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ABSTRACT. We study generating functions for the number of involutions of length n
avoiding (or containing exactly once) 132 and avoiding (or containing exactly once)
an arbitrary permutation 7 of length k. In several interesting cases these generating
functions depend only on k and can be expressed via Chebyshev polynomials of the
second kind. In particular, we show that involutions of length n avoiding both 132
and 12...k are equinumerous with involutions of length n avoiding both 132 and any
extended double-wedge pattern of length k. We use combinatorial methods to prove
several of our results.

1. INTRODUCTION

The main goal of this paper is to give analogues of enumerative results on certain
classes of permutations characterized by pattern-avoidance in the symmetric group
S, InJ, ={r € &, : 7 =n"} we identify classes of restricted involutions with
enumerative properties analogous to results on permutations. More precisely, we study
generating functions for the number of n-involutions (that is, involutions of length n)
avoiding (or containing exactly once) 132, and avoiding (or containing exactly once) an
arbitrary pattern 7 € G;. In the remainder of this section, we present a brief account
of earlier works which motivated our investigation, we give the basic definitions used
throughout the paper, and we summarize our main results.

Let m € 6, and 7 € G be two permutations. We say that 7 contains 7 whenever there
exists a subsequence 1 < iy < iy < -+- < iy < n such that (m;,,7,,...,m,) is order-
isomorphic to 7; in such a context 7 is usually called a pattern. We say that m avoids
T, or is T-avoiding, whenever no such subsequence exists. The set of all 7-avoiding
n-permutations is denoted &, (7). For an arbitrary finite collection of patterns 7', we
say that 7 avoids T" whenever 7 avoids every 7 € T'; the corresponding subset of &, is
denoted &, (7). For example, 562314 € G4(132) whereas 51243 ¢ G5(132) because it
contains two subsequences (which are 143 and 243) order-isomorphic to 132; moreover,
453612 € G4(132,1234).

While the case of permutations avoiding a single pattern has attracted much attention,
the case of multiple pattern avoidance remains less investigated. In particular, a natural
next step is to consider permutations avoiding pairs of patterns 7y, 75. This problem
has been solved completely for 7,7 € S3 (see [SS]), for 1 € G5 and 75 € &4 (see
[W2]), and for 7, 75 € &4 (see [Bl, Km] and references therein). Several recent papers
[CW, MV1, Kt, MV2, MV3, MV4]| deal with the case 17 € &3, 15 € &, for various pairs



2 OLIVIER GUIBERT AND TOUFIK MANSOUR

71, T2. Another natural question is to study permutations avoiding 7; and containing
Ty exactly r times. This problem has been investigated for certain 71,75 € &3 and
r =1 in [Ro], and for certain 7y € &3, 7, € &y in [RWZ, MV1, Kt, MV3, MV4]. The
tools involved in these papers include continued fractions, Chebyshev polynomials, and
Dyck words. We now recall some of these tools in more detail, along with the method
of generating trees.

Chebyshev polynomials of the second kind (or Chebyshev polynomials, for short) are
defined by

sin(r +1)6

1.1 = 7
(1.1) U, (cos®) Sd
for » > 0. The Chebyshev polynomials satisfy the recurrence
(1.2) U (t) = 2tU,_1(t) — U, _5(t)

for r > 2 together with Uy(t) = 1 and U,(t) = 2t. Evidently, U,(z) is a polynomial
of degree r in x with integer coefficients. Chebyshev polynomials were invented to
meet the needs of approximation theory, but are also widely used in various other
branches of mathematics, including algebra, combinatorics, and number theory (see
[Ri]). The relationship between restricted permutations and Chebyshev polynomials
was first discovered by Chow and West [CW], and later by Mansour and Vainshtein
[MV1, MV2, MV3, MV4] and Krattenthaler [Kt]. These results are related to the
rational function

U1 (%)
NV
(1.3) Ri(z) = —
VUi (%)
for all k > 1. For example, Ry(z) = 1, Ry(z) = =, and R3(x) = {=%. It is easy
to see that for any k, Rg(x) is rational in x and satisfies the following equation (see
MV, MV3, MV4])

1
(1.4) Ry(z) = T2l (1)
Following [CGHK] (see also the Ph.D.-theses [Gi, Gu, P, W1]), a generating tree for a
set, of objects is a tree subject to the conditions that each object of length n appears
once and only once on a vertex of level n, and that the edges correspond to the manner
in which the objects increase. In order to characterize a generating tree by a succession
system, we associate to each object a label such that any two nodes have the same label
if and only if their subtrees are isomorphic. Therefore to characterize a generating tree
it suffices to specify the label of the root and a set of succession rules explaining how
to derive from the label of a parent the labels of all of its children.

Example 1.1. (see [W2]) The generating tree of 132-avoiding permutations can be
characterized by the following succession system:

Root: (2)
Succession rule: (t) ~ (2),(3),...,(t+1).
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Heret =1+ |{m,1 <i<n:m>mn;,Vi<j<n} foranym € 6,(132), and the
children of a giwven permutation of length n are the permutations obtained by inserting
an n+ 1 in all locations which do not result in a forbidden pattern.

The Catalan sequence is the sequence {C), },>¢, where C,, = #1(2;’) is called the nth

Catalan number. The generating function for the Catalan numbers is given by

1—+v1—-4x
N 2 '
The Catalan numbers provide a complete answer to the problem of counting more than
66 different families of combinatorial structures (see Stanley [S, Page 219 and Exer-
cise 6.19]). As an example, we consider Dyck words and 132-avoiding permutations.

(1.5) O(x)

Let L be a set of letters; we write L* to denote the set of all words on L. We write |w|
to denote the length of a word w, which is the number of letters in w. We write |w],
to denote the number of occurences of a given letter [ € L in w. We write € to denote
the empty word (which has length 0).

Let P,z = {w € {z,z}* : for all w = w'w", |w'|, > |[w'|z} be the set of all Dyck word
prefives. For example, xxxx, xoxa®, vaZr, xxxT, xTrx, and xTaT are the Dyck word
prefixes of length 4. Dyck word prefixes in P, 7 of length n are enumerated by the
central binomial coefficient ([nT/LZ]) for all n > 0. Dyck words are Dyck word prefixes w
in {x,T}* such that |w|, = |w|z. For example, xaTT and 27TaT are the two Dyck words
of length 4. Dyck words of length 2n are enumerated by C),, the nth Catalan number.

One of the numerous bijections between 132-avoiding permutations and Dyck words can
be obtained by characterizing the generating tree for Dyck words by the same succession
system given in Example 1.1. Guibert [Gu, Example 2.1] has exhibited such a charac-
terization, in which the label ¢ of any Dyck word w satisfies w = xwu 1 TawsT . . . xw; 1T,
where w; is a Dyck word for all 1 < i < t.

We also consider words in {a,b*}* of length n, which are enumerated by the nth
Fibonacci number Fj,. Recall that the Fibonacci numbers are given by Fy = F; =1
and F,, = F,, | + F,, 5, and have the generating function F(x) = —!

1—z—x2"

An involution m is a permutation such that 7 = 7~!; let J, denote the set of all
n-involutions. Several authors have given enumerations of sets of involutions which
avoid certain patterns. In [Re] Regev provided an asymptotic formula for J,(12...k)
and showed that J,,(1234) is enumerated by the nth Motzkin number ZEZ/UQ} (3)C;. In
[Ge] Gessel enumerated J,(12...k). In [G-B] Gouyou-Beauchamps gave an entirely
bijective proof of some very nice exact formulas for J,(12345) and J,,(123456).

Pattern-avoiding involutions have also been linked with other combinatorial objects.
Gire [Gi] has established a one-to-one correspondence between 1-2 trees having n edges
and &,,(321,3142) (this is the set of n-permutations avoiding patterns 321 and 231,
except that the latter is allowed when it is a subsequence of the pattern 3142). On
the other hand, Guibert [Gu] has established bijections between 1-2 trees having n
edges and each of the sets &,(231,4132), J,(3412), and J,,(4321) (and therefore with
J,(1234), by transposing the corresponding Young tableaux obtained by applying the
Robinson-Schensted algorithm). In addition, Guibert [Gu] has established a bijection
between J,(2143) (these involutions are sometimes called vexillary involutions) and
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J,(1243). More recently, Guibert, Pergola, and Pinzani [GPP] have given a one-to-one
correspondence between 1-2 trees having n edges and vexillary n-involutions. It follows
that all these sets are enumerated by the nth Motzkin number. It remains an open
problem to prove the conjecture of Guibert (in [Gu]) that J,,(1432) is also enumerated
by the nth Motzkin number.

In this paper we present a general approach to the study of n-involutions avoiding 132
(or containing 132 exactly once), and avoiding (or containing exactly once) an arbitrary
pattern 7 € 6. As a consequence, we derive all of the previously known results for
this kind of problem, as well as many new results. We also prove many of our results
using combinatorial (sometimes entirely bijective) methods.

The paper is organized as follows. The case of involutions avoiding both 132 and
T is treated in Section 2, where we derive a simple structure for any given 132-
avoiding involution. This structure gives a complete answer for several interesting
cases of 7, including the cases 7 = 12...k (see Subsection 2.2), 7 = 2134...k (see
Subsection 2.3), 7 is an extended double-wedge pattern (see Subsection 2.4), and
7= (d+1)(d+2)...k12...d (see Subsection 2.5). In particular, we give a bijection be-
tween involutions avoiding both 132 and 12. ..k and involutions avoiding both 132 and
2134 ...k (see Subsection 2.3). We also show that involutions avoiding both 132 and
any extended double-wedge pattern of length k (see Subsection 2.4) are equinumerous
with involutions avoiding 132 and 12... k.

We treat the case of involutions avoiding 132 and containing 7 exactly once in Section 3.
Here again we start with a general structure for 132-avoiding involutions, and then
obtain a complete answer for several particular cases. For instance, we find a recurrence
relation for the generating function for the number of involutions avoiding 132 and
containing 12. ..k exactly r times (see Theorem 3.4).

In Sections 4 and 5 we consider those involutions which contain 132 exactly once.
In particular, we establish by bijective arguments that n-involutions containing 132
exactly once and having p fixed points are equinumerous with (n — 2)-involutions
avoiding 132 and having p fixed points (see Theorem 4.1).

2. AVOIDING 132 AND ANOTHER PATTERN

Let Jp(n) = (3,(132,T)], and let Jp(x) = >, -, Ir(n)z"™ be the corresponding gener-
ating function. The following proposition is the basis for all of the other results in this
section; it follows immediately from our definitions.

Proposition 2.1. For any 7 € J,(132) such that 7; = n, exactly one of the following
holds:

(1) i 1
(1.1)
(1.2)

< j <I[n/2] then m = (B,n,v,0,j), where
B s a 132-avoiding permutation of the numbersn—7+1,...,n—2,n—1,
§ € 6,.1(132) such that 6 - 5 =12...(j — 1); sometzmes we will write
0t +mn—j for B,

(1.3) 7 is a 132-avoiding involution of the numbers j +1,....,n—j—1,n—j;
(2) if j =n then m = (B,n) where B € J,,_1(132).
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For example, # = 18 16 17 19 12 13 10 98 711 56 14 152 3 1 4 is a 132-
avoiding involution for which case (1) occurs: n =19, j = 4, f = 18 16 17, v =
12 1310 9 8 711 56 14 15 and 6 = 2 3 1. In particular, 3 = 0°! + 15 =
(3+15) (1415) (2+15).

Observe that applying Proposition 2.1 repeatedly leads to the following decomposition
of a given 132-avoiding involution:

T = (81,110, B2y N2y - oy By My Qg 1, Ok iy Qky - - -, 02, Jio, Q2 01, Ji, 01).
Here n; and j; form a cycle for all 1 < ¢ < £k, the elements of 3; form cycles with
the elements of ¢; for all 1 < ¢ < k, and the elements of «a; are fixed points for
1 <i < k+ 1. For the permutation 7w given in the previous example we find that
51:181617,711:19, 52:12,’”2:13,53:8, 7’L3:10, 5428,714:9, a5 = &,
64:€,j4:8,a4:€,(53:€,j3:7, 043:11,(52:5,j2:6, 042:1415,(51:231,
j1 = 4, and ] =¢&.

2.1. Avoiding 132. We will use the following remark.

Remark 2.2. Let {y, }n>0 and {2, }n>0 be two sequences, and denote the corresponding
generating functions by y(x) and z(x) respectively. Then

> z Yoo 2® = Ly(a?) (2(x) + 2(—2));

gﬂé}yﬂznﬂyﬁnﬂ = %?/(902)(2(55) —2(—x)).

As a corollary of Proposition 2.1, we obtain the generating function for |J,(132)].

Theorem 2.3. (see [SS, Proposition 5]|) The generating function for the number of
132-avoiding n-involutions is given by

B 1

11— —22C(2?)’

Jo(x)

Proof. Knuth [Kn] proved that |&,(132)| = C,,, where (), is the nth Catalan number,
and by Proposition 2.1 we find that for all n > 1,

[n/2]

Jz(n) = Z Cj_13z(n —2j) +Tz(n —1).

j=1
Moreover, J4(0) = 1. Restating this in terms of generating functions and using Re-
mark 2.2, we find that

Jo(2) =14+ 2°C (2T () + 235 ().
OJ

We can also prove this result bijectively. The number of Dyck word prefixes of length
n is the central binomial coefficient ([nT/LQ}) when n > 0. Indeed, for any Dyck word
prefix w € P,z there exist unique Dyck words w; such that w = wpzw; ... 2w,, and
w is in bijection (see the Catalan factorization of any word in {z,7}* due to Chottin
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and Cori [CC]) with wozw7 . . - TW[(p—1) /2] TW[(p+1) /2] TW[(p+3) /2] L - - - TWp. Therefore Dyck
word prefixes of length n are in bijection with bilateral words of length n in

{w e {z,7}" : |w|, = |wlz or |w|, = |w|z — 1},
which are trivially enumerated by ([n’/’Z])_

Theorem 2.4. There s a bijection ® between 132-avoiding n-involutions and Dyck
word prefizes in Py z of length n. Moreover, the number of fized points of the involution
corresponds to the difference between the number of letters x and T in the Dyck word

prefix.

Proof. Let m € 3,(132) have p fixed points. By Proposition 2.1 (and the associated
remark), we have 7 = 7'7"z7" with |7'| = 52 (7' has no fixed points and consists
of cycles with 7" or 7"), 7" does not contain a fixed point and n(z) = « (z is the
first fixed point). We obtain two 132-avoiding (n + 1)-involutions from 7. The first
one is given by inserting a fixed point between 7" and 7, and the second one (if and
only if 7 has at least one fixed point) is given by modifying the first fixed point = by
a cycle between 7' and n”. All 132-avoiding involutions can be obtained exactly once

by applying this rule, starting from e.

Let w € P,z have length n and satisfy |w|, — |wlz = p. Then w = wpzrw,x...zW,
where w; are Dyck words for all 0 < i < p. We obtain two Dyck word prefixes of length
n+1 from w: zw and rweTwyx - - - xw, (if and only if p > 0). All Dyck word prefixes
can be obtained exactly once by applying this rule, starting from e. O

Clearly, these two generating trees for the 132-avoiding involutions and the Dyck word
prefixes can be characterized by the following succession system:

(2.1) (0) ~ (1)
(p) ~ (p+1),(p-1) ifp>1

Figure 1 shows the bijection ® between 132-avoiding involutions and Dyck word prefixes
(and the labels of the succession system which characterizes them) for the first values.

Corollary 2.5. The number of 132-avoiding n-involutions is given by

(172)

Moreover, the number of 132-avoiding n-involutions having exactly p fixed points with
0 <p<n (andp is odd if and only if n is odd) is given by the ballot number

n+ | nt :
= ERR

Proof. Indeed, the number of Dyck word prefixes w of length n with |w|, — |w|z = p is
given by the ballot number (or Delannoy number [E], or distribution « of the Catalan
number [Kw]). O
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FIGURE 1. The generating trees of the 132-avoiding involutions and the
Dyck word prefixes, with the labels of the succession system which char-
acterizes them.

In particular, the number of 132-avoiding 2n-involutions without fixed points is given
by C,,, the nth Catalan number.

The following theorem is the basis for all of the other results in this section.

Theorem 2.6. Let T be a set of patterns, T" = {(71,..., 71,k + 1) : (7,..., %) € T},
and let Sp(x) be the generating function for |&,,(132,T)|. Then

1 x
2.2 I = J
(22) I () 1 — 226 (2?) 1z xZGT(xZ)JT

~—~

Proof. Proposition 2.1, together with the definition of 7", yields for n > 1

(/2]
Ipv(n) = Tp(n— 1)+ > &r(j — 1)Ir(n — 2j),
j=1
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where &p(j—1) =|6;_1(132,T)|. Hence, in terms of generating functions, Remark 2.2
yields
() + I (—2) Jpe(x) — I (—2)

2 2 ’
which is equivalent to Equation 2.2. O

I (x) — 1 = 237(2) + 2°Sp(a?) + & (2?)

2.2. Avoiding 132 and 12... k. In this subsection we consider involutions which avoid
both 132 and 12...%k. We start with an example.

Example 2.7. (see [SS]) Let T' = {123} and T = {12}. Equation 2.2 gives

1 x ~
Fraa(w) = 1 — 22615(2?) " 1 - I2612($2)J12(x>7

and by definition we have Syo(x) = Jio(x) = =, hence

1+
In(@) = 57
It follows that |J1a3(n)| = 23 for all n > 0. Similarly, Ji34(x) = ——5, which

means that |Ji34(n)| = F,, the nth Fibonacci number.

As an extension of Example 2.7, we consider the case T = {12...k}.

Theorem 2.8. Forall k > 1,

k-1

Jya. k() xUk ]ZU]( >

Proof. The theorem is immediate for & = 1. Let k& > 2; Theorem 2.6 gives
T e @
—n(@).

1 =226 (k-1)(2?) 11— 2261 _—1)(2?) 12D

On the other hand, the generating function for |&,(132,12...(k —1))| is Ry_1(z) (see
[CW, Theorem 1]); combining this with Identity 1.4, we have

Jio.k(x) = Ry(2®) + iURk(iUZ)le...(kfl)(-T)-

Clearly J,(z) = Ro(x) = 1, so by induction on k and Identity 1.3, we get the desired
result. O

312...k($) =

We now give a combinatorial explanation for this result. Let 7 be a 132-avoiding invo-
lution. Observe that if 7 avoids 12...k then 7 has less than k fixed points. Moreover,
if = (of length n) has less than k fixed points and is obtained from a 132-avoiding in-
volution o of length less than n having k fixed points (taking o as large as possible) by
applying the rules described for the bijection ® given in Theorem 2.4, then 7 contains
a subsequence 12...%. This is because the first fixed points of ¢ become cycles in 7
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such that the beginning of these cycles and the last remaining fixed points of ¢ in 7
constitute a subsequence of type 12...k. It follows that the succession system

0)
0) (1)
p) (p+
k E—

(

characterizes the generating tree for the involutions which avoid both 132 and 12...k.

It is easy to see that |Jy,(132,12... k)| = 2|Jz, 1(132,12...k)| for any odd k. More-
over, observe that the set of labels of succession system 2.3 is finite, so the correspond-
ing generating function is rational. More precisely, we immediately deduce from the
succession system 2.3 that the number of n-involutions avoiding both 132 and 12...k
having p fixed points is given by the (p+1)th component of the vector given by Vj..M],

1)7(]?—1) 1§p§k—2
2)

¢ ¢

(
(2.3) E
(k—1)

where V, = (100 ... 0)is a vector of k elements and
01000 0 00
10100 0 00
01010 0 00
M,=| 00101 0 00
0000O0: .- 101
0000O0:- 010
is a k x k matrix. This is equivalent to an automaton in which the states are 0,1, ..., k—

1 and the transitions are arrows from i to 2+ 1 for 0 <7 < k — 1 and from i to 7 — 1
for 0 <i<k—1.

The bijection ® establishes a one-to-one correspondence between n-involutions avoiding
both 132 and 12...% having p fixed points and Dyck word prefixes w = wozw 2 ... 2w,
of length n such that w; is a Dyck word of height less than k —p+i (that is, w; € P, 7,
|wi]x = |wi|z, and for all w; = w'w”, |w'|; — |W'|z < k—p+1i) forall 0 <i < p. In
particular, 2n-involutions avoiding both 132 and 12...k without fixed points are in
bijection by ® with Dyck words of length 2n of height less than k.

These Dyck words of bounded height were considered by Kreweras [Kw]| and Viennot
[V]. In particular, Dyck words of length 2n with height less than 1, 2, 3, 4, 5 are
enumerated by 0, 1, 2771, F,, o, 3%21“ respectively. We provide some simple bijections
for special cases k = 3,4,5 (related to Example 2.7) by generating some well known

words in the same way as involutions which avoid both 132 and 12...k.

First we consider the case k = 3. The words of the form {a,b}* or a{a,b}*, which are
enumerated by the powers of 2, can be generated from the empty word (labeled (0))
by the rules:

w(0)  ~ aw(l)
(2.4) aw(l) ~ aw(2),bw(0)
w(2) ~ aw(l)
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Here the words labeled (0) start with b and the words labeled (1) or (2) start with a.
It follows that {a,b}™ (respectively a{a, b}") is in bijection with J,(132,123) (respec-
tively Jo,41(132,123)), which is therefore enumerated by 2" (respectively 2").

Next we consider the case & = 4 and the words of the form {a,b*}* enumerated by the

Fibonacci numbers. We can generate these from the empty word (labeled (0)) by the
rules:

0Ty
(2.5) aw(2) ~» b2w(3),7aaw(1)
w(3) ~ aw(2)

Here the words labeled (0) or (3) start with b* and the words labeled (1) or (2) start
with a. Tt follows that {a,b*}" is in bijection with J,(132,1234), which is therefore
enumerated by F},, the nth Fibonacci number.

Finally, let us consider the case & = 5 and the words of the form {a,b,c}*a or
{a,b,c}*a U bla,b,c}*a, which are enumerated by the powers of 3. We can generate
these words from the empty word (labeled (0)) by the rules:

(w(0) aw(l)

w(1) buw(2), w(0)
w = bw' = bb*cw(2) w(3),aw'(1)

iiiiii

(2.6) w = bw' = bb*aw(2) cw'(3),w(l)
w(3) w(4), bw(2)
L w(4) cw(3)

Here the words labeled (0) or (1) start with b*a, the words labeled (3) or (4) start
with b*c, and the words labeled (2) start with b (and have one letter more than words
labeled (0) or (4) at the same level). It follows that {a, b, c}"a (respectively {a, b, c}"aU
b{a,b,c}"a) is in bijection with Ja,41(132,12345) (respectively Ja,i2(132,12345)),
which is therefore enumerated by 3" (respectively 2 - 3").

Figure 2 (which is output of the software forbid [Gu]) shows the first values of
|3,(132,12...k)| for 3 < k <5 according to the number p of fixed points.

Some of the integer sequences we have considered also appear in [SP]. In particular, the
entry M1458 corresponds to involutions avoiding both 132 and 12345 having exactly
one fixed point whereas the entry M2847 corresponds to involutions avoiding both 132
and 1234567 of odd length. Moreover, these two entries refer to [HM, Tables I and III;
it will be interesting to relate 132-involutions to order-consecutive partitions.

2.3. Avoiding 132 and 2134...k. In this subsection we consider involutions which
avoid both 132 and 2134 ...k. We begin with an example.
Example 2.9. Let T" = {213} and T = {21}. Equation 2.2 gives

1 x
1 — 226y (2?) N 1 — 226y (22)
Clearly Gy (x) = Jo1(x) = = hence

1

Jns(z) = Jo1 ().

1+«

Tusl®) = T g
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Involutions 7 € J,,(132,123) according to |[{n(x) =x}|=pfor 1 <n <13
p\nf1 234567 8 9 10 11 12 13

2 1 2 4 8 16 32
1 1 2 4 8 16 32 64
0 1 2 4 8 16 32

1 22 448 8 16 16 32 32 64 64

Involutions 7 € J,,(132,1234) according to |{m(x) =x}|=pfor 1 <n <13

)
p\n|[1 2345 6 7 8 910 11 12 13
3 1 3 8 21 55 144

2 1 3 8 21 25 144
1 1 2 5 13 34 89 233
0 1 2 5 13 34 89
1 2 3 5 8 13 21 34 55 89 144 233 377

Involutions 7 € J,(132,12345) according to |{m(z) = z}| =pfor 1 <n <15
p\n|1 2345 6 7 8 9 10 11 12 13

4 1 4 13 40 121
3 1 4 13 40 121 364
2 1 3 9 27 81 243
1 1 2 5t 14 41 122 365
0 1 2 5 14 41 122

1 2 3 6 9 18 27 54 81 162 243 486 729

FIGURE 2. |J,(132,12...k)| for 3 < k < 5 according to the number p
of fixed points.

Therefore |Jo13(n)| = 272 for all n > 0. Similarly, Jo34(x) = ﬁ, 50 |Ja134(n)| =
E,,, the nth Fibonacci number.

We can easily give a bijective proof of the fact that |[Jys(n)| = 224, Any 7 ¢
J,(132,213) is either 12...nor (n+1—i)(n+2—1i)...n7'12...4 (i > 1), where 7’ is
(upon subtracting 7 from each element) also an involution avoiding both 132 and 213.
We map this recursive decomposition of an involution 7 avoiding both 132 and 213 to
a word of nonnegative integers formed by the successive positive numbers i (first we
treat 7 which gives i, next we consider the same decomposition for 7’ — i, and so on)
and whose last nonnegative integer is [p/2], where p is the number of the fixed points
in 7. We also add a symbol ™ to the word when n is odd. This mapping is clearly
bijective.

For example, the involutions €, 1, 12, 21, 123, 321, 1234, 4231, 3412 and 4321 are
mapped to 0,07, 1, 10,17, 107, 2, 11, 20 and 110 respectively. Moreover, the involution
21192016 1718 15149 10 11 12138 74 56 2 3 1 in Jy(132,213) is mapped to
1231127, because we first successively consider the element 1 (with 21), the elements
2 and 3 (with 19 and 20), the elements 4, 5 and 6 (with 16, 17 and 18), the element 7
(with 15), the element 8 (with 14) which give us the letters 1, 2, 3, 1, 1, respectively.
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The five remaining fixed points (the elements 9, 10, 11, 12 and 13) give us the last
letter 2. Since the length of 7 is odd, we add the symbol ~ to the end.

Thus, involutions in J,(132,213) are mapped onto words w = wyws. .. w;_jw; (with
an extra symbol ~ if n is odd), where [ > 1, w; > 1 forall 1 < j <[, w, > 0
and 23:1 w; = [n/2]. Trivially, these words are in bijection with words of the form
wiwsy ... wy_1(w; + 1), which are compositions of [n/2] + 1 into [ positive parts, which
are enumerated by 2/,

The case of varying k is more interesting. As an extension of Example 2.9, we consider
the case T'= {2134 ...k}. As with Theorem 2.8, we have

Theorem 2.10. For all k > 1,
k-1

Jo134. k(7)) = o U ZUJ( >
k 0

Therefore, Theorems 2.8 and 2.10 yield Jio_x(n) = Jo134.1(n). We give a bijective
proof of this result.

Theorem 2.11. There is a biyection between n-involutions avoiding both 132 and

2...k and n-involutions avoiding both 132 and 2134 ...k, for any k > 3. Moreover,
two involutions in bijection have the same number of fized points p for all0 < p < k—3.
Involutions which avoid both 132 and 12. ..k and have k—2 or k—1 fized points corre-
spond to involutions which avoid both 132 and 2134 ...k and have k — 2 or more fized
points.

Proof. To prove this result, we characterize the generating tree for the involutions
avoiding both 132 and 2134 ...k by the same succession system 2.3 established for a
generating tree for the involutions avoiding both 132 and 12...k.

If € 3,(132,2134.. . k) and ¢ is the number of fixed points of 7, then the label (p) of
7 is given by

q ifg<k—-3
(2.7) p=< k=2 ifg>k—2and (n+k)mod2=0 .
k—1 ifg>k—2and (n+Fk)mod2=1

The empty involution has label (0). We obtain o € J,,1(132,2134...k) by applying
the following rules:

(i) f 0 <p<k—3, we have 7 = 7’7" with |7'| = *5#, and then ¢ is obtained by
inserting a fixed point between 7’ and 7”; observe ¢ has label (p + 1).

(ii) If p = k — 2, we have 7 = w'a7” with 7(z) = 2 = “5=* and then o is obtained
by inserting a fixed point between 7’ and x; observe ¢ has label (k —1).

(iii) If 1 < p <k —3, we have 7 = n'7"x7" with |7'| = *52, n(x) = v and 7(y) #y
for all 1 <y < x. Then o is obtained by modifying the first fixed point = by a
cycle starting between 7’ and 7" (and ending in x); observe ¢ has label (p —1).

(iv) If p = k — 1, we have 7 = n'z(z + 1)7” with 7(z) = 2 = 23-% and then o
is obtained by inserting a fixed point between 7’ and x; observe ¢ has label
(k —2).
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(v) If p =k —2, we have 7 = 7'(x — j)(x —j + 1)...(z + j)n” with j > 0,
m(x) = o =" |7 =2 +1—jand e > x for all e € «’. Then o

is obtained by modifying the 2j 4+ 1 fixed points between 7’ and 7" by j + 1
consecutive cycles each of difference (between the index and the value) j + 1
that is (7} +1)(7h+1) ... (7! SED(EFE3) (B3R +4) L (B5E 3 4) (50 -

—k
me -

J+2)(%5E —j+3)... (%% 4+ 2)7"; observe o has label (k — 3).

Thus we obtain the following succession system:

(0) ~ (1) by (i
(2.8) ()~ (+1)by (), (p—1) by (i) 1<p<k-—3
(k=2) ~ (k=1)by (i) , (k= 3) by (v)
(k—1) ~ (k—=2) by (iv)
This is equivalent to succession system 2.3. U

Corollary 2.12. There is a bijection between &,(132,12...k) and &,,(132,2134 ... k)
for any k > 3.

Proof. By Proposition 2.1, we deduce that n-permutations m avoiding both 132 and
12...k (respectively 2134 ... k) are in bijection with 2n-involutions without fixed points
(77t 4n)r = (7, 40, m t 4, . T 0, T, T, L., T,) avoiding both 132 and 12 .. &
(respectively 2134 ... k). Moreover, a particular case of Theorem 2.11 establishes a one-
to-one correspondence between involutions avoiding both 132 and 12. ..k without fixed
points and involutions avoiding both 132 and 2134 ...k without fixed points. U

2.4. Avoiding 132 and an extended double-wedge pattern. In this subsection
we construct a wide class of patterns which are equinumerous with involutions which
avoid 132 and either 12...% or 2134...k, which we studied in Subsections 2.2 and
2.3 respectively. Following [MV2], we say that 7 € &, is a wedge pattern whenever
it can be represented as 7 = (7!, p',..., 7", p"), where each of 7* is nonempty, p’ is
an increasing subsequence such every element of p/ is greater than every element of
P for all j, and (71, 72%,...,7") = (s + 1,5+ 2,..., k). For example, 645783912 and
456378129 are wedge patterns.

For a further generalization of Theorem 2.8, Theorem 2.10, and [MV2, Theorem 2.6],
we consider the following definition. We say that 7 € Jy is a double-wedge pattern
whenever there exists a wedge pattern ¢ € &, ; such that

r=(c '+ 1,2,0,0)or 7= (0c+1,2l,0 ).

For example, the double-wedge patterns in &y are 6789(10)12345, 7689(10)21345,
7869(10)31245, 7896(10)41235, 8679(10)23145, 8796(10)42135, 8967(10)34125,
9678(10)23415, and 9768(10)32415.

Theorem 2.13. For any double-wedge pattern T € Jo(132),

Rl(.l'2>

(@) = Jz.n(®) = Ty
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Proof. By Proposition 2.1 we have two possibilities for the block decomposition of an
arbitrary T € J,,(132). Let us write an equation for J,(x) where p = (07!, 2l,0,1). The
contribution of the first decomposition above (using Remark 2.2) is given by 23,(z).
The contribution of the second decomposition above (using Remark 2.2) is given by
126, (2*)3,(x) where &, (2?) is the generating function for |&,(132,0)|. Therefore
(with a 1 for the empty permutation),

J,(x) =1+ 27,(z) + 2°6,(2%)T,(x).
On the other hand, Mansour and Vainshtein [MV2, Theorem 2.6] have shown that
S, (x) = Ry_1(x) for any wedge pattern o, so
B 1
1l -2 — 2R (2?)

jp@)

and using Identity 1.4 we have

Using the identity

together with Theorem 2.8, we now obtain J,(z) = Ji2. () (). O

We say that 7 € J; is an extended double-wedge pattern whenever 7 = 7'7"” where 7’/
is a double-wedge pattern and 7" = (|7/| + 1, |7'| + 2,..., k).

Theorem 2.14. For any extended double-wedge pattern T of length k, where k > 21,
the generating function for |&,,(132,7)| is given by Ry(x).

Proof. By definition we have either 7 = (¢! +1,21,0,0,2l + 1,21 + 2,...,k) or 7 =
(c+1,2l,07 1,21+ 1,21+ 2,... k) where o is a wedge pattern in &;_1(132). Suppose
7= (071 +1,2l,0,1) and let &,(x) be the generating function for |&,(132,7)|. By
[MV2, Theorem 1] we have
S:(x) =1+ 2(6:(x) — G-1(2))So (1) + 1651 (2)S- ().

On the other hand, by [MV2, Theorem 2.6], and since o is a wedge pattern in &, 1(132),
we have &,-1(x) = &,(x) = Rj_i(x). Therefore, by use of Identity 1.4 we get
Ry(2)(1 — aRy—y (x) Ry ()

1 —aR}(x) ’

S, (z) =

and use of the identity
Ri(x)(1 — xRy 1 (z)Ri(x))

1 — 2R} (x) = Ra(z)

-----

other case is similar. O

As a corollary of Theorem 2.13 we have the following result.
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Theorem 2.15. For any extended double-wedge pattern T € J;(132),
jr(CU) = 312...k($>-

Proof. Observe that if G3(z) = &,(z) and Jz(r) = J,(x) then Theorem 2.6 yields
J.(x) = Iz (x) and [MV2, Theorem 1] yields & (z) = &, (x), where 7' = (1, ..., 7,
p+1)and p = (p1,...,pp, 0+ 1) are two patterns in &,;;. Arguing by induction on
p and using Theorems 2.13 and 2.14, we obtain the desired result. 0]

It would be interesting to find bijective proofs of Theorems 2.13 and 2.15.
2.5. Avoiding 132 and (d + 1)(d + 2)...k12...d. In this subsection we consider
involutions which avoid 132 and (d+ 1)(d+2)...k12...d.
Example 2.16. By Proposition 2.1 we find that forn > 1,

Jaa1(n) =n;  Jsor(n) = [n/2] + 1.
We remark that the n-involutions which avoid both 132 and 231 are the permutations
of the form i(i —1)...1(i+1)(i+2)...n, 1 <i <mn, and that the n-involutions which

avoid both 132 and 321 are the permutations of the form (i+1)(i+2)...(20)12...i(2i+
1)(2i4+2)...n,0<i<[n/2].

As an extension of Example 2.16, we consider the case T = {< k,d >}, where <
k,d>=(d+1,d+2,...,k,1,2,...,d).
Theorem 2.17. For any k > 2, k/2>d > 1,

—d—
1 Uk 2d-1( 1

J Uqg- U, (t —.

Faha> (@) = 2(Ua(t) = Uar (1) | (6 + U—a(t)Ug—g-1( Z i Ex

]:

Proof. By Proposition 2.1, we have two possibilities for the block decomposition of an
arbitrary m € J,(132). Let us use Remark 2.2 to write an equation for J. 4= (z). The
contribution of the second decomposition above is 3 4~ (x). The contribution of the
first decomposition above is given in two cases. First, if v avoids 12...(k — d), then /8
and 0 avoid 12...(k—d—1), so we have 2?Ry_q_1(2*)J12. (k—a) (), as in Theorem 2.8.
Second, if v contains 12...(k — d) at least once then § and § avoid 12...(d — 1),
so we have @*Rq_1(2?)(Tcpg>(x) — T12._(k—ay(x)). Here we have used the fact that
the generating function for those permutations in J,(132,< k,d >) which contain
12...(k — d) at least once is given by Ji - (x) — J12..(k—a)(2). We now have

Jaras () =1+ 2Tp s (@) + 2 Rp—ge1 (2°) Jra_(h—ay (2)
+ 2* Ryt (2®) (Tcpas () — Tia eay(2)),
which means that

1
J = (14 2Ty Ri_a1(2%) — Ry_1(2?))).
<hk,d> () Ty — Y (14 22 (h—a) (@) (Rp—a—1(27) i—1(z%)))
Hence, by Identity 1.4 together with the identity R,(x) — Ry(z) = %}1{}’%, we get
the desired result. O

Example 2.18. For all n > 1, |J3412(n)| = F,, the nth Fibonacci number.
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We now give a bijective proof of Example 2.18. Any 7 € &,,(132,3412) can be written
ir'1(i+1)(i42) - - -n, where 1 < i < nand 7’ is (upon subtracting 1 from each element)
also an involution avoiding both 132 and 3412. We map 7 to a word in {a, b*}* of length
n in the following way: a if m; = 4, b if m; < ¢ and nothing if m; > i for all 1 < i < n.
This mapping is clearly bijective.

2.6. Avoiding 132 and two other patterns. In this subsection we consider involu-

tions which avoid 132 and two other patterns. We begin with an example.

Example 2.19. Let 7" = {123,213} and T = {12,21}. Equation 2.2 gives
T (2)

— X s

1— £L‘2612,21 (.TQ) 1-— £L‘2612,21 (£U2) 12,21

and Siy91(x) = Jia21(x) =1+ x; hence

31237213(@

3123,213 ($> =

which means that J123213(2n) = Fuy1 and Jia3013(2n + 1) = F, for all n > 0, where
F,, is the mth Fibonacci number.

We prove Example 2.19 by a bijective argument, in which we distinguish the cases of
odd length from those of even length.

Any m € J3,41(132,123,213) can be written either (2n+1)7'1 or (2n)(2n+1)7"21 or 1
(if n = 0), where 7’ (upon subtracting 1 from each element) and 7" (upon subtracting
2 from each element) are also involutions avoiding 132, 123 and 213 . We map 7 to a
word of {a, b?}* of length n in the following way: a if m; = 2n+2—1, b* if 7; = 2n+1—1,
and nothing if m; = 2n 4+ 3 — 4 for all 1 < ¢ < n. This mapping is clearly bijective.
Any 7 € J5,(132,123,213) can be written either (2n)7'1 (this case includes 21, when
n=1)or (2n—1)(2n)7"21 or 12 (if n = 1) or the empty involution (if n = 0), where 7’
(upon subtracting 1 from each element) and 7" (upon subtracting 2 from each element)
are also involutions avoiding 132, 123 and 213. We map 7 to a word of {a, b*}* of length
n + 1 in the following way: a if 7, =2n+1—iforall1 <i<n-—1,0*if m, =n+1,
ifmp=2n—iforalll <i<n-—2, b*aif 7,1 = n+1, and aa if 7, = n. Moreover,
the empty involution is mapped to a. This mapping is clearly bijective.

Using Proposition 2.1 and Theorem 2.6 it is easy to see the following.

Corollary 2.20. For all k > 1,
l+ao+a?+- - +ah!

312..1@213(%) = 3(#1)...211@,123(55) =

1—1'2_1'4_..._12(]{:71)'
Example 2.21. Using Proposition 2.1 it is easy to see, for alln > 1,
1
32137321 (n) = 5(3 + (_1)n> and 3213’4321 (n) == [n/Q] + 1.

Observe that the n-involutions avoiding 132, 213, and 321 which are not equal to 12...n
are the permutations of the form (m+1)(m+2)...n12...m, where n = 2m and m > 1.
Similarly, the n-involutions avoiding 132, 213, and 4321 are the permutations of the
form (n+1—di)(n+2—14)...n(i +1)(i+2)...(n—0)12...4, where 0 < i < [n/2].
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3. AVOIDING 132 AND CONTAINING ANOTHER PATTERN

Let 37 (n) = |{m € 3,,(132) : w contains 7 exactly r times}| and let
I(w) =D T(n)a"
n>0

be the corresponding generating function. We begin with an example.
Example 3.1. By Proposition 2.1 it is easy to see
Tio(x) = 23} (x) + 2?T, (),

which means that J1,(x) = %

As extension of Example 3.1, we consider the case 7 = 12...k.

Theorem 3.2. For all k > 1,
1

TG

Proof. By Proposition 2.1, for all n > k we have
[n/2]

Jpy 4(n) = 3%2...(1#1)(” - 1)+ Z Sz k-1 (J — )31, (n = 2j),
j=1

where &1z (7 — 1) = |6;.1(132,12...k)|. Moreover, I}, ,(n) =0 forall n <k —1,
and J{, (k) =1. As in the proof of Theorem 2.8, we have

ink(ZE) = ka(xZ)jiZ...(k—l)(fL‘)'

Now the result follows by induction on k, with the initial condition J}(z) = . O

We also have explicit formulas for the cases 7 = 2134...k and 7 = 23 ... k1.
Theorem 3.3. For all k > 2,

2
1—-w 1 x

1 - - = pr—
o134k = Ui (%) T2 (2) (1—2)Upa(5)

3

More generally, using Proposition 2.1 and an argument similar to that given in the
proof of Theorem 2.8, we obtain the following result.

Theorem 3.4. For any k,r > 1,

~ ~ ~b
Jo.x(x) =230y )(x) + a? Z 66112...(k71)($2>J12...k($>7
2a+b=r
where 6‘112___(k_1)(x) s the generating function for the number of n-permutations con-
taining 12...(k — 1) ezactly a times.

Krattenthaler [Kt] has found an explicit formula for the generating function &7, ,(z)
for the number of 132-avoiding n-permutations containing 12...k exactly r times,
so Theorem 3.4 yields a recurrence for J}, ,(z). Using Krattenthaler’s result [Kt]
(see also [MV1, Theorem 3.1]), we obtain the following recurrence for Jj, ,(x) where
r=1,2,...,2k.
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Theorem 3.5. Let k > 1; for allr =1,2,...,2k,

Ua:l 1
Fo k(@) = 2Ty q)(@) + TRy, (4%) 30y 4 (2) + Z Qcaﬂjliz..k(x)[]];ﬁi%j;-
2a+b=r, a>0 k 2x
When r = 2, the above Theorem yields an explicit formula for 3%, ,(z).
Corollary 3.6. For all k > 1,
k—i
Uk (35) = Ukri=i (55) Uni (35)

j?zk(x) =

4. CONTAINING 132 ONCE AND AVOIDING ANOTHER PATTERN

In this section we consider involutions which contain 132 exactly once and avoid an-
other pattern. We first relate involutions containing 132 exactly once to 132-avoiding
involutions.

Theorem 4.1. There is a bijection ¥ between n-involutions containing 132 exactly
once having p fized points (1 < p < n) and 132-avoiding (n — 2)-involutions having p
fixed points.

Proof. Let m = n'xzrn"yn" with n(x) = o, n(y) = z and 1 + © = y < 2z be an n-
involution containing 132 exactly once, where the subsequence xzy is of type 132 and
7 has p fixed points. We replace the subsequence xzy with a fixed point between 7"
and 7" in order to obtain a 132-avoiding (n — 2)-involution having p fixed points. Note
that the only way to have exactly one 132 subsequence in 7 is to have a cycle with a
fixed point just to its left. Moreover, we must have y = x4 1 in order to forbid another
132 subsequence, cycles are only allowed from 7' to 7" and from 7’ to 7" (and not
from ", 7', ©", 7" respectively to 7", 7', 7", ") and fixed points can only be into
7", Clearly the involution we obtain avoids 132 and in particular, the fixed point z — 2
cannot be a part of a 132-subsequence because it cannot be the 3 or 2 (all the elements
on its left are greater than it) and it cannot be the 1 (there is no cycle starting on its
right).

Let 0 = ¢'0”0"tc"" be an involution with p fixed points, where o(t) =t and o(i) # i
for all 1 < i <t (that is, ¢ is the first fixed point), o’(i) > ¢ for all 1 < i < |o'| (all the
elements of o’ are cycles ending within o), 0" (i) € [|o’0”|+1,t—1] forall 1 < i < |o”|
and " (i) € [|0'| + 1, |o’0”|] for all 1 < i < |o”| (6”c™ consists entirely of cycles from
0" to 0"). We modify the fixed point ¢ by inserting a cycle starting between ¢” and
0" (and ending between ¢ and ¢"") and by adding a fixed point just to the right of
¢" in order to obtain an involution of length n containing 132 once and having p fixed
points. Proposition 2.1 leads immediately to the decomposition of ¢. The involution
we obtain contains 132 exactly once, in the form of the subsequence we modify and
insert. There is no other 132-subsequence and in particular, the fixed point inserted
and the start of the new cycle cannot be the 3 or 2 of another 132-subsequence (all the
elements on their left are greater than them), the fixed point inserted and the start of
the new cycle and the end of the new cycle cannot be the 1 of another 132-subsequence
(there is no cycle starting on their right), the end of the new cycle cannot be the 3 of
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another 132-subsequence (because in that case the 2 must be connected to ¢’ and the
1 must be the fixed point inserted or an element of ¢” that forms a 231-subsequence),
and the end of the new cycle cannot be the 2 of another 132-subsequence (because in
that case the 1 must be an element of o’c” or the start of the new cycle and the 3 must
be the fixed point inserted or an element of ¢" that forms a 312-subsequence).

So we have established a bijection between an involution 7 containing 132 once and a
132-avoiding involution ¢ of the forms given above, where t = z — 2, 7’ corresponds to

o'o", " =o" and 7" corresponds to . O

For example, the involution 22 19 17 18 16 12 11 13914 76 8 10 155 3 4 2 20 21
1 23, which contains 132 exactly once (the subsequence 9 14 10), corresponds to the
132-avoiding involution 20 171516 1410911768 1213534 2 18 191 21.

Corollary 4.2. The number of n-involutions containing 132 exactly once which have
p fized points, 1 < p < n, s the ballot number

n—2 n—2
ntp 1) \ nte |-
2 2

Moreover, the number of n-involutions containing 132 exvactly once is given by

(1)

Proof. This result is immediate from the bijection W of Theorem 4.1 and Corollary 2.5.
In fact, the number of n-involutions containing 132 exactly once is |J,_2(132)] if n is

odd and
{7 € J, 2(132) having more than one fixed point }| if n is even. O

Of course, some of the following results can immediately be obtained from the bijection
U of Theorem 4.1 and the results of Section 2.

Let £,(n) be the number of 7-avoiding n-involutions containing 132 exactly once, and
let £,(x) = > o, L-(n)a™ be the corresponding generating function. The following
proposition, which is immediate from our definitions, is the basis for all of the other
results in this section.

Proposition 4.3. Suppose m € J,, contains 132 exactly once and has m; = n. Then
exactly one of the following holds.

(1) ™ = (o, n) where a € Jp,_1 contains 132 exactly once;

(2) ™= (a,n, B,7,7) where 1 < j <n/2, v =a !, «ais an 132-avoiding permuta-
tion of the numbers n —1,n—2,....n—j+ 1, and 5 is an involution of the
numbers j + 1,7 4+ 2,...,n — 7 which contains 132 exactly once;

(3) m = (a,m,2m + 1,y,m + 1) where n = 2m + 1, v = a™' + m + 1, and
v e 6m71(132>

For example, for n = 5, the only three involutions containing 132 exactly once are
13245, 52431 and 42513. These illustrate the cases (1), (2) and (3) of Proposition 4.3,
respectively.

We can use Proposition 4.3 to find the generating function for the number of n-
involutions containing 132 exactly once.
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Theorem 4.4. The generating function for the number of n-involutions containing 132
exactly once is giwen by
230 (22
Sg(l’) = (2 ) o
1 —x—22C(x?)

Proof. By Proposition 4.3, we have three possibilities for the block decomposition of
an arbitrary m € J, containing 132 exactly once. Let us use Remark 2.2 to write an
equation for £4(x). The contribution of the first decomposition above is x£4(x), the
contribution of the second decomposition above is #2C'(2%)£4(z), and the contribution
of the third decomposition above is #3C'(2?). Hence £4(x) = 2Ly (2)+22C(2%) Ly () +
23C (2%). O
Example 4.5. By Proposition 4.3, |£123(n)| = 2"=3/2 when n is odd and |L193(n)| =
0 otherwise. In addition, |£1234(n)| = Fn—3, the (n — 3)th Fibonacci number, and
L9345 (n) = 3((=3/2],

Again, the case of varying k is more interesting. As an extension of Example 4.5, we
consider the case 7 =12...k.

Theorem 4.6. For all k> 1,
r 2 1

Proof. By Proposition 4.3 and Remark 2.2 (as in the proof of Theorem 4.4), together
with the fact that the generating function for |&,,(132,12...%)| is given by Ry(x) (see
[CW]), we have

Lo p(2) = 2€ia_(kor) + B R1 (%) €12 k() + 2° Ry (27).
By Identity 1.4, we get
Lo k() = 2R (2%) 12 (h—1) (@) + 2° Ry_1 (z®) R (2?).
Hence, by induction on %k together with Example 4.5, we get the desired result. U

The case 7 = 2134 ...k is similar to the case 7 =12...k.

Theorem 4.7. For all k > 3,
-2
1 1

J]=

x
Us (3z)
Proof. Arguing as in the proof of Theorem 4.6, we use the fact that the generating
function for |6,,(132,2134...k)| is given by Ry(z) (see [MV2]) to obtain

Lorza. k(2) = 2Ry, ($2)£2134...(k71)(9€> + 2 Ry—1(2*) Ry ().

Hence, by induction on k with the initial value £413(z) = x*R3(2?), we easily have the
desired result. O

Example 4.8. Theorem 4.7 yields £2134(2n + 3) = £5134(2n + 4) = Fb,, the (2n)th
Fibonacci number, for all n > 0.

22134...k($> =
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Example 4.9. Proposition 4.3 yields £31(n) = 1 and £y341(n) = 2[0=1/2 1 for all
n>1.
As an extension of Example 4.9, we consider the case 7 = 23... k1.

Theorem 4.10. For all k > 3,

. £L‘2Uk73 (ﬁ) 1 — . i
Loz k() = (1—2)Us 2 (ﬁ) L+ Ui 1 (ﬁ) ZU] (2x>] '

]:

Proof. As in the proof of Theorem 4.6, we have

Loz 11 () = 2Lo3 41 () + 2 Rp—a(2”) L1051y () + 2° Rz ().
By using Theorem 4.6 we get the desired result. U
More generally, we present the following explicit expression when 7 =<k, d >.

Theorem 4.11. For k>4 and 2 < d < k/2 we have

Lok a> ($>

. Ra@) |, 2y (R ar(@?) = Rya(a?) '~ (1
= T]%d(xZ) X Rk,d,1($ )+ Uk,d (i) Z Uj (%)] .

j=1

Proof. By Proposition 4.3, we have three possibilities for the block decomposition
of an arbitrary 7 € J, containing 132 exactly once. Let us use Remark 2.2 to
write an equation for £ 4~ (). The contribution of the first decomposition above
is £ g a>(x). The contribution of the second decomposition above is as follows: if
n' contains 12...(k — d — 1) then 7 contains < k,d > which is a contradiction,
so 7' avoids 12...(k — d — 1). Therefore the contribution of the second decompo-
sition is 2®Rg_q_1(2?). Finally, the contribution of the third decomposition above
involves two cases: 7" contains 12...(k — d) or avoids 12...(k — d). In the first
case we have @?Ry 1 (2%)(Lcka>(x) — Li2.k—ay(x)), and in the second case we have
2?Ry—q—1(x) €12 (k—a)(x). Therefore, if we use Theorem 4.6 to write an equation for
Lk.a>(x) we obtain the desired result. O

5. CONTAINING 132 ONCE AND CONTAINING ANOTHER PATTERN

Let £7(n) denote the number of n-involutions containing 132 exactly once and con-
taining 7 exactly r times. Let £ (x) =3 ., £-(n)a" be the corresponding generating
function. We begin with the following result.

Theorem 5.1. For all k > 1,
Lo k(@) = 0.

Proof. By Proposition 4.3 and by Remark 2.2, it is easy to see
’S%Zk(x) = xS}Q___(,C_I)(x) + $2Rk—1($2>£%2...k($)-
Moreover, £1,(x) = 0 by definition, hence the theorem holds by induction on k. U
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Next we consider the case 7 = 23 ... kL.

Theorem 5.2. For all k> 1,
o5 (@) = 0.

Example 5.3. Proposition 4.3 yields that £3,(n) =1 for n > 3.

As an extension of Example 5.3, we consider the case 7 = 2134...k.
Theorem 5.4. For all k > 3,
x(1 — a?)
U (35)
Proof. Using Proposition 4.3 and Remark 2.2, it is easy to see that
Lorza (1) = $£%134...(k—1)(x) + 2° Ry (%) Lorza_x (@)
and £}, () = 2*/(1 — x). The result follows by induction on . O

S5134...14(@ =

Acknowledgments: The authors are grateful to Eric S. Egge for his careful reading
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