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SHARP ESTIMATES FOR GOWERS NORMS ON DISCRETE CUBES

TONCI CRMARIC AND VJEKOSLAV KOVAC

ABSTRACT. We study optimal dimensionless inequalities

[ llor < 1 llewkm
that hold for all functions f: Z? — C supported in {0,1,...,n— 1}d and estimates

k
ILallge <AL

that hold for all subsets A of the same discrete cubes. A general theory, analogous to
the work of de Dios Pont, Greenfeld, Ivanisvili, and Madrid, is developed to show that
the critical exponents are related by px ntin = 2F. This is used to prove the three
main results of the paper:

e an explicit formula for ¢ 2, which generalizes a theorem by Kane and Tao,

e two-sided asymptotic estimates for tx,, as n — oo for a fixed k > 2, which

generalize a theorem by Shao, and
e a precise asymptotic formula for ti,, as k — oo for a fixed n > 2.

1. INTRODUCTION

Motivation for this article is two-fold. From the combinatorial side, we continue the
recently started line of investigation of upper bounds on generalized additive energies of
subsets A of the discrete cube

{0,1,2,...,n—1}% (1.1)

From the analytical side, we take omnipresent classical inequalities between the Gowers
norms and the Lebesgue norms for functions f: Z¢ — C and sharpen them when we
additionally assume that f is supported in the cube (I.TI).

The additive energy

Esy(A) := |{(a1,a2,a3,a4) cAt i ay —as =as — a4}‘ (1.2)

of a finite set A C Z¢ appears naturally in additive combinatorics; see the book by Tao
and Vu [23] Section 2.3]. For sets A C {0,1}¢ ¢ Z¢, Kane and Tao [16, Theorem 7]
proved the optimal energy bound in terms of the set size,

Ey(A) < |Altos26,

The exponent log, 6 is sharp since the equality holds when A is the whole binary cube
{0,1}?. Three generalizations of Fy also appear naturally in applications and they were
also systematically studied on their own by Schoen and Shkredov [20] and Shkredov
[22]. De Dios Pont, Greenfeld, Ivanisvili, and Madrid [6] revisited two of them and
called them the higher energies

Ep(A) = [{(a1, a2, ..., aok—1,a01) € A" 1 a1 —ag =ag —as = -+ = ag_1 — ag}|
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and the k-additive energies
Ek(A) = ‘{(al,ag, .. ,a%_l,agk) S Azk ray o+ ap =agyr o+ a2k}|.

Here k > 2 is an integer and A is again a finite subset of Z¢. Note that Ey = Ey is the
usual additive energy (I[2]). The authors of [6] then also restricted their attention to
the sets A C {0,1}¢. Following an inductive scheme similar to the one in [I6, Section
2], they proved sharp inequalities for Ek,

Ek(A) < |A|log2(2k+2);
see [0, Theorem 1]. The energies Ej satisfy similarly looking sharp estimates
Ek(A) < ’A‘log2 (2}5)7

but the proof was more technical: it was done for k£ < 100 in [6 Section 3|, while the
second author of the present paper established an ingredient needed for general k in [18].
A third possible quantity that generalizes (L2]) will be defined via the so-called Gowers
norms in (L3]) below. It has already been studied by Shkredov [22], who also discussed
numerous relations between all three kinds of generalized additive energies.

For a general complex function f defined on an additivelly written (discrete) abelian
group and a positive integer k one defines the Gowers uniformity norm as

1/2%
I fllge == < Z H COttrfla+erthy +-- + Ekhk)> )
a,h1,..,h (€1,...,6x)€{0,1}F
where C: z — Z denotes the operator of complex conjugation, so that C? is the identity.
This is, in fact, a norm for k > 2, defined on the set of functions for which the above
expression is finite; see Section 2l These norms were introduced by Gowers [12] [13] in
his quantitative proof of Szemerédi’s theorem. If f is specialized to be the indicator
function 14 of a finite set A C Z?, then the quantity

Py(A) = |14 (1.3)
rewritten as
Pu(A) = [{(a,h1,...,hg) € (Z)" s a+ethy + -+ exhy € A
for every (e1,...,€e;) € {0, 1}’“}‘

counts parallelotopes with vertices in A, with a lot of overcounting. Note that P; is
again the ordinary additive energy Fs.
For a finitely supported function f: Z¢ — C the inequality

1 llox < (1 fller (1.4)

is well-known to hold for every exponent
2k
P < k:——l—17
see [8]. Estimate (I4]), no matter how simple, has found versatile important applications,
for instance in the study of generalized multiplicative sequences [10, Section 2] and
automatic sequences [3, Proposition 2.2], or in geometric measure theory of large sets

[7, Section 6]. The number 2%/(k + 1) is called the critical exponent in [8, Subsection
1.1] and it cannot be increased. Namely, it is easy to see that

(1.5)

[ 110,1,....n—1}|ly# is comparable to pk+1)/28 (1.6)
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up to an unimportant multiplicative constant, while

1150,1,...n—1}ller = nl/p,

If we had (I4) with some p > 2¥/(k+ 1), we would arrive at a contradiction in the limit
as n — o0.

One naturally wonders if (L)) can still be improved if we additionally assume that
f is supported in the binary cube. Also, one might regard P; defined by (3] as yet
another sequence of generalized energies of A C {0,1}¢ and attempt to control them by
optimal powers of the size of A. Both of these problems are resolved by the first result
of this paper.

Theorem 1. Let d > 0 and k > 2 be integers. For every function f: Z% — C supported
in {0,1}¢ the inequality (L) holds for every exponent

2k
PSS a7 v
log,(2k + 2)
In particular, by taking the largest possible p and f = 14, we get that
Pk(A) < ’A‘log2(2k+2) (17)
holds for every set A C {0,1}¢.

0<

Both the stated range of p and inequality (L7 are sharp since the equality holds
for A = {0,1}¢. Note that Z° is interpreted as a group consisting only of the neutral
element for the addition.

Estimates for Fy on larger discrete cubes (L)) were studied by de Dios Pont, Green-
feld, Ivanisvili, and Madrid [6, Subsection 1.3] and Shao [21]; also see a more general
setting by Hegyvari [14]. In this paper we also want to study nontrivial inequalities for
|| flly+ and Py(A), i.e., (I4) and

P(4) < |, (1.8)
on discrete cubes. The first step in these considerations is the following general proposi-
tion, which reduces higher-dimensional estimates to an optimization problem in finitely
many variables. It will be formulated and proven in the spirit of the results from [0,
Section 4].

Proposition 2. Let k,n > 2 be integers and let p,t > 0 be real numbers such that
pt = 2% The following are equivalent.
(1) Inequality (L4) holds for every function f: Z — [0,00) supported in the set
{0,1,2,...,n —1}.
(2) Inequality (IL4) holds for every integer d > 0 and every function f: Z% — C
supported in the discrete cube (I.T).
(3) Inequality (L8] holds for every integer d > 0 and every subset A of the discrete
cube ([I.T).
(4) There exists a constant C' € (0,00) such that P,(A) < C|A|' holds for every
integer d > 0 and every subset A of (LLT).

All ingredients for the proof of Proposition 2] are borrowed from [6], even though the
authors there rather discussed norms of multiple convolutions,

[ f o

k times
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and the related k-additive energies Ej. Also the proofs in [6] crucially use the Fourier
transform, while we avoid the need to look at the functions on the Fourier side at all.
This is important here and in the later text, since the higher Gowers norms |||y,
k > 3, are not expressible simply as certain sizes of the Fourier transform of f.

Let ty, denote the smallest number ¢t > 0 such that (L8]) holds for every positive
integer d and every subset A of (ILI]). The smallest such number really exists by Propo-
sition ], since part is structurally just an inequality for n non-negative numbers,
which is a closed condition. By the same proposition we then also know that

Pkn = 2k/tk,n (19)
is the largest p > 0 such that (L4)) holds in any dimension d and for every function f

supported in (LI)).
Theorem [I] can now be reformulated simply as

tro = logy(2k + 2)

for k > 2. It is not very likely that explicit expressions for tj , can be computed when
n > 3. Namely, similar computation to the one in [6, Subsection 4.3] shows that the
exponent tj, 3 associated with the ternary cube {0, 1, 2}7 is the smallest ¢ > 0 such that

ma[éc )(azt + yt + 2t + 2kt Pyt? 4 2heyt/2 22 (1.10)
5379726 ;OO0
r+y+z=1
! + 2kxt/224? 4 2k(k — 1):Et/4yt/2zt/4) =1

Already the number ¢33 does not seem to be a “nice” explicit number. As remarked in
[6l, Subsection 4.3] its trivial bounds are

2.68014... =logz 19 < ta3 < 3,
where it is also shown that
to3 = 2log, 2.5664 = 2.71949. ...
Numerical computation in Mathematica [24] based on (ILI0) and formula (L9]) give

to3 = 2.7207109973.. .,
p2,3 = 1.4702039297 . .. .

Inverse Symbolic Calculator [2] does not recognize these two as any of the numbers
appearing naturally elsewhere. Still, as a consequence of a general Theorem [ below,
we will have a quite precise asymptotics of tj 3 for large k, namely

4 2
tes = g loga kb + 5 + oF7%°(1). (1.11)

For the previous reason, the best one can hope for general k > 2 and n > 3 is to study
the asymptotic behavior of ¢y, ,, as either n — oo or £ — oo. Let first fix & and study the
asymptotics in n. As we have already mentioned, the numbers ¢, were studied before,
since P, coincides with the ordinary additive energy (L.2)). The bound

10g2 3—1

3
logy n

< t2,n < 3

from [6, Proposition 7] was improved by Shao [21] to
3log23—4<t <3 c
2 10g2 n

3—(1+0"7°(1)) (1.12)
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for some constant ¢ > 0. Shao also conjectured that the leftmost expression in (LI2]) is
the correct asymptotics of t , as n — oco. Here we generalize Shao’s results to ¢, for
k> 3.

Theorem 3. There exists a constant ¢ € (0,00) such that for every integer k > 2 we
have

(k + 1) logy(k +1) — 2k _
210g2n =

k+1—(1+4077%°(1)) ten <k+1—

logo

Note that the lower bound from Theorem [3]specializes to the one in (L.12]) when k = 2
and one can again speculate that it is optimal. The constant ¢ in the upper bound is
the same one from (L.12)), as we are, in fact, applying Shao’s highly nontrivial bound as
a black box. One could, in fact, repeat the proof from [2I] to obtain constants cj that
strictly increase with k. However, we found it difficult to track down the actual growth
and it is unlikely that it could match the growth of (1/2)(k + 1) logy(k+ 1) — k from the
lower bound.

In this paper we also have the opportunity to fix n > 2 and study the asymptotics of
tkn as k — oo. Here is where we can give a quite definite result; we find it the most
substantial contribution of this paper. Let

NN
Hpy == 2%, log, 2% (1.13)
§=0

denote the entropy of the symmetric binomial distribution B(m,1/2); see Section [2 for
the more general definition.

Theorem 4. For every integer n > 2 we have
(n —1)logy(2k) —logy(n — 1! 1,

thn = 1).
k,n Hn—l + Op, ( )
As a consequence, tj, , is asymptotically equal to
n—1
log, k
Hn—l 2

as k — oo. Several values of the leading coefficient (n — 1)/H,,—; are listed in Table [I
We also mention that it is asymptotically equal to 2n/log,n as n — oo; this is a well-
known fact, which also follows from sharper estimates (6.3]) in Section [6l In particular,
the constant ¢y 3 relevant for the ternary cube is asymptotically equal to (4/3)log, k
and Theorem @] also gives the more precise formula (LII]). Somewhat surprisingly, the
proof of Theorem [ will require subtle estimates for the Shannon entropy of certain
independent sums of discrete random variables, which will be discussed in Subsection
An interesting open problem along the same lines will be formulated too; see
Conjecture [0

2. NOTATION AND PRELIMINARIES

Cardinality of a finite set S is simply written as |S|, just as we already did in the
introduction. We write N for the set of positive integers, {1,2,3,...}. Other number
sets, namely Z, R, and C, have their usual meanings. Logarithms with different bases
will be used in the text. By far the most commonly used will be 2. Logarithm with base
e will be denoted In.



6 T. CRMARIC AND V. KOVAC

[n||(n—1)/Hy,1 | numerical value |
211 1
31 4/3 1.3333333333...
1[4/(4 —logy 3) 1.6562880815 . ..
51 32/(21 — 3log, 3) | 1.9698232317 . ..
6 |[16/(14 — 3log, 5) | 2.2745961522 ...

TABLE 1. Several values of (n —1)/Hp_1.

Suppose that
F(m,a,b,...) e R and G(m,a,b,...)€ (0,00)

are quantities defined for sufficiently large positive integers m that possibly also depend
on certain parameters a,b,.... We write

F(m,a,b,...) = 075" (G(m,a,b,...))

if
lim su |E(m, a,b,...)| < 00

m—>oop G(m,a,b,...)

for every possible a,b, ..., while
F(m,a,b,...) = o], (G(m,a,b,...))
means that ( b
F(m,a,b,...
1- ) ) 7 — 0
myeo G(m,a,b,...)
holds for every fixed choice of a,b,.... We also simply write
e (G(m, a,b, .. )) and oy’ (G(m,a, b,.. ))

in place of any particular expression F'(m,a,b,...) with the above property. It is under-
stood that these definitions are uniform over any other objects that do not appear in the
subscript of the O or o notation. Next, we say that sequences (F'(m))m, and (G(m))m,
are asymptitocally equal if

i.e.,
F(m)=(140"7%(1)) G(m).
The P norm of a function f: Z¢ — C is defined as

£l = (3 17@r)"”

zeZd

for p € [1,00), while the £>° norm is simply

[[f Nl := sup [f(x)].

x€Z4
Conwolution of functions f,g: Z% — C is another complex function on Z¢ defined as

(fxg)(x) =Y fle—y)4g(y)

yEZ
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for x € Z¢. Young’s inequality for convolution now reads

I1f * gller < [1.fllerllgllea, (2.1)

which holds when p, ¢,r € [1, 00| are such that 1/p+1/g =1+ 1/r. We also define fto
be the reflection of f, namely

f(@) = f(-=)
for every = € Z%, so that |||l = || f|le» for all p € [1, o).
The Gowers “inner product” and its properties will play a crucial role in the proofs
given in Sections Bl and @l Tt is defined to be
<(f617---75k)(51,-..,ek)6{0,1}’“>Uk
= Z H CUTFn foy @+ ethy + - + exhy),
ah,..h (e1,...,6,)€{0,1}F

where (fe,. ) is now a 28-tuple of complex functions on Z¢ such that the above multiple
series converges absolutely. It satisfies the so-called Gowers—Cauchy—-Schwarz inequality:

‘<(f61,---75k)(61,...,Ek)€{0,1}k>Uk| < H Hf617~~~,€kHUk§
(61,...,6k)€{0,1}k

see [13}, Lemma 3.8]. One if its consequences is that the Gowers norms satisfy the triangle
inequality,
11+ fallgr < Wfalloe + [1f2llgrs
see [13, Lemma 3.9].
The notion of the Shannon entropy will be needed in Section [6l We only need to work
with discrete probability distributions on the set {0,1,...,n — 1}, namely

o 1 2 -+~ n-—-1 (2.2)
do @1 92 " Gn-1
for non-negative numbers qg,q1,-..,gn—1 that sum to 1. If a random variable X has

distribution (2.2)), then its Shannon entropy (or simply just entropy) is defined to be
the number

n—1
H(X) = =) gjlogy g;. (2.3)
=0

Here we interpret 0log, 0 as 0. The number (2.3) will also sometimes be written as

H(q07 s 7Qn—1)-

Recall that, in accordance with (LI3]), the entropy of the symmetric binomial distribu-
tion with m trials, namely B(m,1/2), is also written simply as H,,.

3. PROOF OF THEOREM [

The proof outline is similar to the one used in [6, Sections 2&3]. First, we prove a
generalization of an “elementary inequality” by Kane and Tao [16, Lemma 8], similar
to but different from [6, Lemma 9], [6, Lemma 5|, and [18, Theorem 1].

Fix an integer k£ > 2. For shortness we simply denote

t:= 10g2(2]€ + 2)

throughout this section, always remembering that ¢ depends on k.
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Lemma 5. For every z,y € [0,00) we have
at 4yt + 2kt 2y < (x +y)t

Proof. The case k = 2 is precisely [16, Lemma 8], which has also been reproved several
times in [0, [I8]. Thus, we can assume that k& > 3, which also guarantees t > 3.

The inequality is trivial for x = y = 0. In general, both sides of the inequality are
homogeneous of order ¢ in the variables  and y, so it is sufficient to prove it when we
also normalize = + y = 1. Define the function ¢: [0,1] — [0,00) as

o(x) = 2! + (1 — 2)' + 2k(x(1 — z))/2.
Since ¢(1 — x) = p(z), we only need to show that
o) < 1 (3.1)
for every x € [0,1/2]. Let xg € (0,1/2) be the unique solution = = z( to the equation
k(z(1—2))/> 1 =1,

which exists due to k(1/4)//>~1 > 1. We prove (B.I) separately on two sub-intervals of
[0,1/2].

Case 1: interval [0, x¢]. For every 0 < z < xo we have, by the definition of xg,
2%k (x(1 — 2))? < 22(1 — 2),
which implies
o) <2®+ (1 -2 +2z(1—2)=(z+1-2)2=1
and so confirms (B.1]).
Case 2: interval (xg,1/2]. Differentiating we get

O(x) =t —t(1 — ) 4 kt(x(1 — )21 (1 - 22).
Also denote #: [0,1/2] — R,
Pr) =21 -1 —z) 1 +1 -2z
Note that 1) is concave due to
') =@t-1Et-2)(z"-1-2)"% <o0.
Since, 1(0) = 0 = 9(1/2), we also have that 1 is non-negative on [0,1/2]. Now, for

every x € (xg,1/2] we have

k(z(1 —2))Y?7t > 1,
which implies

() > ty(x) > 0.

Consequently, ¢ is increasing on the interval (xg,1/2], so

1

cp(i) —ol 7t pok.27t =1

guarantees that (3.I]) holds on that interval too. (]
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Now we turn to the proof of Theorem[Il Desired inequality (I.4]) in the endpoint case
2k

P=5

can be rewritten as
k t
IFI1Z < AP (3.2)

and we can also safely assume that f is nonnegative. We proceed by the mathematical
induction on d. The basis case d = 0 is trivial, since f is only defined at a single point.
Take d > 1 and assume that (3.2)) holds for functions on Z4~! supported in {0,1}¢7.

Now take an arbitrary function f: Z¢ — [0,00) supported in {0,1}¢ and define its
“slices”

fo, f1: 2471 = [0, 00)

by

folx1, ..., xpn_1) == f(z1,...,2p-1,0),

filxy, .. xp—1) = f(z1, ..., xp—1,1)
for (z1,...,2,_1) € Z%'. The induction hypothesis applied to fy and fi gives

£l < I1£P1% (3:3)

for i = 0,1. Consider any (k + 1)-tuple (a, hi, ..., hs) of vectors in Z¢ such that

a+erhy + -+ + exhy falls into {0, 1}d
for every choice of (eq,...,€;) € {0,1}*. Writing

a=(d,d"), de 741 " e

and
d—1
hj = (h;-,hg’), hg /AR hg’ eZ

for j = 1,...,k, we see that we do not have too many options for the values of
a”,hl, ... h}. The possibilities are:

ed" =0, y=---=h]l=0, or

ed' =1, W{=---=h/=0, or

e " =0, hj =1 for some index jo, h] =0 for every index j # jo, or

e d" =1, hj = —1 for some index jo, h =0 for every index j # jo.
Gathering all of the 2k + 2 possible cases we get

k k k
IAIEs = 1 follEn + A, + 2k{fo, -+ fo, fri -5 F)ye
2k—1 2k—1

21@71 2k71

k k
< L follfn + 1A + 2k foll5e 1A N5

where we have applied the Gowers—Cauchy—Schwarz inequality in the last line. By also
applying (33)) and Lemma [l with

r=flla v=1flla z+y=1[F1n
we obtain
WA < 2 G + (17215 + 2RI 112802 < (171
which gives ([B.2]) and completes the induction step.
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4. PROOF OF PROPOSITION

Recall that p and ¢ are now arbitrary positive numbers related by
pt = ok,

Proof of == The assumption is that for every g: Z — [0, 00) supported
in {0,1,...,n — 1} one has

n—1 k

2%/p

Z H gb+ely + -+ exly) < <Z g(b)p> . (4.1)
byl1, k€L (e1,...,6,)€{0,1}F b=0

We prove the claim by the induction on d. The basis case d = 0 is trivial again,

since all functions on Z" are constants. Now take d € N and a complex function f on

Z% supported in (CI)). For each b € Z define

fo: 271 €, fola) == f(a,b)

for a € Z% ', and use the induction hypothesis applied to each of these functions to
obtain

| follgr < Nl follew- (4.2)
Note that f; is identically zero unless 0 < b < n — 1. By the definition of the Gowers
norm we have

£l = > 11 COT T forerty ety (@ + €1hy + -+ + ephy)
a,h17...,thZd71 (617"'76k)6{071}k
b,l1,...,lkEZ

= ((Forertsttents) (e1,er) {013+ )k
bli,...,lkE€Z

so the Gowers—Cauchy—Schwarz inequality followed by (£2]) yields
k
”f”%k < Z H Hfb—i-61ll+m+€klkHUk

bl1,...,lkEZ (517"'7Ek)€{071}k
< Z H ||fb+51l1+~~~+€klk||€p'
b7l17“'7lk€Z (517---7Ek)€{071}k

It remains to apply (1) with
9(b) := [ foller

to conclude
2k: nd P 2k/p 2k:
112 < (D 0AlE) " =111,
b=0

which proves
Proof of :> This is obvious by taking f = 14, observing
12all? = AP/ = 1A,
and recalling the definition of P.

Proof of:> This is obvious by taking C' = 1.
Proof of — The assumption can be equivalently stated as: there exist a
constant D € [1,00) such that

1Lallyx < DIAY? = D||Lal|ew (4.3)
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for every d > 0 and every A C {0,1,...,n — 1}%. The following idea is borrowed from
[6l, Proof of Lemma 19].

We will first prove that for every d € N and every function f: Z¢ — [0,00) with
support in (L) one has

[fllgr < D(3 + dloggn)]| flev- (4.4)
Denote M :=||f|l¢g=, N = [dlog, n], and write

fla) X Bila) | f'a)
Xy tw

for every a € {0,1,...,n — 1}¢ and some B;(a) € {0,1}, f'(a) € [0,27NM). For each
index ¢ define the set

A;:={a : Bi(a) =1}

and the function

M M
fi= y]lAi = ?Bz
An application of the estimate (€3] to A; yields

M M
Ifills = 574, o < D55 L4l = Dl file

while f’ is trivially controlled as

M 12k M k k_
Hf/HUk < 2_N< Z 1) < Z_N(nd)(k+1)/2 < M(nd)(k+1)/2 U< M.
a,hl,...,hke{o,...,n—l}d

Thus, the triangle inequality for the Gowers norm gives

N N N
I loe = || 32 £+ 7| o < D2 Wllgn + 1o < D( Ifillen + 11l )-
=0 1=0 1=0

| f|le», which concludes

Since 0 < f; < f, we clearly have || f;|l» < |
D(N +2)||f|ev

[RAIRERS

and completes the proof of (4.4]).

Finally, we use a tensoring trick to remove the constant. Take an arbitrary ¢g: Z —
[0, 00) supported in {0,1,...,n — 1} and, for some d € N, define f: Z% — [0,00) to be
the d-th tensor power of g, i.e.,

flar,as, ... aq) == g(a1)g(az) - - g(aq).
Then
d d
[f1lx = llglige and [|fller = llgllze,

so taking the d-th roots of ([44]) gives

1/d
lglle < (D3 + dlogy ) gller-
Letting d — oo we obtain

lgllye < llgller
and thus finalize the proof of
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5. PROOF OF THEOREM [

We separately prove the lower bound
+1

liniinf((tkm —k—1)logyn) > — i 5 logy(k+ 1)+ k (5.1)
and the upper bound
thn <k+1-— (5.2)

log, n’
where ¢ > 0 is a constant such that (I.12]) holds. Before we begin, note that

(m ||]1{071,...,n—1}||Uk < nl/pk,n’
% and (L9) give trivial bounds

2" < < 2* o1
k+1\pk’"\k+1+0k () (5'3)
and
k+1—07°01) <tgn<k+1 (5.4)

5.1. The lower bound. The Gowers norm of a complex function f on the real line is
defined as

1/2F
1f ey = </k+ [T c s+ an +---+ekhk)dmdh1---dhk> .
B (et e 0,13

By aresult of Eisner and Tao [8, Theorem 1.12] the optimal constant C}, in the inequality
||9||Uk(R) < CngHsz/(kﬂ)(R)

on the real line equals
2k/2k

(k + 1)(k+D)/25 1
The equality is attained for all Gaussian functions among other extremizers, namely,
for k > 2, the Gaussians modulated by complex trigonometric polynomials of degree
at most £ — 1. This gives us an idea to test inequality (4] against truncated discrete
analogues of a Gaussian. This idea was already employed by Shao [21], who did not work
with the Gowers norms, but rather motivated the choice by the fact that the Gaussians
also extremize real line Young’s convolution inequality.

For a parameter M > 1 and an integer n > 2 define a function fas,: Z — [0,00) by

1\ 2
exp<—4M2<%—§>> forme {0,1,2,...,n— 1},

0 otherwise.

Cy = (5.5)

frn(m) ==

We also introduce g, gpr: R — [0,00) by the formulae
g(x) =",

2 1\2
gu () == exp<—4M <:17 - 5) ) =g(2Mx — M).

Writing the (k + 1)-dimensional integral as a limit of its Riemann sums we obtain

7}1_)"[1;0 nk;+1 HfMﬂlHUk — ”gM]l[OJ}”Uk(R) — W”gl[_MvM}HUk(R) (56)
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Also, (53)) implies
& m 1\2
I faralln, =3 e><p<_4M2p,€,n(z —3) )
2k m 1 k
2 2F /(k+1)
S exp<—4M k‘——l-l(g B 5) > o Hf n||g2k/(k+1)’

so we similarly obtain

) 1 P, 1 2k /(k+1)
tim sup — | faral5, < lim —||fM,n||pk/M

_ 2/ (k1) 28/ (k1)
= HQM]I[OJ}”sz/(kH)( R) Hg]l —M,M] ”Lgk/(k+1)( R)’
Moreover, by (L9]) and (IBEI)
hmsup ||an||sz n
. . n _ 1 . lim ten
= 11msup< ||an||§z’fkn) = <thup_||fM,n||§§1;,n)"—>oo
n—00 n—oo M

_ l Pk,n + < 1 ok
= ( im sup EHvaanpk,n) S @aFn 191 1—ar,011 HLZk/(k+1)(R)’

Dividing (5.6) by (5.17)) we conclude

thon—k— 1< Hme”Uk >2k >( Hg]l[—M,M]”Uk(R) )Qk
”fMyn”fka" Hg]l[—M,M]HLQk/(k:Jrl)(R)

liminf n
n—oo

The definition of py,,, guarantees
[famllr < [ fazmllpnn
so, taking logarithms, we obtain

”9]1[—M,M}Huk(]1g)

lim inf (¢, — k — 1) loggn) = 2% log .
n—oo ( ? ) ? ”g]l[—M,M}Hsz/(kH)(R)

Finally, we can take the limit as M — oo of the right hand size and obtain

glluk
lim inf ((t,, — k — 1) logyn) > 2" log, lgllus @)

n—o0

B gklog, G,
||9||L2k/(k+1)(R)

which, by (5.5), is precisely (5.)).

13

5.2. The upper bound. We will show (5.2)) by the induction on k& > 2. The basis
k = 2 is precisely (ILI2). The induction step follows from tjy1, < tg, + 1, which is a

clear consequence of the following implication: if

k k t
||f||%jk < H|f|2 /tHglv
holds for every function f supported on (I.1]), then one also has

”f”%k]i:l H’f’2k+1/ t+1 Ht+1

(5.8)

(5.9)
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for every function f supported on the same cube. To verify the implication, we denote
g= |f|2k/t. Applying (5.8)) to the function x +— f(x + h)f(z) for each fixed h and using
Young’s convolution inequality (2.1]) gives

17135 = D2 TCFRSOlG < 3 FC+mP QP
hezd heZd

_ k+1 t+1
= Hg*gH/gt ”gngt/(t+1>”g”g%/ml) = Hgngtmn = H‘f‘2 /(Hl)Hel :

Thus, (5.8) implies (5.9)).

6. PROOF OF THEOREM [l

Before we begin with the proof of Theorem [l we need to formulate and prove several
auxiliary inequalities for the Shannon entropy of special distributions, some of which we
could not find in the literature. Afterwards, we will separately prove the lower bound

— 1) logy(2k) — logy(n — 1)!)
Hn—l

lim inf <tk n (n

k—00

>0 (6.1)

and the upper bound

lim sup <0. (6.2)

k—o0

(t _ (Tl - 1) 10g2(2k) — ]0g2(n _ 1)|)
k,n Hn_l

6.1. Entropy estimates. Let X1, X5, X3, ... be independent symmetric Bernoulli ran-

dom variables, namely
0 1
Xi~ <1/2 1/2> ’

so that X; + Xo +--- + X, ~ B(m,1/2).

Lemma 6. For every m € N and arbitrary nonzero hl, .oy hin € Z we have

H(h X1+ + hyXm) > 1og2 ”;”.

Proof. Fix a positive integer m and non-zero integers hi,...,hpm. Denote
X =mXi+ -+ h,Xn.
By a classical result of Erdds on the Littlewood—Offord problem [9, Theorem 1] we know

that
max B(X = i) < <£m”;‘2j>2—m.

(ifa1)2 ™ <V

is well-known and it can be found in [I9] p.466]. Combining these two estimates we
obtain

The inequality

™m 1 ™m
E P(X —zlogz]P) >E P(X =1i)log,y 7:§log27,
i€Z i€Z

as desired. O
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We will also need more precise estimates in the particular case of the entropy
Hp,=HX;+ -+ X,)

of the symmetric binomial distribution B(m,1/2), which is the same number that was
introduced in (LI3]). The asymptotic series for the numbers H,, as m — oo has been
derived by several authors [I5], 17, [11]. However, we need sharp exact inequalities for
these numbers. They are available from the work of Adell, Lekuona, and Yu [I], who
strengthened the previous bounds by Chang and Weldon [4].

Lemma 7 ([I]). We have

1 enm 1 1 emrm 1
Slogy, T L H, < Slogy S = .
5 0825~ o, SHm < 5lsy o+ s (6.3)

for every m € N.

Proof. The authors of [I] use the natural logarithm in the definition of the entropy
(i.e., they measure it in nats), whereas we chose the base-2-logarithm in (23) (i.e., the
entropy is measured in bits). Apart from that modification, [I, Formula (7)], which is a
consequence of [I, Corollary 1], specialized to the symmetric binomial distribution reads

where
C1 = —0.24606.. . . ,
Cy =0.17527. ..,
C3 = —0.00400.. .,
Cy=0.08202....

It remains to disregard the terms Cy/m? and C3/m? on the left hand side, since their
sum is always positive. O

Finally, we can formulate and prove an inequality for the Shannon entropy that will
play a crucial role in the proof of Theorem [l

Lemma 8. For everyn > 2, 1 <1l < n-—1, and hy,...,hy € Z\ {0} such that
|hi| 4+ -+ || < n—1 we have
Hh X+ + X)) S H, 4

l =

e, (6.4)

with equality attained only when l =n —1 and |hi| = -+ = |hp—1]| = 1, in which case
X1+ +hp1Xp-1~ B(n—1, 1/2).

Proof. Changing some signs among hq, ..., h; only translates the distribution of h; X7 +
-+« + hyX; along the integers and preserves the entropy, because

—hiX; = hi(1 — X;) — hi ~ i X; — by

Thus, we can assume that all numbers h; are positive integers. After this reduction,
the case | = n — 1 leads to the unique possibility hy = --- = h,—1 = 1 and to the
distribution B(n — 1,1/2). Therefore, it remains to prove the strict inequality in (6.4])
for 1 <1 < n— 2. This also ensures that n > 3.

In the following proof we will first assume that n > 100 and then handle the cases
n < 100 using a computer. Moreover, for large n we will distinguish two further subcases,
depending on the magnitude of [ with respect to n.
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Case 1: n > 100 and 1 <1 < 3(n — 1)/4. From Lemmas [0l and [7 respectively, we
obtain

2(’1’L — 1)H(h1X1 + -+ thl) —2lH,,_4

l
> (n—1)log, % —2lH,

l em(n —1) l
—1)logy — —11 — .
The function
X em(n—1) x
has the second derivative
§(@) =~ <
22ln2 7
Thus, it is concave on [1, 3(n—1)/4], so it remains to verify its positivity at the endpoints:
©(1) >0 for n > 100, (6.5)
3(n—1
gp(%) >0 forn > 100 (6.6)

From s
logy s < 0 for s > 50em

we conclude

s em(n —1) 1
1)=(m—1)logy = —1 -
n—1 n-1
- —1
5 3 > 0,
which proves (6.5). Also, to prove (6.6) we only need to observe
3n—1)\y n-1 3 3 em 3
<P< 1 >— 1 10g2(n—1)+(n—1)(10g2§—110g27)—%
n—1 3
1 -6—(n—1)—%>0.

Case 2: n > 100 and 3(n —1)/4 <1< n — 2. Denote
U= ‘{16{1771}}7’2:1}‘7 V= ‘{ZE{l,,l}hl 22}‘
Clearly,
utv=I, u+2v<2hign—1,
i=1
which gives
u=2u+v)—(u+2v)=22l—n+1.

Since the numbers h; can be freely permuted without changing the distribution of h; X7+
-+« 4+ hy X;, without loss of generality we assume that

hi=---=hy=1.
For independent integer-valued random variables X and Y we have

H(X +Y) > H(X). (6.7)
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This follows from basic properties of the entropy and the conditional entropy [5, Chapter
2]. Alternatively, one can simply use Jensen’s inequality and concavity of the function
x+— —zxlogyx on [0,1]: if P(X =14) =¢; and P(Y = i) = r;, then

-3 (Z%’—ﬂ’j) log, (Z%’—ﬂ‘j) >Y > (= aijlogagiog) = =Y qilogs gi.
i j i i

Applying (7)) to
X=X1+ -+ Xopns1, Y :i=hypnoXop o+ + X
gives
H(h1 X1 + -+ X)) = Hy_py1.
By Lemma [7] we now have
2(n — D)H(M X1 + -+ X)) — 2lH,
>2(n — 1) Hy_pq1 — 21H, 4

em(2l —n+1) n—1 er(n—1) l

- 1)1 — —11 — .

> (n = 1)log, 2 202l —n+1) 82T 3 5(n—1)
The function

er(2x —n+1) n—1 em(n—1) x

=n-1)1 - —zl —
Y(z) := (n —1)log, 2 202c —n+1) 082 9 5(n—1)
satisfies

T (2z—n+1)2m2 (z—n+13 7
so it is clearly concave on [3(n — 1)/4,n — 2]|. Therefore, it again remains to verify that
it is positive at the endpoints:

3(n—1
Tﬁ(%) >0 for n > 100, (6.8)
P(n—2) >0 forn > 100. (6.9)
The proof of (6.8) is easy:
n—1 1 23
6 — — — 1) ==
6 -1 - 22 >0,
while
er(n —3) n—1 n—1 n—2
—2) =logy ———— — (n—2)1 _ B
P(n —2) = log, B (n —2)log, n—3 2(n-3) 5(n-1)
>8-3-1>0
proves (6.9)).

Case 8: 12 < n < 100. From the previous cases we see that it is sufficient to make
sure that for every 1 <1 < n — 2 we have

(n—1)log, %l —2lH,—1 >0

or

2(77, — 1)H21_n+1 —2lH,_1 > 0.
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(In the second inequality it is understood that we must also have [ > (n —1)/2.) Exact
symbolic computation in Mathematica [24] verifies that, for every such [, at least one of
the two inequalities holds, as soon as 12 < n < 100.

Case 4: 3 < n < 11. For every such n there are only finitely many cases of h; to
check the original claim of the lemma. Thus the verification can again be easily done
using the symbolic computation in Mathematica [24]. Note that this type of checking
would be too extensive for all n < 100. O

Let us also mention a conjecture on when
H(hi X1 4 - 4 hin X))
is minimized, given that the number of terms m is fixed. We arrived at it while trying

to find a more streamlined proof of Lemma 8

Conjecture 9. For every m € N and arbitrary hy, ..., hy, € Z\ {0} we have
H(hX1+ -+ by X)) > Hp,

with equality attained only when |hy| = -+ = |hy|, in which case h1 X1 + -+ + hyp X
has the symmetric binomial distribution B(m,1/2).

We do not see immediate applications of Conjecture [ provided that it turns out to
be true, but we believe that it could be interesting on its own. Comparing it with the
easy Lemma [6] and its proof, one can think of Conjecture [ as an entropic variant of
the Littlewood—Offord problem. A possible reason why it has not been studied before
is that it asks to prove a sharp inequality for every fixed m € N, while it is trivial
asymptotically as m — oc.

6.2. The lower bound. Recall that, by Proposition 2 the number ¢ ,, is the smallest
t > 0 such that

n—1 t
3 I faram+ram s (L 07) w0
=0

a,h1,...,hi €Z (eq,...,¢;,)€{0,1}*
holds for every function f: Z — [0, 00) supported in {0,1,...,n — 1}. On the left hand
side of inequality (6.10]) we only observe the mutually equal terms obtained by taking:
e a€{0,1,...,n— 1} arbitrary,

e precisely a of the numbers hq, ..., h; to be equal —1,
e precisely n — 1 — a of the numbers hq,...,h; to be equal 1, and
e precisely k —n + 1 of the numbers hy,..., hg to be equal 0.

There are

(DS

such choices altogether, and they all contribute to the sum in (G.I0]) with the same term
n-l n—1\ogk—n+1
[Tr %
§=0

Thus, by using inequality (6.10) with ¢ = t;, ,,, we obtain

n-1 ~1\ok—n+1 n-! k tn
(n * 1)2"‘1 [T/ < (Z 1) /)
=0 =0
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Now take a particular function f defined as
(n_l) tk,n/2k
for 0 < j<n-—1and f(j) := 0 otherwise, so that the last inequality gives us

(S TN (B

j=0

Taking logarithms,

n—1 (n '1)tk,n (nfl)
ZlogQ(kz —Jj)—logog(n — 1)1+ (n—1)+ Z J —— log, 2nj—l <0,

27L
7=0
—Hp—1tgn
ie.,
n—2
lim inf (Hp—1tgn — (n — 1)logy(2k) + logy(n — 1)) > lim Zlogz(l —j/k) =0,
k—o0 k—o0 izo

which proves (6.1).

6.3. The upper bound. Note that the term on the left hand side of (6.10]) correspond-
ing to at least n nonzero numbers hq, ..., h; must be identically 0. At the other extreme

are the terms when hy; = --- = hy = 0. All remaining terms can be grouped by choosing
1 <1 € n — 1 nonzero numbers among hq,...,h; in (];) ways. Therefore, for a fixed
integer n > 2 and every [ € {1,...,n — 1} we define

Tn,l = {(a,hl,...,hl) €7 x (Z\{O})l 0<a+ethi+---4+egh <n—1
for every (e1,...,¢) € {0, 1}1},
so that inequality (6.I0) can now be rewritten as

n—1 n—1
S +y. Y (f) I[I ra+eahi+ - +eaw)®
7=0

=1 (a,h1,....,h) ) €Ty (€1,-.€1)€{0, 1} .
n— t
ok
< (Zf(])2 “) :
j=0

By substituting g( 7) = f(5)*/t, the estimate (6.10) is further equivalent to

n—1
>_90) +Z 2 <];> [T ga+ean+ - +am)® <1 (6.11)
j=0

=1 (a,h1,....,h)€T, (e1,...,e)€{0, 1}

for every g: {0,1,...,n — 1} — [0,00) such that > '", 19(j) = 1. Tt is understood that
only such functions g are considered in the rest of this subsection. We will prove (G.11])
for any given 0 < § < 1, for
‘ (n — 1) logy(2k) — logy(n — 1)! ) (6.12)
Hn—l
and for all positive integers k that are sufficiently large depending on n and 4. This will
establish (6.2)) by showing that the upper limit in question is at most ¢ for every ¢ > 0.
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Let us first make some preliminary observations. Every summand, other than g(5)t,
on the left hand side of ([6.I1)) is of the form

(}) Gomgay gt - 1y (6.13)

where (qo,q1,...,qn—1) 1s some discrete probability distribution on the set
{0,1,...,n—1}, which is also the distribution of some random variable h1 X7 +- - -+ X
for (a, hi,..., ;) € T,,;. We always interpret 0% = 1. For every g as before the inequality
between the weighted arithmetic and geometric means gives

n—1 . . n—1 2\ Qi
_ , 9(5) gGine  IjZo 9()¥
1= "9(G)= > 4G, 2 11 ( - ) =
j=0 0<j<n—1 7 o<j<n—1 1 j=0 4;
q;70 q;7#0

That way we have obtained

n—1

H g(j)% < 2_H(QO7~~~J17L71)’ (6.14)
j=0
where we recall that H(qo, ..., qn—1) is defined by the formula (23)). Denote
§ = 2—n2”Hn,1/(n—1)‘
The proof of ([G.I1]) is split into two cases. Once again, we always assume that g attains

non-negative values that sum to 1.

Case 1: for every 0 < j < n — 1 we have g(j) < 1 — 0. Each summand (6.13]) from
the left hand side of (IBEII) correspondlng to some (a, hi,...,hy) € T, is, by inequality

(©14), at most
<k> 9—H(h1 Xi4+4h X;)t
l )
which is, by the choice (612]) for ¢, less than or equal to
g—ntl. 9= Hn10 forl=n—1, (6.15)
Ok—>oo(kl (n—1)H(h1 X1+4-+h; X;)/Hp— 1) for 1 <1< n—2. ( 6)

In (6I5]) we used the fact that the only possibility to have [ = n —11is hy X7 + -+ +
hp—1Xp—1 ~ B(n —1,1/2). Since T}, ,—1 has precisely 2"~ 1 elements described in the
previous subsection and each corresponding term is bounded by (6.I5]), we conclude

2 : k N
(n - 1) II glaterhit- - +en_thn_1)/2" " < 2 Hn1d,
(ashyseshp—1)€Tn n—1 (€15-6n—1)€{0,1}~1

Next, each term corresponding to T,;, 1 < I < n — 2, is bounded by (6.16]) and the
exponent of k is strictly negative by Lemma 8l Thus,

k
Z Z <l H g(a+61h1 —I----—I-Elhl)t/zl :Ofl—mo(l).

=1 (a,h1,...,n;)) €Ty (€1,-,€1)€{0,1}

Finally, under the standing assumptions on g and by formula (6.12]),

> () <n(l—0)" = of7e(1).
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Altogether, the left hand side of (6.I1]) is bounded by

2—Hn,15 +Ofl—>oo(1)
<1

for all functions g considered in this case. This is certainly less than 1 for sufficiently
large k, just as desired.

Case 2: for some 0 < jo < n — 1 we have g(jo) > 1 — 0. As a consequence of
>-;9(j) =1 we also have g(j) <0 for each j # jo. Denote

n—1
N = |Tnl-
=1

Take k sufficiently large that ¢ > 2"; a further largeness requirement on k& will be imposed
later. The terms g(j)" in (G.I1]) are here simply controlled as

9(i)" < g(5)?
for j =0,1,...,n — 1. Each of the remaining N terms in (G.I1]) is at most
K" g(51) 7 g(j2) " (6.17)

for some distinct indices j; and j. Since at least one of these indices is different from
Jo, we can bound (6.I7]) from the above by

9(1)g(G2) k™10 1 = g(j1)g(jo) k"L OET (k™)

= 4(i0g0)0% (k) < 2g(in)alia),

where the last inequality holds as soon as k is large enough depending on n. Altogether,
the left hand side of (G.I1)) is then less than or equal to

n—1 S
> g+ N max (g < (o)) =1
=0 -

Both cases are now complete and they finalize the proof of inequality (6.11]), and thus
also of the upper bound (6.2)).
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