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Abstract. Let an interval 1 C R and subsets Dg; D; C | with DoguU D; = I
and Dy N D; = () be given, as well as functions ry : Dy — I, r; : Dy — I.
We investigate the system (S) of two functional equations for an unknown
function f : I — [0;1]:
2F (x) = F(ro(x)) if X € Dy;
2F(x) — 1 =Ff(ry(x)) if x € Dy:

We derive conditions for the existence, continuity and monotonicity of a solu-

(S)

tion. It turns out that the binary expansion of a solution can be computed in
a simple recursive way. This recursion is algebraic for, e.g., inverse trigono-
metric functions, but also for the elliptic integral of the first kind. Moreover,
we use (S) to construct two kinds of peculiar functions: surjective functions
whose intervals of constancy are residual in I, and strictly increasing func-

tions whose derivative is 0 almost everywhere.
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1 Introduction

We begin with an introductory example. Let X > 0. Set

2a
ay=x and apn;; = ﬁ (with any; = —oo if @, = £1):
~ “%n
Then
1 arctanX,
Z on+1 :
an<0

n>0
Simon Plouffe (Université Bordeaux-I) detected this identity numerically;
the purpose of the present paper is to explain why it is true and how the
underlying method can be used to get similar recursions for other functions.
Let us observe two things: First, the above series is just the binary expansion
of arctan(X)=... Second, the recursion formula corresponds in a certain way
to the addition theorem for 2 arctan X. In the present paper we will explore
how addition theorems of this type can be used to compute similar binary

expansions for a wide class of functions.

More precisely, we will deal with the following type of functional equations.

Let an interval I C R and subsets Dg;D; C | with Dg UD; = | and

Do N D; = 0 be given, as well as functions ry : Dy — I, r; : D; — 1.

Then consider the system (S) of the following two functional equations for
an unknown function f : 1 — [0; 1].

2F(x) = F(ro(x)) if X € Dy, (So)

2f(xX) — 1 =Ff(ri(x)) ifxe Dy. (S1)

Stating the functional equations in this way implies that for each solution f



the following must be true: X € Dy = f(X) € [0;1=2] and X € D; =
f(x) € [1=2;1].

Why are we interested in this system of functional equations? The reason
is that on the one hand there are many interesting functions which can be
shown to solve the system, and that on the other hand the system links these
functions to Plouffe iterations like the one described for the arctan. In fact,
as we will see in the next section of this paper, Plouffe’s iteration for the

arctan is proved upon the observation that

f(x) {arctan(x):... if x € [0; 00)
|1+ arctan(x)=.. if x € [—00;0)
satisfies (S) on | = RU{—o0} with Dy = [0; 00), Dy = [—00;0), o(X) = 125,
ro(1) = —o0, ri(x) = 125, ri(—1) = —oo. Other interesting functions which

satisfy the system (S) are the logarithm, inverse trigonometric and hyperbolic
functions and even the elliptic integral of the first kind. Moreover, it is also
possible to describe quite peculiar functions as solutions of the system. If
we choose Dy = [0;1=2), Dy = [1=2;1], ro(X) = 4x2, ri(X) = 1 — 4(x — 1),
then the solution of (S) is surjective but has intervals of constancy which
are residual in I. If we choose Dy = [0;3=4), D; = [3=4;1], ro(X) = 4x=3,
ri(X) = 4x — 3, then the solution is strictly increasing but has derivative 0
almost everywhere (it is the inverse of a function with the same property
constructed by G. de Rham in [?]). We will prove these two statements in
somewhat greater generality in Section 3, after having given conditions for

the existence, continuity and monotonicity of a solution in Section 2 of this
paper.

We conclude the introduction with two basic observations about the func-



tional equations. Firstly, we have that f = 0 if and only if D; = ). (Indeed,
assume Dy = | and X, € Dy with f(Xq) # 0. Iterate equation (Sy) un-
til 2"F(Xg) = F((roo:::org)(Xo)) = F(rj(Xo)) > 1=2. This contradicts
ri(Xo) € Do = F(ri(xo)) € [0;1=2]. If, on the other hand, ¥ = 0, then
D; # 0 would yield a contradiction.) Similarly, f = 1 if and only if Dy = §).

Secondly, the requirement that a given function T is the solution of a system
of type (S) is not very restrictive. Indeed, the following is a necessary and
sufficient condition for f to satisfy such a system: For each X € | with
f(X) < 1=2, there must exist a y(X) € | with 2f(x) = f(y(X)); for each
X € I with f(X) > 1=2 there must exist a y(X) € | with 2f(x) —1 = f(y(X));
and for each X € | with f(X) = 1=2 there must exist a y(X) € | with
f(y(x)) = 0 or f(y(X)) = 1. Necessity is obvious. On the other hand, if
this condition is satisfied (with, say, f(y(X)) = 0 if f(X) = 1=2), then we
can define Dy := £71([0;1=2)), D; := £7!([1=2;1]), and the functions ry; ry
can be set equal to this y on I. So, each function from which this can be
reasonably expected satisfies a system of type (S). The challenge is, of course,
to find functions ry; r; which are ”simpler” than f (e.g., f transcendental and

ro; Iy algebraic).

For x € [0; 1], we will always denote the binary expansion of X by (0; ”¢”1::1)2;

this means X = § "a=2M T with g7y € {0 1)

n=0
2 Properties of solutions of (S)

Theorem 1. The system (S) has exactly one solution T : 1 — [0;1].



Proof. First we show that there is at most one solution. For each solution T,
there is only one possible value for f(X) at a point X € I. This value is
determined by the following recursion: Set

r()(an) if an € Do,
ri(ap) if ap € Dy.

Q=X and apny = { (1)

Then for each solution ¥ we have

f(ro(an)) = 2f(an) if an € Dy,
f(ans1) = {f(l’1(an)) =2f(ay,) —1 ifay € D;.

Compare this with how we compute the binary expansion of y € [0;1]. With

2yn 1f Yn S [O’ %)7
Yo:=Y: Yny1:=42¥n—1 if yn € (% 1],
2yn or 2y, — 1 ifyn:%7

we get y = > Q,Eﬁ Since Yy and f(an) obey the same recursion (recall

Yn4+1=2yn—1
n>0

that an € Dy implies f(an) € [0; 1=2] while f(an) € [0; 1=2) implies a, € Dy,
and similarly for a, € Dy), we can identify y, = f(a,) and get

flag) =)= 3 oy )

anebD;
n>0

On the other hand, define a function £ by this recursion. Then f indeed
maps | into [0;1], and f satisfies the equations (Sy),(S1): X € Dy implies,
by (??), £(X) < 1=2 and

1 1 1
f(ro(x)) = f(al) = Z on =2 Z on+1 =2 Z on+1 - 2f(X):
aneDbg aneDq aneDbg
n>1 n>1 n>0
Similarly, X € D; implies F(r(x)) = 2f(x) — 1.



The recursion (?77?),(?7?) is important throughout this paper; we will con-
stantly make use of it. In the arctan example, it is exactly Plouffe’s itera-
tion. Note that in the statement of Theorem 7?7 no regularity other than the

boundedness is required or asserted.

Under which conditions is the solution ¥ continuous? First of all, continuity

of  does not imply the existence of continuous ry; r;. Consider, e.g.,
2X if x € [0; 1=4],
f(X)=43=4—x if x € [1=4; 1=2],
3=2x — 1=2 if x € [1=2;1].
Then, necessarily, ro(x) = 2x if X € [0;1=16) and ro(X) = 8=3x + 1=3 if
X € (1=8; 1=4], but between 1=16 and 1=8, there must be at least one point

of discontinuity.

However, if we assume continuity of ry; ry, we can give a sufficient and neces-
sary condition for f to be continuous. In the following Theorem ?7, closure

and interior of Dy and D; are taken in |I.

Theorem 2. Let ro; ry be continuous. Then the solution T of (S) is contin-

uwous if and only if

for each xo € Dy N Dy: ¥n € Ny : r(ro(Xg)) € D, and
3-(n) >0 :VYy € Dy with |Xo —y| <-(n) we have r{(ri(y)) € Do;
for each Xo € Dg N Dy: Vn € Ny : rl(r1(Xo)) € E)o and

[e)

3-(n) > 0:Vy € Dy with |Xg — Y| < -(n) we have r(ry(y)) € D1.
Proof. Assume that f is continuous. Without loss of generality (wlog), take
any Xo € Dy N Dy. Then 2f(X,) = F(ro(Xo)) and

Jim F(ri(x)) =2 lim £(x) — 1= 2F(xo) — 1 =F(ro(xo)) — 1
xeDy xeDy



Since (1) C [0; 1], we must have F(ry(Xo)) = 1 and Jim f(ri(x)) = 0. Thus,
xeDq

ro(Xo) € Dy. Since 2F(rg(Xg)) — 1 =1 = F(ri(ro(Xo))), we get ri(ro(Xo)) €

D,, and, inductively, r{(ro(Xo)) € Ds.

Observe that for any x € @D, (which equals @D; = (Do N'D;) U (Dy N D)),
f(X) = 1=2. Choose - > 0 such that f(y) — f(Xo) = f(y) — 1=2 < 1=2"*2
for y € Dy with [Xg — Y| <-. Then we have f(y) < 1=2 + 1=2"*2, therefore
2f(y) — 1 = f(ri(y)) < 122", thus 2"F(ry(y)) = F(rg(ri(y))) < 1=2; and

that means r{}(ri(y)) € Dy.

Lastly, since F(r'(ro(Xo))) = 1 and F(r{i(ri(y))) < 1=2, it follows that
M(ro(Xo)) € D1 and ri(ri(y)) € Do. (Recall that F(@Dy) = F(@D;) =
{1=2})

On the other hand, assume that the condition holds. Take any X € 1,

n € N, and set " := 1=2""!. Consider the numbers ay;a;;:::;a, where

0 ifagx €Dy

| ifa e D, K

K {min{k € {0;:::;n} : ax € @Do(= @D;)} if this set is not empty,
0 n-+1 otherwise.

= (1, 01530 1,)() and "= {

-1 > 0 such that |[X —y| < —; implies that (r-,_, o::iior)(y) € [O)"k for

— > 0 such that [X —y| < — and (r o:iior)(y) € Dy imply that

"kofl

(rMorgors ,oiiior)(y) € Dy form=0;:::;n—ky — 1. This means

1

that F(y) = (0;70 1 "ko—101 71 Lyynitasnia it 02

7



Lastly, we have a -1 > —3 > 0 such that [x—y| < -3 and (= _, 0i:ior)(y) €
Dy imply that (=, 01110 )(X)—(r= _,oiiior,)(y)| <-(n—Kko—1), which

ko—1

in turn means that (rg'oryor- _ o:iiors)(y) € Do form=0;:::;n—ko—1.

This means that F(y) = (0701 "ko—110::: 0ppns1smni2 i 552

Now, if we choose - := min{—y; -3}, then |[X —y| < - implies that |[F(X) —
fly)l <™
Observation. If the solution T of (S) is continuous and neither ¥ =0 nor

T =1 then it is "almost surjective”: (1) 2 [0; 1]\ {p} wherep =0 orp = 1.

Proof. As has been seen in section 1, we have Dg;D; # 0. Moreover,
there is an X € | with f(x) € (0;1). Assume (wlog) X € Dy. As above,
iterate equation (Sp) until 2"F(X) = F((rpo:::orp)(X)) € [1=2;1]. Since
T is continuous, there is an X, € | with f(Xo) = 1=2. If Xy € Dy, then
2f (Xg) = 1 = F(ro(Xp)), and there is an x; € Dy with f(x;) = 1=2. Tt follows
that

2 Jim T —1=0= Jim F(ri()):

xeDq xeDq

If Xg € Dy, then the same reasoning leads to f(r;(Xo)) = 0 and the existence

of an X; € Dy with )}g)rgl f(ro(x)) = 1.

xeDg

We are now interested in monotonic solutions.

Observation. If T is injective, then so are ¥y, ri. The converse is not true,

not even when assuming continuity and strict monotonicity for ry; ry.

Proof. If ro(X) = ro(y), then f(ro(x)) = F(ro(y)) and, by (So), 2F(X) =
2f(y). If T is injective, then X =y follows. The same for ry.

On the other hand, consider f(X) = x? on | = [—1; 1] which is not injective.

8



But f satisfies the system (S), with Dy = [~1=v/2;1=v/2], D; = | \ Dy,
and Iy(X) = v2X, ri(X) = { Vaxi—1 it x>0

2x2 -1 ifx<0
strictly monotonic.

which are continuous and

Theorem 3. Assume that ry; i are increasing and that Dy < Dy (X € Dy,
y € Dy implies X <vy). Then T is increasing. Similarly, T is decreasing if

ro; 1 are increasing and Dy < Dy.

Proof. We only prove the first part here. Take X;y € | with X <y. As in

the proof of Theorem ?7?, consider the numbers ax = (r»_ o::ior» )(X), by =
(r,,o:::0or )(y). There are two possibilities: Either ax € Dy < by € Dy
for all K € IN, which implies f(X) = f(y). Or there exists a Ky such that for
all kK < ko, ax € Dy < by € Dy, and ax, € Dy, by, € Dy. (We have ay, < by,
since ro; Iy are increasing.) This implies F(X) = (0; 701! "k=10"kos1:: )2 <
(057070 "ko—1Laakot1 11 2)2 = F(Y).

In Section 3, we will see that strict monotonicity of ry;r; does not imply

strict monotonicity of f.

By inspecting the recursion formula (1),(2), one would guess that it allows
statements on the points in | which are mapped by T to a rational value. The
last theorem in this section addresses this possibility. The interiors of Dy,

D; and | are to be taken in R.

ro(x) if x € Dy

Define a function r : I — | by r(x) = { n(x) ifxeD,’
1 1

Theorem 4. Assume that | is closed (possibly, | = [—o00;0]), that ry;

O
are continuous and increasing, Dy < Dy or Dy < Dy, and that ry maps Dy

9



[¢] [¢] [¢]
onto | and ri maps Dy onto |. (Then T is continuous and monotonic.)

Lastly, assume that T is strictly monotonic. Then

{xel:f(x)eQ} ={xel:xisin an orbit underr of a fixred point of

rK=ro:iior (k>1)}.

Proof. Call the right-hand set in the assertion M.

(i) We show that f(X) € Q for x € M.

where all of these maps are defined, i.e., X € D, r~,(X) € D»,, and so on.

By the recursion formula (1),(2), this means that

F(X) = (0: 70 " ne1a T D maknl D1k 11225
that is, F(x) € ©Q.
(ii) Assume F(X) € @, say, F(X) = (0;70: 1 n_1s1 5 askssl it ook t:t)2t Let
I = [a;b] and assume wlog Dy < D;. It follows that ro(a) = a and ry(b) = b.
Now observe that r* has a fixed point Xo in (r_toz:zor” D)(1): If (51001 ,0k) #

(0:::0) and # (1:::1), then for S := (r_!o: ::or:kl)(f), we have S C IO, and

o
since Iy and ry are onto I, we have

r*(S) = (r*"'or orto:io r:kl)(lo) = (M lorlorior () =1 =1;

392 K

therefore, r* has a fixed point in S. If (,,;:::,,k) = (0:::0), then the fixed

point is @, for (,,1:::,k) = (1:::1), it is b.

10



Set y := (' oiiiora! )(Xp), then y is in an orbit of X, and f(y) =
(05705 " 1991 askonl - sk s 5 2)2 DY (1),(2). Since f is injective, X =Y.

3 Several examples

We begin with a short list of transcendental functions f which satisfy a

system of type (S) where the functions rg; ry are algebraic.

1. f(xX) =lnx=In2, | =[1;2],
Do = [1;v2), Di=[v22],
ro(X) =x%,  ry(x) = x?=2.
Of course, the recursion (1),(2) can be used to compute the binary
expansion of the function f. Take for example X = a, = 3=2. Then
a; = 9=8, a, = 81=64, a3 = 6561=4096, a, = 3'6=22% and so on. Here
are the first 20 binary digits of In3=1In2: (1:10010101110000000001)s.
An application of Theorem ?? would yield that f(X) is rational if and

only if X = 2% with rational q. But we know that already.

2. f(x) = arccos(x)=.., | =[-1;1],
Do = (0;1], D;=[-1,0],
ro(x) =2x2 —1, ry(x)=1-2x2
Theorem ?? says that the points whose value is rational are the fixed

points of rK = £(rgo:::0 1) (the sign on each set (r 'o::zor H)(I)

11



must be chosen so that r* is increasing) and their orbits. Or put the
other way round, these are the values of cos(..X) if X is rational. Note
that r§ = roo:::orq is the Chebychev polynomial of the first kind Tox
for [—1;1].

3. f(x) = 2arcsin(x)=.., | =10;1],
Do = [0;1=v2), Dy =[1=v2;1],
ro(X) = 2xv/1 —x2,  ry(x) =2x*—1.

[ arctan(X)=.. if X € [0; 00) B
4 00 = { 1 + arctan(x)=.. if X € [—00;0)’ | = RU{~oc}
Dy = [0;00), Dj=[—00;0),
ro(X) = %, ro(l) = —00, rl(X) = %, rl(—l) = —0Q.
5. f(x) = arccot(X)=.., | =RU{—o0},
Do = {O, OO), D, = [—OO, 0),
ro(X) = =1, 1(0) = —o0,  ri(x) = X2,
6. f(X) = arsinh(X)=In2, | =[0;3=4],

Do = [0;1=2v/2), D, = [1=2v/2;3=4],
ro(X) = 2xXv/1+ %2, ri(X) = 5=2xv/1 + X2 — 3=2x* — 3=4.

7. Denote by F and K the incomplete (resp. complete) elliptic integral of
the first kind, take k € [0; 1).

12



_ JF(W1—x%k)=2K (k) itx>0 .
f<x)_{1—F(m;k)=2K(k) ifx<0’ ==L,

Do = (0;1}, Dy =[-1;0],
x? — (1 —x?)(k*x* +1 — k?) F(X) = X -0 =x) (KX +1-K?)
X2+ (1—x)(k2+1-k2) T x4 (1 —x)(k2x2+1—Kk2)
(Another way to write this is the following, with X’ := /1 — X:

ro(X) =

X2 + k2X14 o X/2_ X2 + k2X/4 o X/2
fo(X) = 1—k2zx4 nx) = - 1 — k2x )

Set, e.g., K = 1=y/2 and X = 1=/2. Then the recursion (1),(2) yields
2F (1=v/2;1=v/2)=fl (1=4; 1=4) = (0:001110010000011:::),

where fl(X;y) = J5(1 — u)*"'w~'du for x;y > 0 (beta function); note
that K(1=1/2) = 27%fl(1=4; 1=4) (cf. [?]).
As a second example, set K = /2 — 1 and X = 1=y/2. Then we get

2%4F (1=v/2; V2 — 1)=fl(1=8; 1=8) = (0:001111100001010:::)s;

note that K(y/2 — 1) = 2715741 (1=8; 1=8) (cf. [?]).

Theorem ?? says that the points whose value is rational are the fixed
points of I = £(rgo: o) (the sign must on each set (r 'o::ior (1)
be chosen so that r¥ is increasing) and their orbits. Or put the other

way round, these are the values of cn(2K (k)x) if X is rational.

The common denominator in these examples is an algebraic addition theorem

(cf. [?]). Assume that g : R — R, injective on [0;1] and g([0;1]) = 1,

satisfies P (9(X); 9(y); 9(X+Yy)) = 0 for all X;y € R with a polynomial P. Set
Do := g([0;1=2)) and Dy := g([1=2;1]). Then f := (g|[0;1])‘1 satisfies (S)

13



where rg and r; are determined by solving P (g(X); g(X); g(2x)) = 0 for g(2x)
and P (g(2x);9(—1);9(2x — 1)) = 0 for g(2x — 1) (with the use of ry here).
For examples 4 and 5, the interval [0; 1] would have to be replaced by [0; 1).
A bit more explicit is the following approach which does not work for ex-
amples 2 and 7. Assume ¢ : [0;2] — R is injective on [0; 1] and on [1;2]
and g([0;1]) = 1. (Again, replace these by halfopen intervals for exam-
ples 4 and 5.) Assume that g is a solution of the functional equation
g(x+y) = a(g(x);g(y)) for x;y € [0; 1] with an algebraic functiona: I x I —
9([0;2]). Let f := (g\[o;l])il, therefore ¥ : I — [0;1]. For u;v € | with
f(u) + f(v) € [0;1], we have
g(F(u) + F(v)) = a(g(f(u));9(f(v))) = a(u; v);
or f(u) + f(v) = f(a(u;v)). If we set ry(u) := a(u; u) for u € g([0; 1=2)) =:
Dy, then for each u € Dy we have f(ry(u)) = 2f(u).
For any X € [0;1] and for any u;v € | with f(u) 4+ f(v) € [x;x + 1], there
exists a b = b(u;v) € | with a(b;g(x)) = a(u;v). Indeed, we can write
f(u)+f(v) =y+x withy € [0;1]. Set b:=g(y). Then
a(u;v) = a(g(f(u);g(f(v))) = g(f(u) +F(v))
= 9y +x) = a(g(y):9(x)) = a(b;g(x)):
Now choose X = 1. Then, if u;v € I with f(u) + f(v) € [1;2], we have
g(F(u) +F(v)) = a(u;v) = a(d;g(1)) = g(f(b) + 1):
Since @ is injective on [1;2], it follows that f(u) + f(v) = F(b) + 1. If we

set ri(u) := b(u;u) for u € g([1=2; 1]) =: Dy, then for each u € D; we have
f(ri(u)) =2f(u) — 1.

14



Let us see how this works for Example 3. Here, g(X) = sin(.x=2), I =
9([0;1]) = [0;1], Do = g(10;1=2)) = [0;1=v/2), Dy = g([1=2;1)) = [1=v2; 1]
and f(u) = 2arcsin(u)=.. for u € [0; 1]. g satisfies g(X+Yy) = g(X) m+
g(y)y/1 — g%(X), therefore a(u;Vv) = uy/1 —v2+vy/1 — u? for u;v € [0;1]. To

determine b(u; V), we have to solve a(b;g(1)) = a(u;v) for b € [0;1] if u;v €
[0;1] and F(u) + f(v) € [1;2]. This yields b(u;v) = uv — /1 — u?y/1 — v2 for
u;v € [0;1] and u? +v? > 1. Thus, ro(u) = a(u;u) = 2uy/1 — u? if u € Dy
and ri(u) = b(u;u) = 2u? — 1 if u € D;.

However, this kind of transcendental functions is not the only interesting
class of solutions of (S) with ”simple” ro;r;. In fact, (S) can be used to
construct rather peculiar functions. We will give two examples here: First,
we construct a continuous, ”almost” surjective function f for which the set
{x €I : f is not constant in a neighbourhood of X} is nowhere dense in I.
Second, we construct a strictly monotone function which has derivative 0

almost everywhere.

In the following Theorem ?7?, the interior of Dy, D; and | is taken in R.

Theorem 5. Let ry;r; be continuous and increasing, Dy < Dy, and 1y
mapping 50 onto f, ry mapping 51 onto i) (Then f is continuous and
increasing.) If there exists an X; such that X; € [0)0 with ro(X;) < Xy or
X; € [;1 with r1(Xy) > Xy, then for each X;y € | with X <Yy, there exists a

non-degenerate interval 3 C [X;y] with F|; = const.

Proof. Assume that X; € Dy with ro(X;) < X; (wlog). Let X := max{X €

o
Dy : ro(X) < x}. We have X € Dy and, since ry is increasing, ro(X) <

15



X < X < X, which means by (1),(2) that f(X) = 0 & x < X. Inductively,
F(X)=(0;70:::"r_100::2)2 < (=, _, 0:ii0or)(X) < X. Since ro; r; map [0)0

resp. E)l onto f, the set
(reforiiors! ) ([0)0 N (—oo;?)) =int{x el :f(xX)=(0;"0:::"n-100:::)2}

is non-empty; since T is increasing, this set is a non-degenerate interval. Since

the dyadic rationals are dense in (I), the assertion follows.

At the end of Section 2, we asserted that there are non-strictly monotonic
solutions F of (S) with strictly increasing ro; r;. Theorem ?7? provides us with
an example: Set | = [0;1], Dy = [0;1=2), D; = [1=2;1], ro(X) = 4x* and
ri(X) =1 —4(x — 1)% Then the solution of this system (S) has the desired
property.

However, functions which have this property can also be constructed as solu-
tions of systems (S) which do not satisfy the assumptions of Theorem 7?. Tt
is enough that ry; r; map [O)O resp. [0)1 onto |O and that the solution f has at

least one non-degenerate interval of constancy. Here is another example: Set

. e . _[5x if x < 1=8
| = [0;1], Do = [0;1=2), Dy = [1=2:1] and ro(x) = {x+1=2 S e
X—1=2 if x < 7=8

ri(x) = {5x—4 if x > 7=8"

We turn now to the construction of a continuous, strictly increasing func-
tion T which has derivative 0 almost everywhere. As mentioned, these func-
tions, constructed in the following Theorem 77, are the inverses of de Rham’s
functions with the same property. Note that the set of measure 1 on which
the derivative of f vanishes is mapped by T onto a set of measure 0 on which

the derivative of =1 does not exist, and vice versa.
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Theorem 6. Take any t € (0;1) \ {1=2}. Set Dy = [0;t), D; = [t; 1],
ro(X) = x=t, ry(X) = (X —t)=(1 — t). Then the solution T of this system (S)

15 strictly increasing and its derivative is 0 wherever it exists.

Proof. First, according to the conditions in Theorems 7?7 and 7?7, f is contin-
uous and increasing. In fact, f is strictly increasing: Set L := min{1=t; 1=(1—

t)}, then L > 1. For each X;y € | for which there exists an n € Ny

have |an(X) — an(y)| > L"|x —y| (with an(X) = (I, , o i1 0 I+ )(X),
as in the proof of Theorem ?77?). Therefore, f(X) = f(y), which means

an(X) € Dy < an(y) € Dy for all n € Ny, implies X =Y.

Since T is strictly monotonic, f/(X) exists almost everywhere. Take any X
where /(X) exists. Assume F(X) = (0;7”1::1)2. Set tp:=tand t; :=1—1t.
For each n € Ny, choose Xn;Yn € [0;1] with f(X,) = (0;70:::7"n-100::1)9
and F(yn) = F(Xn)+1=2". Since f is strictly increasing, we have X, < X < yp.

It can be proved by induction (see below) that y, —Xp =t - - - t»

n-1°

Now assume F/(X) # 0. Then

f(yn) — F(Xn) ‘ Yn+1 — Xn41
Yn — Xn f(Yni1) — F(Xng1)

— 1 (n—o0):

But we have

fyn) — F(Xn) - Yn+1 — Xnq1 _ 1=2" LR N o ot -
Yn —Xn f(Yni1) = F(Xnp1) -t 1=2n+1 n’

The latter sequence has at least one partial sequence which is constant, but

its value (2t or 2(1 — t)) is unequal to 1 if t # 1=2. That is a contradiction.
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We close this section with the induction we omitted in the proof of Theo-

rem ?7. Notations are as in that proof.

Lemma. For eachn € Ny and i = ("g:::"n_1)2 € {0;:::;2" — 1}, let
Xin:Yion € [0;1] such that £(Xin) = i=2", f(yin) = (i +1)=2". Then Yin —
Xi = tog - to .
Proof. First, we define ro(t) := 1, such that 2f(x) = F(ro(x)) for x €
Do U {t}.

For n = 0, we have i = 0, X0 = 0, Yoo = 1, and Yoo — Xo.0 = 1, whereas

to .ot

o’ n—1

is the empty product.

Assume now the assertion to be proved for an n € Ngy. To prove it for n+ 1,

1)=2"*1 < 1=2, which means that Xj:ni1;Yint1 € Do U {t} and that Xi.n; Yin
exist. Moreover, we have F(Xint1) = (0;071:::7500:::)2 and f(Xin) =

(0;71:::7,00:: ). Now,
f(Xin1=t) = F(ro(Xins1)) = 2F (Xigng1) = 2 122" = 22" = £ (Xin);

since T is strictly increasing, that means that Xjni1 = tXjn. Similarly,

Yin+t1 = Yin. Therefore,

t() : t"1 c 't"n =t (yi;n - Xi;n) = tYi;n - tXi;n = VYin+t1 — Xi;n+1-

that Xini1;Yine: € Dy and that Xj_gn.n;Yi_on.n exist. Moreover, we have

TF(Xing1) = (0;171:::7700::0)5 and F(Xj_on:n) = (0;71:::7500::1)5. Now,
f((Xins —0=(1 1) = F(n(Xiny1)) = 2F(Xing1) —1=2-i=2"" —1
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= (i—2")=2" = F(Xi_onn);

since T is strictly increasing, that means that Xjn,1 = (1 — )Xj_onn + L.

Similarly, Vint1 = (1 — t)yj_an.n + t. Therefore,

toty oty = (1=8) (Vin — Xin)

= (I -=Yin+t—((1-)Xin+1) = Yinrs — Xingi:

4 Closing remarks

We conclude the paper with two remarks concerning possible generalizations.

First, the same type of reasoning as we did here would also work for systems

of more than two equations. We give here only two examples.

1. (X) = arccos(X)=... satisfies

3f(x) = F(4x®—3x) ifxe (1=2;1);
3F(x) —1 = F(—4x3+3x) ifxe (—1=2;1=2];
f(x)—2 = FAx*—3x) ifxe[-1;—-1=2):

That means that ¥ can be computed by the following recursion:

4a% —3an ifap € (1=2;1] U [-1; —1=2]
—4ad 4 3a, if ap € (—1=2;1=2]

Set ap = X; any1 = {

Then arccos(X)=... = > ol D

3
an€(—1=2;1=2] an€[—1;—-1=2]

2. Pick any b € N \ {1}. Then f(X) = InX satisfies

()~ = F (&%) it x e [exp (1) s (— )]
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Second, there is no particular reason for the set | to be an interval. In
fact, Theorems 7?7 and 77 seem to work in any topological space I. Possibly,
functional equations of type (S) can be used to construct ” counterexamples”,
i.e., functions with peculiar properties, in such spaces. However, it might
sometimes be necessary to take discontinuous functions rg; r; to describe a
continuous function f, as we saw in the example before Theorem ??. So, the
construction of a counterexample by use of (S) might be more difficult than

a straight-forward construction.

References

[1] J. M. BorwEIN, P. B. BORWEIN, “Pi and the AGM: A Study in
Analytic Number Theory and Computational Complexity,” Wiley, 1987.

[2] G. DE RHAM, Sur une courbe plane, J. Math. Pures Appl. 35 (1956),
25-42.

Jonathan M. Borwein
Department of Mathematics and Statistics
Simon Fraser University

Burnaby, BC V5A 156

Canada

Roland Girgensohn

20



Department of Pure Mathematics
University of Waterloo
Waterloo, Ont. N2L 3G1

Canada

21



