\m
gulaiz) = ;= — mzzo(—n Galmizz) ()" (61)
Proof: Analogous to the proof of Proposition 5. m|

One can ckeck (61) by putting in the explicit form (50) of G.4(m;x) and compare with (9). Let us state
the relation between b, (x) and a,_1(z) as

Proposition 10: Forn € Ny and a_1(x) = 0, the relation between b, (z) and a,—1(x) is given by (10) .

Proof: The alternative expressions (5) and (8) for these two families of polynomials are used. One splits
off the k = 0 term in (5) with C_; = —1/2 from the sum and shifts the summation variable. O

Corollary 3: The coefficients of the triangular arrays A(n,m) and B(n,m) are related as given by (11).

Proof: The relation (10) between the polynomials is, with the help of (19) and (20), written for the
coefficients a(n — 1,m), or by (47) for A(n,m + 1), and B(n,m). O

It remains to compute the explicit expression for the coefficients a(n, k) of a,(z) defined by (19). Because
of (47) it suffices to determine A(n,m) .

Corollary 4: The triangular array numbers A(n,m) are given explicitely by formula (7).
Proof: The formula (4) written for B(n,m — 1) is used in relation (11). m

Note 4: This formula for A(n,m) satisfies indeed the recursion relation (48) with the given input. The
first term, 1 47~ ™*+1 (" ) satisfies it because of the binomial identity (") = (:;__11) + (:1:12) For
the second term of A(n,m) in (7) one has to prove

n 2n n—1 2(n—1) n—1 2(n—1)\ 2(2m —3)
(m—l) <n> - 4<m—1><n—1>+<m—2><n—1> m—1

or after division by (2(,?__11)%

2n —1 n _ n—1 n n—1\ 2m—3
n m—1 - m—1 m—2) m—=1"

10
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satisfy the input A(n,n) = 1.

Note 5: A(n,m) was found originally after iteration in the form (withn >m >0 and (-1)!!:=1)

I e R T (62

A(n,0) = C, . It is easy to establish the equivalence with (7).

In the original derivation of the formula (7) for A(n,m) it turned out to be convenient to introduce a
rectangular array of integers A(n,m) for n,m € Ny as follows: A(0,m) =1, A(n,0) := —C,, forn € N,

and for m € N and n € Ny, A(n,m) is defined by (7), or equivalently, by (8). The A(n,m) recursion
(48) translates (with the help of the Pascal-triangle identity) into

~

A(n,m) = 4 A(n—1,m) + A(n,m —1) . (63)

This leads, after iteration and use of A(0,m) = 1 from (12) with A(n,n) =1, to

A(n,m) = 4" znj A(k,m —1)/4% . (64)
k=0

Thus, the following proposition describes column sequences of the A(n, m) = C4(n, m) array.

Proposition 11: The m—th column sequence of the A(n,m) array, {A(n,m)}neNO , i the convolution
of the sequence {A(n,0)}nen, = {1,—1,-2,-5,...} , generated by 2 — c(z), and the m—th convolution
of the power sequence {4*}r.en,-

Proof: Iteration of (64) with the A(n,0) input. O

Corollary 5: The ordinary generating function of the m—th column sequence of the A(n,m) array (13)
s for m € Ng given by

oo
~ 1 m
R . - n o _ _
G j(m;z) = ;} A(n,m) 2" = (2 - c(z)) (1—495) . (65)
Proof: Use Proposition 11 written for generating functions. O

Because of the convolution of the (negative) Catalan sequence with powers of 4 we shall call this A(n, m)
array also C4(n,m). A part of it is shown in TAB. 3. The second column sequence is given by A(n, 1) =
C4(n,1) = (**'') and appears as nr.2848 in the book [8], or as A001700 in the web encyclopedia [8].
The sequence of the third column {A(n,2) = C4(n,2)}nen, = {1,7,38,187,...} is from (64) and (62)
with (12) determined by 4" Y21_o (**}")/4F = (2n+3) 2n+1) C, — 2°"*! | and is listed as 4000531
in [8]. There the fourth column sequence is now listed as A029887.

Note 6: The infinite dimensional lower triangular matrix A related to the array A(n,m) = C4(n,m) by
A(n,m) = A(n—m,m+1) for n >m >0 and A(n,m) := 0 for n < m is again an example of a Riordan
matrix [7]. In the notation of [7], A = (c¢(z)/V1 -4z, z/\/1 — 4z).

Finally, we derive identities by using, for n € Ny, equation (14) for the left hand side of (3) and the
results for a,,_1(z) and b, (z) for the right hand side.

11
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the right hand side. This leads to the first family of identities. Because (1 —4z)™" = > 72, % 4k ok
with Pochhammer’s symbol defined after (28), this means that [zP] (a,—1(z) +bn(z) c(z)) , the coeflicient
proportional to 2P, has to vanish for p =0,1,...,n — 1, n € N. This requirement reads

()" Pa(n-1n-1-p) + Xp:(—l)"_k B(n,n—k) Cpr =0. (66)
k=0

The sum is restricted to & < p (< m) because no number C; with negative index is found in ¢(z) .
Inserting the known coefficients, this produces (15).

Proposition 12: Forn € N andp € {0,1,...,n — 1} identity (D1), given by (15), holds.

Proof: With (47), (66) becomes

P
Z (_1)p7k Cp—k B(na n— k) = A(na n— p) ) (67)
k=0

which is (D1) of (15) if the summation index k is changed into p — k, and the symmetry of the binomial

coefficients is used. O.

Example 4: Take p=n —1 € Ny:

n—1
S (1) (k_tl) %711 - 4”/(2:> — 1 = 24(n, 1)/(2:> . (68)
k=0

With this identity we have found a sum representation for the convolution of the Catalan sequence and
powers of 4:

2n ni:l (-1) k n 1

n) = k+1) 2k+1

The second family of identities, (D2) of (16), results from comparing powers z* with k € N on both
sides of (3) after expansion of (1 —4x)™" as given above in the text before (66). Only the second term
bp(z) c(x) contributes because a,_1(x)/z™ has only negative powers of z. Thus, with definition (14),
one finds for ¥ € Ny and n € N,

n—1
sno1(4) = 4Ly Cp/AF =
k=0

(cf. (35) with (31)).

i (n)l 4l = n—j .
k) = 3 Y0 S (1) Blnn ) Co ik (69)

=0 j=0

which is, after interchange of the summations and insertion of B(n,n — j) from (4) the desired identity
(D2) if also the summation index j is changed to n — q.

Thus we have shown:
Proposition 13: For k € Ny and n € N identity (D2) of (16) with C(n,k) defined by (14) holds true.

Example 5: Take £k =0, n € N. So we have

- (n+1)
> (=1 <j+1> =1, (70)
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TAB. 1: B(n,m) Central Binomial Triangle
" m 0 1 2 3 4 ) 6 7 81 9110
0 1 0 0 0 0 0 0 0 0] 0] O
1 2 1 0 0 0 0 0 0 0L 0 0
2 6 6 1 0 0 0 0 0 0] 0] O
3 20 30 10 1 0 0 0 0 0] 0] 0
4 70 140 70 14 1 0 0 0 0] 0] O
5 252 630 420 126 18 1 0 0 0] 0] O
6 924 2772 2310 924 198 22 1 0 0O 0] O
7 3432 | 12012 12012 6006 1716 286 26 1 0] 0] 0
8 12870 | 51480 60060 36036 | 12870 2860 390 30 11 0] 0
9 48620 | 218790 | 291720 | 204204 | 87516 | 24310 | 4420 | 510 | 34| 1| O
10 184756 | 923780 | 1385670 | 1108536 | 554268 | 184756 | 41990 | 6460 | 646 | 38 | 1

13



1AD. «.

£AiL,lll) vatalall 111ali51c

" m 0 1 2 3 4 5 6 7 81 9110
0 1 0 0 0 0 0 0 0 0| 0] O
1 1 1 0 0 0 0 0 0 0] 0 O
2 2 ) 1 0 0 0 0 0 0| 0 O
3 5 22 9 1 0 0 0 0 0| 0] O
4 14 93 58 13 1 0 0 0 0] 0 O
) 42 386 325 110 17 1 0 0 0| 0] O
6 132 1586 1686 765 178 21 1 0 0| 0] O
7 429 6476 8330 4746 1477 262 25 1 0] 0] O
8 1430 | 26333 | 39796 | 27314 | 10654 2525 362 29 1| 0| O
9 4862 | 106762 | 185517 | 149052 | 69930 | 20754 | 3973 | 478 | 33| 1| O
10 16796 | 431910 | 848830 | 781725 | 428772 | 152946 | 36646 | 5885 | 610 | 37 | 1
TAB. 3: C4(n,m) Catalan array
0 1 2 3 4 ) 6
n
0 1 1 1 1 1 1 1
1 -1 3 7 11 15 19 23
2 -2 10 38 82 142 218 310
3 -9 35 187 515 1083 1955 3195
4 -14 126 874 2934 7266 15086 27866
) -42 462 3958 15694 44758 105102 216566
6 -132 1716 17548 80324 259356 679764 1546028
7 -429 6435 76627 397923 1435347 4154403 10338515
8 -1430 | 24310 | 330818 | 1922510 7663898 | 24281510 65635570
9 -4862 | 92378 | 1415650 | 9105690 | 39761282 | 136887322 | 399429602
10 -16796 | 352716 | 6015316 | 42438076 | 201483204 | 749032492 | 2346750900

14




A0LTLITL TLILTS

[1] M. Barnabei, A. Brini, and G. Nicoletti: “Recursive Matrices and Umbral Calculus”, J. Algebra 75
(1982), 546-573

[2] R.L. Graham, D.E. Knuth, and O. Patashnik: “Concrete Mathematics”, Addison-Wesley, Reading
MA, 1989

[3] W. Lang: “On Polynomials Related to Powers of the Generating Function of Catalan Numbers”,
Karlsruhe preprint 1999, tbp The Fibonacci Quarterly

[4] M. Petkovsek, H.S. Wilf, and D. Zeilberger: “A=B”, AK Peters, Wellesley, MA, 1996
[5] S. Roman: “The Umbral Calculus”, Academic Press, New York, 1984
[6] L.W. Shapiro: “A Catalan Triangle”, Discrete Mathematics 14 (1976), 83-90

[7] L. W. Shapiro, S. Getu, W.-J. Woan and L. C. Woodson:“The Riordan Group”, Discrete Appl.
Math. 34 (1991), 229-239

[8] N.J.A. Sloane and S. Plouffe: “ The Encyclopedia of Integer Sequences”, Academic Press,
San Diego, 1995; see also N.J.A. Sloane’s On-Line Encyclopedia of Integer Sequences,
http//:www.research.att.com/ njas/sequences/index.html

[9] W.-J. Woan, L. Shapiro, and D.G. Rogers: “The Catalan Numbers, the Lebesgue Integral, and
4n=27  Am. Math. Monthly 101 (1997), 926-931

AMS MSC numbers: 11B83, 11B37, 33C45

15




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.5
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /SyntheticBoldness 1.00
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize false
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /FRA <>
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308000200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e30593002537052376642306e753b8cea3092670059279650306b4fdd306430533068304c3067304d307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


