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Abstract

The paper deals with systems of ODEs containing polynomial non-
linearities and random inhomogeneous terms. Applying perturbation
method pathwise solutions are found in form of power series with re-
spect to a parameter 1 controlling the nonlinearities. Under the assump-
tion that for n = 0 the system is stable and that the inhomogeneous
terms are bounded the radius of convergence of the perturbation series
is estimated. Further, it is proved that the perturbation series form
stationary solutions if the inhomogeneous terms are stationary.

1 Introduction

Let (€2, A, P) be a probability space, where A denotes the o-algebra of subsets
of © on which is defined a probability measure P. Further, let z(¢,w) be a
random function defined on R x € with values in C", n > 1, where R and C
denote the sets of real and complex numbers, respectively. The function z is
required to satisfy a system of nonlinear first-order ODE

z = Az + nd(z) + Bh. (1)

Here, a n x n matrix A with constant complex entries is involved in the linear
part while the nonlinearities are described by a polynomial vector function
d : C" — C" possessing the components

K

n
dZ(Z) = Z Z dki,il,...,ikzil L Zik, Z = 1, N (2)

k=2 i1,....i=1

with k > 2, some complex coefficients dy;;, .. ;, and a non-negative parameter
7. The inhomogeneous term contains the random function h with continuous
paths defined on R x © with values in C",r > 1, and a n X r matrix B with
constant complex entries.



The present paper deals with the determining of a solution z of (1) to given
A B,n,d and h and the question whether there exists a stationary solution if
the random function h is stationary. A random function z(¢,w) is said to be a
stationary solution of (1) if z satisfies Equation (1) and if (z, h) is a stationary
random function, i.e. z and h are stationarily related.

This problem arises e.g. in the investigation of the long time behaviour of
the response of discrete vibration systems with a stationary random external
excitation (see Soong, Grigoriu [13] and [14, 15, 16]). In the linear case, i.e. for
n = 0, stationary solutions exist if the matrix A is stable, i.e. all eigenvalues
of A possess strictly negative real parts (see Arnold, Wihstutz [2], Bunke [3],
p. 45ff). In the present nonlinear case additional conditions to the form of
nonlinearities and to the distribution of the random function h has to be taken
into account.

The existence of a stationary solution (as well as of solutions with a periodic
distribution) is investigated in a number of papers on qualitative theory and
stability of stochastic systems, see e.g. Khas’minskij [8], Arnold, Kliemann
[1], Bunke [3], Dorogovtsev [4, 5], Ito, Nisio [7]. A typical condition to the
nonlinearities is global Lipschitz continuity of d(.) which is not fulfilled in
the present case of a polynomial function d because of unbounded partial
derivatives of d . Another approach is based on the existence of a bounded
solution z.

The starting point of our approach is the consideration of pathwise solutions
and the treatment of the nonlinear term nd(z) as a perturbation of the linear
term Az. Solutions of (1) are expressed as power series with respect to the
parameter 7, i.e.

z:iopz n. (3)

The coeflicients Pz are determined in Section 2. Section 3 gives conditions for
the convergence of the above perturbation series and estimates the radius of
convergence 1. Beside the stability of the matrix A, the essential condition
used here is the boundedness of the function h. It is shown that for n < 1
the resulting perturbation series is a pathwise solution of system (1). As a
by-product it results the pathwise boundedness of the solutions found in form
of a perturbation series. In Section 4 it is proved that these solutions are
stationary if h is a stationary random function.

The representation of pathwise solutions of (1) by perturbation series can be
used for determining the distribution law and moment functions of z. An
approximative method based on expansions with respect to 1 and to the cor-
relation length of weakly correlated random functions which are involved in
the random function h is described in [14], [15], [16].



2 Perturbation method

In this and in the next section Eq. (1) is considered for fixed w € €. For the
sake of a short notation the dependence of h and z on w is omitted during this
“pathwise analysis”.

In order to find pathwise solutions of (1) for given A,n,d,B and a random
function h with continuous paths the function z is represented as a power series
(3) with respect to the parameter . The coefficients °z, 'z,... can be found by
substituting series (3) into Equation (1) and equating the coefficients of the
powers of 7. First, this procedure is carried out formally. A verification of the
results is given in the next section.

First, the nonlinear term d(z) is expressed as power series with respect to 7.
It holds for ¢1,...,2, = 1,....n, k=2, ..., K

Ziyg t et By = (i plzim’”) Tt (i kaiW”)

p1=0 pr=0
(o.)
_ p1 Pk D1+...+Dk
= Z Zig t et Zik’I]
P1yee,P=0

o0
= an Z plZil '...'pkzz'k.

p=0  pi1+..+pp=p

In the above derivation and everywhere below it is assumed that the indices

P1, -, Pr in sums of the type > ... are nonnegative.
prt.+pr=p

From representation (2) it follows for the components of d(z)

o0

di(z) = Zpdi(oz,...,pz) n”w, i=1,..,n,

p=0

R

n
with pdi(oz, ...,pZ) == Z Z dki,il,...,ik Z plzil et kaZ'k.

k=2 i1,...,0p=1 p1+...+pr=p

Substituting the series (3) and (4) into Equation (1) it yields

Stz =3 APz + 0> ?d(°z,...,’z) 1’ + Bh.
p=0 p=0 p=0

For the coefficients Pz results an infinite sequence of linear first-order systems
Pz = APz+Pb, p>0,

_— {Bh for p=0

with
P1d(%z, ..., 1z) for p > 0.
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The first order systems above possess solutions

t 00
Pe(t) = / A9 Phy(5)ds = / ¢A% Ph(t — 5)ds (5)
—00 0
which can be found recursively. Now, the power series
¢(t) =3 _"¢(t) (6)
p=0

is considered. In Section 3 conditions for the convergence of the above series
are investigated and in Section 4 it is checked if () satisfies the system (1).

3 Convergence of perturbation series

After the investigation of the coefficients of the perturbation series conditions
for the convergence of series (6) will be determined.

Stability for the linear part of the system (1) is assumed, i.e. the matrix A
possesses eigenvalues with strictly negative real parts, only. The diagonaliz-
ability of A is supposed as an additional technical condition. Further, the
function h is assumed to be bounded and continuous on R. Below, the nota-
tions |X| = {|"'CU|}U and [X]U = Tij for a matrix X = {xij}ij will be used.

Theorem 1 If the matrixz A is stable and diagonalizable, i.e. it exists a rep-
resentation A = VAV~ with A = diag(\y,...,\,), Re[N] < 0,7 =1,....,n
and if for the components of h it holds |h;(t)| < H,i=1,...7, Yt € R, then

o0
the series Y- PC(t) nP with coefficients P{(t) given in (5) converges uniformly
p=0

with respect tot € R forn < mny := %, Here, the following notations

~

A= @gn{lRe[Ai]l}
K K
K = -1
(% )<I€—1)
Ao~ k-1
~ S (VH &
~ _ " 1
Vo= g&ﬁ{%ﬂW‘V ]U}
H = maX{ |Bz'j|}H
1<i<n -1

have been used.



Proof: In a first step by means of mathematical induction it is proved that
the components of {(¢) are bounded by

VH (D\?
|”Q()|§ﬁcpvX <X> VieR, i=1,..,n. (7)

Here, (.c,),>0 denotes the integer sequence of generalized CATALAN numbers
of order r (see Sloane, Plouffe [12], Hilton, Pederson [6], Ledermann et.al. [9],
p. 93ff. ) ! defined by the recursion
xCo = 1
kCp+1 = Z kCp1 "o " KkCpyy P > 0.

P1t...+Pr=P

For p = 0 it holds °¢(¢) = ?fOeA“Bh(t —u)du, i.e. for i =1,...,n it yields
0

Pat] = |/ 3 [e*], Bhtt - ), du
< i/oo A“ Bh(t—u ‘du
< zij / A du (8)

Using the eigenvalue decomposition A = VAV ™! and the assumed property
of negative real parts of the eigenvalues Ay, ..., A, it follows

?‘eA“ du = f‘VeA“V_l‘du < V]| f‘eA“ du ‘V_l‘
0 0 0
. 1 1
= |V|diag <—Re o TRe A > ‘V ‘
< %IVI v
and . A
" 1 & N V
JZ_‘;O/ ], ;Z_Z[IVI\V =5 (9)

Applying inequalities (9) and (8) it results

HV VH /D\°
‘OCi(t)‘ < —— = 00— (—) VieR, i=1,....n
A A\

!The authors want to express their thanks to Dr. Hans-Jiirgen Fischer for his hints and
helpful discussions on Catalan numbers.



Assuming the assertion (7) is valid for ¢ < p the assertion for ¢ = p + 1 will
be proved. It holds

o0

) = ] a4l G- )

0
and for the components P*¢;(¢) it follows for i = 1,....n

n

> [er] 7 (06 = w7 — w)) du

j=1

‘P—HCZ_ (t) ‘ —

[1

j
Using representation (4) and the relation (7) for ¢ < p the terms [Pd;(.)|,
j=1,..,n1in (10) can be estimated as follows

u

™=

<

vd; (°¢(t = u), .. "¢(t —w))|du. (10)

1

KR n
0
‘pdj ( Cv 7pC)‘ - Z Z dk:j,il ..... I Z plCil Tl kaik
k=211,..., ik:]. p1t...+pr=p
LI VH /D\M VH /D\P
S Z Z |dkj,i1,...,ik| Z kCp1 —% <T) Cee tkCpp T3 (T>
k=21%1,...,0=1 p1+...+pr=p A A )\ )\
D\N?H . & (VAT &
= (T) TV Z ( N ) Z |dk‘771177@k| Z chl Tt chk
)\ )\ k=2 A TLyeeny ikZI p1t...+pr=p
D\" H D\PTL .
S (T) —D ,c +1 = (T) H ,.c +1- (].].)
Ao A o
For the above inequality the estimation
K—Fk
Z KCpr * - " kCpp = Z KCpr ™ - " kCpy H 1
P1+...+pr=p p1+...+DL=p i=1
< Z KCpy * e kCpp " Ky * o+ " KCpe = KCptl

p1+...+pPs=p

has been used which holds for £ = 2, ..., k. Applying estimations (9), (10) and
(11) it follows

U H 7 D\PT!
VX <X> o VIER

‘p +1Cz‘(7f)‘ <
and the assertion (7) is proved.

Next, upper bounds for the generalized Catalan numbers ,c, involved in the
estimates of |P(;(t)| are derived. The explicit representation of the p-th term
of the sequence is (see Ledermann et.al. [9], p. 93 ff, Hilton, Pederson [6])

. (kp)!
Pl (k= 1)p+1)!

p =0,
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which for p > 0 can be written as ¢, = %(p’?l)'

From the above representation for the ratio of two subsequent terms ,c, and
xCpt1, p > 0, it follows

KCptl (s(p+1))! p!((k=1)p+1)!

wCp (p+DI((k—1)(p+1)+1)! (kp)!
1 (sp+1)) ((r=1)p+1)!
p+1  (sp)! ((k—1(p+1)+1)!
1 (kp+r)(kp—p+1)!
p+1 (kp)! (kp—p+K)
1 kp+1 . Kp + 2 _ .Hp—|—li—1.
p+lep—p+2 kp—p+3  kp—p+k

kp+ K kp4l
p+1 S rp—p+1+I

Tl (-D+@-1) 7

= “l:Hl kp+1—(p—1) :Hzgl<1+19("f—p1_)i1+l>
(v )

- K(1+mi1>n_1: K(ﬁilylz (Ii_l)(ﬁ;il)n: k.

Using .co = 1 and the derived inequality “2*+ < K the estimate
kCp

IN

p—1
wop = [ 5L < K7 (12)

=0 k%

can be found.

Applying inequalities (7) and (12) it results that the perturbation series

> P(i(t) nP are majorized by > va (@)p for i = 1,...,n. Since the ma-
=0 = A U3

jorizing series converges for % < 1 a sufficient condition for the uniform
convergence of perturbation series (6) is n < 1y = 2 |
0= KD

Corollary 1 Under the assumption of Theorem 1 the perturbation series (6)
s bounded on R and it holds

> VH
G(t)] = Z%Pg(t) | < A KDy




In the special case of a scalar equation (1), i.e. n =1, which is written as
KR
i=az+nd(z) +bh where d(z) = dyz"

the following assertion can be derived.

Corollary 2 For Rela] < 0 and |h(t)| < H, Vt € R, the perturbation series
> PC(t) nP converges uniformly with respect to t € R for
p=0

[Re [a]]
n<rny= o

K E di] (® H\)H'

If the nonlinearity is a single power function, i.e. d(z) = d.2", kK > 2 then the
series converges uniformly on R for

)= [Refall
- k—1
K|d| (|b|H)
After proving the convergence of the series ¢ = ioj PE(t) P for n < ny = {;\D
p=0

it remains to check, if ¢ satisfies Equation (1).

Theorem 2 Under the assumption of Theorem 1 the perturbation series { =
> PC(t) P with coefficients ¢ given in (5) satisfies Equation (1) if n < ng
p=0

where ny s given in Theorem 1.

Proof: First, it is proved that the representation C = Z pC( ) nP is valid
for n < my. To this end the uniform convergence of the formal differentiated
series & (Z P¢(t) 7 > for n < np is checked. Using representation (5) of the
coefficients P¢ formal differentiation leads to

d o

o (Z”C( )7 ) =3

=A% +Bh +§j APE(t) 7P +§jp—1d(°c, PO
p=1

p=1

The uniform convergence of the first series on the right hand side for n < n
follows immediately from Theorem 1.



Now the second series is investigated. From (11) and (12) it follows for the
components ?71d;(°¢, ....,P71), i =1, ..., n,

DN\? . KD\? .
a0 < (F) H e < ( : ) .

It yields, that %Oj p-1d(9¢, ..., 271¢)n? is majorized by H %O: (%)p which con-
p=1 p=1

verges for ‘Lf’l‘ < 1. From Weierstrass majorant criterion it follows the uni-

A

o0
form convergence of Y- #~1d(°¢,....,» 1¢)nP for n < my = 5.

p=1
o0
The perturbation series ¢(t) = Y ?¢(t) n* satisfies equation (1) for n < ng
p=0

since it holds

E = A+Bh+ Y (A%C+71(C, 7))
p=1

= A¢+nd(¢)+ Bh

where for d(¢) the representation (4) was used. u

4 Stationary solutions

The preceding results concerning the perturbation series representation of solu-
tions of the nonlinear system (1) for fixed w € € can be used for the stochastic
analysis of solutions with respect to random functions h;(¢,w) with continuous
and bounded paths. Analogously, it follows that a pathwise solution is given
by

o0

C(tvw) = Zpg(tvw) n

p=0

for n < ny where the random coefficients are found by (see (5))

0¢(t,w) = [ e* Bh(t—s,w)ds

Pe(tw) = [ e P a(%¢(t — s,w), .., PTIC(t — s, w))ds

0\8 0\8

for p > 0.

Next, the question whether {(¢,w) is stationary if h(¢,w) is a stationary ran-
dom function is investigated. This question is related to the problem of the
existence of stationary solutions of nonlinear equations with a stationary ran-
dom exitation term which has been investigated in the context of stability of

9



stochastic systems e.g. in Khas'minskij [8], Bunke [3], Arnold, Kliemann [1],
Ito, Nisio [7]. Here, explicit representations of the solutions need not to be
known. Some of these results in literature show the existence of stationary so-
lutions for nonlinearities d(z) which are global Lipschitz-continuous or possess
bounded partial derivatives. This assumption is not fulfilled in the present
case of polynomial nonlinearities.

Another type of results proves the existence of stationary solutions under the
assumption of the boundedness of solutions. In Khas'minskij [8], p. 52 ff the
condition

T
/ P(|z(t,w)| > R)dt — 0 as R — o0
0

uniformly in 7" > T, > 0 or T' < T < 0 is used while Ito, Nisio [7] require that
certain moments of the solution are bounded. These results correspond to the
present case since from Corollary 1 it can be deduced that for n < 7y it holds

o
Gltw)) <~
A— KDn

Provided, {(¢,w) is a stationary random function not only the existence but
also the construction of a stationary solution (in form of a perturbation series)
would be clarified. To answer the question of stationarity of ¢ the assertions
of the following lemmas will be used.

Lemma 1 Bunke [3], p. 38, Dorogovtsev [4]
Let ¢ : RxQ — R", n > 1, be a stationary random function andJ : R" — R™,
m > 1, a measurable mapping. Then the composition (¢,J (@)) is stationary.

Lemma 2 Let ¢ : R xQ —R", n > 1, be a stationary random function with
continuous paths and J : R" — R™, m > 1, a measurable mapping. Further,
let A be a m x m-matriz with eigenvalues possessing strictly negative real parts
and let

o0

P(t,w) = /eAs J(p(t — s,w))ds.
0
Then (¢, ) is stationary.

Proof: The proofis analogous to the proofs of theorems 3.4 and 3.5 in Bunke
(3] where the special case J : R" — R", J(x) = x, is considered. n

Theorem 3 The nonlinear system (1) possesses a stationary solution which
can be represented as perturbation series

o0

C(tvw) = Zpg(tvw) n

p=0

with coefficients P¢ given in (5) if the following assumptions are fulfilled:
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i) the matriz A is diagonalizable and stable , i.e. it exists an eigenvalue
decomposition A = VAV~ with A = diag(\y, ..., \,) and Re[\;] < 0,
1=1,..,n,

ii) the random function h(t,w) is stationary and possesses continuous and
bounded paths, it holds |h;(t,w)| < H, a.s. Vt €R,

iii) for the parameter n it holds n < ny, where ny is given in Theorem 1.

Proof: From Theorem 2 it follows that under assumptions (i), (ii), (iii) the
function {(t,w) is a solution of system (1). It remains to prove that (h, () is
a stationary random function.

a) By means of mathematical induction it can be proved that VN > 0
(h, ¢, ..., N() is stationary.

For p = 0 the coefficient ?¢{(t,w) is given by (see (5))
0 (t,w) = /eAS Bh(t — s,w)ds.
0

Applying Lemma 2 with ¢ = h, J(¢) = B¢ and ¥ = °C it follows that
(h,%¢) is stationary.

Now, assuming the stationarity of (h,°¢,...,~¢) it will be proved that
(h,%,...,NT1¢) is stationary. From relation (5) it follows

o0

NHLE(f W) = /eAs NACC(t — 5,0), ., NC(E — 5, w))ds.

0

Again, the application of Lemma 2 with

¢ =" ..."¢), J)="d("¢..."¢), »=""C,
shows the stationarity of (h,°C,...,~¢, Y1),

b) Now, the measurable mapping J : RWH2" 5 R?® defined by

N
J(X, x¢,...,Xn) = (K,prnp) . with X, x¢,...,xy € R", n >0,
p=0

is considered. From Lemma 1 it follows that for all N > 0 the composi-
tion

((h,°¢, ... 7€), I (h,°¢C, ... 7C))

11



is stationary. From the assertion of Theorem 1 it is known that in case
N

of n < ny the series Y P{(t,w)n? converges a. s. and uniformly in ¢ as
p=0

N — o0o. Consequently, the limit

N—o0

N
lim (h, Y ?¢n” | = (h,()
p=0
is a stationary random function. [ ]

Remark The assertions of Lemma 1 and 2 hold analogously, if the term ”sta-
tionary” is replaced by ”periodically distributed with period 7", see e.g. Bunke
3], Dorogovtsev [4, 5|. Moreover, an analogous assertion of Theorem 3 can be
proved. That means, if the assumption of stationarity of the inhomogeneous
term h(¢,w) is replaced by the property of periodicity of its distribution then
the perturbation series (3) form solutions of Equation (1) which are periodically
distributed, too. This seems to be useful in the analysis of equations whose
inhomogeneous terms contain stationary weakly correlated random functions
(see e.g. [14, 15, 16]). The stochastic simulation of those equations requires the
replacement of stationary by periodically distributed weakly correlated func-

tions, see the corresponding chapters on simulation processes in [10], p. 53 ff
and [11].

5 Randomly forced nonlinear oscillator

The results of this paper are applied to the following model of the motion
of a single oscillator with linear damping, nonlinear stiffness and an external
random excitation

§+ 2vy + By + ny® = h(t,w).

Here, the scalar random excitation function h(t,w) is stationary and bounded
by H > 0 and possesses continuous paths and it is assumed that $? > 2 is
fulfilled. For x = 3 the above ODE describes the so-called randomly driven
Duffing oscillator.

The second-order ODE can be transformed into a system of first-order ODEs
of form (1)
z = Az +nd(z) + Bh

withn =2, r=1, 2= (2,2)" = (9,y)" and

() w3 e ()
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Now, applying Theorem 1 the estimate of the radius of convergence of the

o0

perturbation series > P n? with coefficients P¢ given in (5) can be determined.
p=0

To this end, the eigenvalue decomposition A = VAV ! with

A =diag(A, A2),  Arp = —y£iy/2 — 92
AL Ao 1 1 1 —A
V= Vo=1—u
<1 1)’ A=\ -1 A

is used to find A and V. It holds
A= min {|Re[\][} =

1<i<n

1 g B
vV Zm (1)

and with

it follows
N n B 1+
V = max VIV ¢ = max{ (3, 1
1Sign{jz_:1[| I uy} =t GRS
Further, H is found to be

H = max { Bij| ¢ H=max{1,0}H = H

1<i<n }
Using
n O for2<k<k
Z |dkl T15eenslp fOl“ k = R, Z = 1
il ..... ik—l 0 fOr k — K/’ Z — 2
it yields

.....

Then, the estimate 7y of the radius of convergence is found to be

~

o = A -
KD () e (1)

- () 7 (e in) 71




In [14], p. 201 ff the above nonlinear oscillator is considered with the parameters
v =2, 2 =12, K = 3, and n = 50. The sufficient condition 1 < 7, for the
convergence of perturbation series leads to the following condition to the bound
H of the excitation

H << = <(K_1)7\/m>ﬁ>ﬁz0.012.

n(k —1) \£(1+ ) max{f3, 1}

In [14] weakly correlated simulation processes are used possessing a variance
0® =1 and hence it is

P(|h(t,w)| > 30) < and H ~ 30 = 3.

O] =

Although a convergence of perturbation series cannot be proved with the as-
sumed parameters the obtained results in [14] from simulation and perturba-
tion series can be compared well. The causes seem to be that the perturbation
series converge for a larger domain than it can be established by the proof
above and the utilized first terms of the perturbation series approximate well
the solution.

6 Conclusions

Solutions of the nonlinear system of ODE (1) with a random inhomogeneous
term Bh have been found in a perturbation series representation. Under the
assumption that for n = 0 the system is stable and that h is a bounded random
function with continuous paths the radius of convergence of the power series
has been estimated. In case of a stationary h the perturbation series are also
stationary. An open question is whether the condition of boundedness of h
can be replaced by boundedness in the mean, stochastic boundedness or other
conditions on the distribution of h.
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