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Abstract

The main interest in this talk is the asymptotic behaviour of the number of heaps of size
n as n��	 For special sequences of n� like f
kgk or f
k��gk� the result is easily obtained
by resolving linear recurrences of �rst order	 In order to obtain a general asymptotic formula�
we need to introduce some oscillating digital sums �depending on the digits of the binary
representation of n
 whose behaviours can only be grasped by their summatory functions
which are more manageable	

�� Heap Recurrences

A �max�
heap is an array with elements aj� � � j � n� satisfying the path�monotone property� aj � abj��c�
j � 
� �� � � � � n	 It can be viewed as a binary tree where the value of each element is not smaller than that
of its children	 A characteristic property of a heap� when viewed as a binary tree� is that at least one of the
two sub�trees of the root node is complete �i	e	� it contains 
k� � elements for some non�negative integer k
	
And this property recursively applies to each node	 Given a heap Hn of size n and an additive cost function
� on heaps� we have the relation

��Hn� � � �Hn� � ��HL� � ��HR����


for some cost function � � where HL and HR denote the left and right sub�heaps of the root node of Hn with
sizes L and R� respectively	 Since at least one of HL or HR is complete� the relation ��
 can be written into
a more precise form as follows	 For k � � and ftngn�� a given non�negative sequence���

�
f�k�j � t�k�j �

�
f�k���� � f�k���j � if � � j � 
k���
f�k�� � fj� if 
k�� � j � 
k�

f� � ��
�



which we call the additive heap recurrence ���	 The associated generating functions are not very suggestive
for further investigations	
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Let hn denote the total number of ways to rearrange the integers f�� 
� ���� ng into a heap	 Then it is
obvious that hn satis�es the multiplicative heap recurrence�
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The sequence
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� �� �� 
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��� ��
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��� �
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is not in Sloane�s book	 Let fn � log�n��hn
� then fn satis�es the additive heap recurrence	 We require then
to �nd the general solution of �

	

Let us �rst �x some notations	

� n is a positive integer� and n � �bLbL�����b�
�� where L � blog� nc and bL � �	
� nj � ��bj�����b�
� for j � ����L� n� � �	
� ��n
 denotes the number of ��digits in the binary representation of n	

Before solving �

� we note that there is another very similar type of recurrences �
�

��k�j � ��k�j �

�
��k�� � ��k���j � if � � j � 
k���
��k � �j� if 
k�� � j � 
k�

��


which occurs as the solution of the following equation

�n � �n � min
��j�bn��c

��j � �n�j
 �

when the sequence f�ngn�� is strictly concave� namely �n�� � 
�n�� � �n � � for all n � �	
Recall that the backward di�erence is de�ned by rfn � fn � fn��	 Let �n � rfn� and �n � rtn� then

we obtain a slightly di�erent recurrence

��k�j � ��k�j �

�
��k���j � � j � 
k���
�j 
k�� � j � 
k�

together with �� � �	 Equivalently� this recurrence can be re�written as �n � �nL � �n � �nL�� �P
��j�L �nj 	

�� Explicit Formula

To solve the heap recurrence explicitly� we �rst observe that when n � 
m�� � �� we have a linear
recurrence� f�m���� � t�m�����
f�m��� which can be solved easily by iteration	 From this� we can �nd the
solution for the sequences f
mg� f
m � 
m�� � �g� � � � 	 But this process does not lead readily to a general
solution	 Hence� we begin with another way	

Lemma �� For n � �� we have� for the solution of ����
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�j n
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X
��j�L

tnj ���


The two sums correspond� respectively� to the contribution of complete sub�heaps and non�complete
sub�heaps	

Similarly� the solution for the recurrence ��
 is expressed by ��� � �


�n �
X

��j�L

�j n
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An immediate consequence of Lemma � is the following

Lemma 
� Let tn � � and tn � O�n���
 for �xed 	 � �� then the solution fn of ��� satis�es fn � cn� as
n tends to in�nity� for some constant c� Moreover� the constant c is given by�

c �
X
j��

t�j��

j

���


�The series
P

j��

t
�j��

�j is easily seen to be convergent	
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This result says that without loss of generality� we can� under the hypotheses of Lemma 
� consider only
the special sequence f
m � �gm� as far as the �rst asymptotic term is concerned	

For recurrence ��
� constant c is modi�ed to be c �
P

j�� ��j�

j� under the same conditions	

�� The Number of Heaps

Let fn � log�n��hn
� then fn satis�es �

 with tn � logn	 Lemma 
 gives the �rst�order estimate of fn

fn � n
X
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log�
j � �



j
� n
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j
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�
A � ����������� n�

Let 	 � 
 log
�
P

j�� 

�j log��� 
�j
 be the coe�cient	 Using Lemma �� we obtain the main result of this

talk	

Theorem ��
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Y
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�
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�j

�fn��jg
�

The two functions P and R are oscillating in nature	 We can prove that� for all n � ��

� � R�n
 � exp

	

�X

j��


�j log�� � 
�j


�
A � �����������

and

� � 
�flog� ng�c� ��n� � P �log� n
 � 
�

where c� � �� c�� log 
 � ���
���

��� with c� �
P

j�� log�� � 
�j
 � �����������	
To further investigate the properties of the two functions R and P � we observe that R is bounded for all

n	 For P � let p�n
 � logP �log� n
� then

p�n
 � ��n
� flog� ng �
X

��j�log� n

log��� � fn�
jg
�

so that p oscillates between O�logn
 and O��
	 Since the �rst two terms on the right�hand side are �known��
only the last sum needs special treatments	 Set 
�n
 �

P
��j�log� n

log�� � fn�
jg
	 Then� for x not an
integer� we have the convergent Fourier series

log�� � fxg
 � 
 log 
� � �
X
k ���

e�k�ix


k
i
�Ei���k
i
 � Ei��
k
i
 � log 

 �

For x an integer� the series converges to �
�
log 
	 Ei�z
 is the exponential integral	 Now summing all such

series for j � �� 
� � � �� L� we obtain


�n
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 log
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L � log 
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X
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i
 � Ei��
k
i
 � log 
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X
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which is a mere translation of 
�n
 into trigonometric sums	 Here v��n
 denotes the exponent of 
 in the
prime decomposition of n	 Yet the formula still says something about the average order of 
�n
�

�

n

X
��m�n


�m
 � �
 log
� �
 log� n� O��
 �n��
�

which can be obtained by the following �Ergodic�type� result	

Lemma �� For any real continuous function ��x
 on ��� ��� de�ne ��m
 �
P

��j�log�m
��fm�
jg
� We

have the asymptotic formula

�

n

X
��m�n

��m
 �

�Z �

�

��x
 dx

�
log� n� O��
 �n��
�

In words� the lemma says that the average order of the function ��m
 is asymptotically equal to log� n
times the mean value of the function � on ��� ��	

�� The Cost of Constructing Heaps

Given a random permutation 
n of size n� let �n denote the number of exchanges used to construct a heap
from 
n using Floyd�s algorithm	 Then E�n satis�es the heap recurrence with tn � n��

P
��j�nblog� jc �

L � �L � 

�n � 
L���n	 Applying Lemma �� we get the following re�ned result of Sprugnoli ���� who
considered only special sequences of n	

Theorem 
� The expected number of exchanges E�n used in Floyd�s heap construction algorithm satis�es

E�n � c�n� blog� nc � ��n
 � 
���n
 ����n
 �O

�
logn

n

�
�n��
�

where c� � �
 �Pj�� j�

j � �
�� � ������������ ���n
 oscillates between O�logn
 and O��
�
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In particular� we have the inequalities �
� ���n
� n�
L
 � ���n
 � c���n
 for all n� so that

c� n � L �O��
 � �n � c� n� L� �
c� � �
 ��n
 � O��
�

for all n� where c� �
P

j���

j � �
�� � ����������� and 
c� � � � ���
�������

By Lemma �� the average order of the arithmetic function ���n
 is ��� log 

 log� n� O��
	
For the variance� we take
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With the help of Maple� we obtain the following result	
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Theorem �� The variance of the number of exchanges satis�es the asymptotic expression

Var��n
 � c�n����n
 ����n
 � O

�
log� n

n

�
�n��
�

where c� � 
�Pj�� j
��
j � �
� � ��
��
������ ���n
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 and O��
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�
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� �j���
j � �
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�
j � �
��
j�� � �
�
�

The average order of ���n
 is �� log
� �
 log� n�O��
	
Finally� from the probability generating function of �n derived in ���� it is not hard to show that the

distribution of �n is asymptotically Gaussian	

Theorem �� We have

Prf�n � c�np
c�n

� xg � �p




Z x

��

e�
�
�
t� dt� O

�
lognp

n

�
�n��
�

uniformly with respect to x�
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