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Let tn denote the number of unlabeled trees on n vertices� Let t�x� �P�

n��
tnx

n be the corresponding generating function� Similarly� let Tn� hn�
and in denote the numbers of rooted trees� homeomorphically irreducible
trees� and identity trees on n vertices� respectively� �Homeomorphically irre�

ducible trees have no vertices of degree �� and identity trees have trivial au�
tomorphism group�� Then their respective generating functions T �x�� h�x��
and i�x� satisfy the following identities �see Harary ��	� Eqns� ��
��
�� ��
�����
��
�� � ���� and ��
�
� � 
��� see also remarks following our table of in��

T �x� � x exp
�X
r��

T �xr�

r
� ���

t�x� � T �x��
�

�

�
T ��x�� T �x��

�
� ���

H�x� �
x�

� � x
exp

�X
r��

H�xr�

rxr
� ���

H�x� �
� � x

x
H�x��

�

�x

h
H

�
�x� �H�x��

i
� ���

h�x� � H�x��
�

�x�

h
H

�
�x��H�x��

i
� �
�

�Supported in part by the Ministry of Science and Technology of Slovenia under the

grant P����������
ye�mail� marko�petkovsek�uni�lj�si
ze�mail� tomaz�pisanski�uni�lj�si

�



U�x� � x exp
�X
r��

����r��
U�xr�

r
� ���

i�x� � U�x��
�

�

�
U��x� � U�x��

�
� ��

These equations have been used to compute the numbers Tn� tn� hn� and in
by expanding their left�hand and right�hand sides to order n about the point
x � �� Notice that this gives a recurrence for these sequences �or expresses
them explicitly in terms of other known sequences��

Our function FunEq automates this process� Given an equation of the
form lhs �� rhs with unknown function f�x�� it sets up rules for computing
derivatives of f�x� at x � �� FunEq is based on the following assumptions�

�� f�x� is expressible in the form f�x� �
P�

n��
cnx

n�

�� for all n � �� the expansion of lhs � rhs to order n depends on cn
but not on any cm with m � n�

�� for all n � �� the expansion of lhs � rhs to order n is not a�ected by
replacing in�nite summation and�or in�nite product bounds with n�

Although these requirements seem to be rather restrictive they are in fact
satis�ed �or satis�able� in many cases of interest�
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a �� First�Solve�t �� �� a�� ��

After executing FunEq�lhs �� rhs� f�x��� the Taylor coe�cients of f�x�
can be readily obtained by using Derivative� Series� or related functions�

In����� FunEq�T�x� �� x Exp�Sum�T�x�r��r�

�r� Infinity���� T�x���
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FunEq�i�x� �� U�x� � 	U�x��� � U�x������ i�x��

For reasons of e�ciency� we replaced H�x� by H��x� � H�x��x�
The table on page ��� of ��	 gives Tn and tn for n � ��� as well as hn and

in for n � ��� Also� Tn� tn� hn� and in are sequences no� �
�� ���� ���� and
����� respectively� of Sloane ��	 where they are listed up to n � ��� ��� ���
and ��� respectively� We computed these sequences for n � ��� The timings
were obtained on a �� MHz ��� PC�
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Note that it does not take long to compute tn when the values for Tn are
known�
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Incidentally� by �rst obtaining negative values for hn we discovered an
incorrect negative sign in equation ��
���� and a missing divisor of � in
equation ��
���� of ��	�

No doubt these times could be signi�cantly reduced by considering each
equation individually and expanding subexpressions only to the minimum
necessary order� However� we satis�ed ourselves with a simple� general�
purpose function which can be used to �nd the �rst few terms of a sequence
de�ned by equations similar to those in ��� � ���

For another example consider the generalized Catalan numbers pcn which
count p�ary trees with n interior nodes� Their generating function cp�x�
satis�es the equation xcp�x�p � cp�x� � �� For a proof of this fact and for
further properties and combinatorial interpretations of these numbers� see
��	� Below we use FunEq to �nd the �rst few pcn for p � � �the usual Catalan
numbers� and p � 
�
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