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In terms of the integral method, we establish two Bailey-Borwein-Plouffe-type (BBP-type) formulas for
7 with a free parameter. Some BBP-type formulas for = without free parameters are also derived in the
same way.
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1. Introduction

In 1996, Bailey and Borwein [1] discovered, with the aid of PSLQ algorithm where PS refers to
partial sums of squares and LQ is a lower trapezoidal orthogonal decomposition, the surprising
Bailey-Borwein-Plouffe-type (BBP-type) formula for 7 :

oo1{4 2 1 1}

”zgﬁ 8k+1 8k+4 8k+5 8+6

which can be used to generate the nth digit of base-16 for = without computing any prior digits.
Subsequently, Adamchik and Wagon [2] found the extension of it:

_i 1 {4+8x 8x 4x 24+8x 1+2x 142x N }

L T6F |81 8k+2 8k+3 Bk+4 Bk+5 BkI6  Bk+7

In 2008, Chan [3] gave several interesting -formulas related to the golden ratio ¢ := (/5 +
1)/2. Two of them are displayed as follows:
2m¢? i 1 @° N @ 1 1
5/5—2v5 = ¢% |5k+1 5k+2 5k+3 Sk+4f’

167 ¢? _i 1 {8¢3 N 4¢ 2 1 }
55— 25 =@ |5k+1 5k+2 5k+3  S5Sk+4[

Further w-formulas of BBP-type can be seen in the papers.[4-12]
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Inspired by these works, we shall establish several BBP-type formulas for & in accordance
with the integral method. Three of them are laid out as follows:

> I\K[ 32x 32(1—x)  8(3—4x) 8x
87 = . B
" kZ:;:( 64) {12k+1+ k+2 " 12k+3  12k+5

4(1 — 4x) 4x 3 —4x 2(1—Xx) X
12k + 6 12k+7  12k+9  12k+10 12k+11

L_ZL{L_ ¢ }
3~/§_k=o¢6k 6k+1 6k+5]"
> o1 {9—3J§ 7-3J5 47-21.5 369—165x/§}

3[ Z¢12k 6k+1 ' 6k+2  6k+d  6ki5

The structure of the paper is arranged as follows. We shall deduce two BBP-type formulas for
7 with a free parameter in Section 2. Some BBP-type formulas for 7= without free parameters
are also offered in Section 3.

2. Two BBP-typeformulasfor = with a free parameter

THEOREM 1 For a complex number X, there holds the BBP-type formula for 7 :
> 1\ 32x 32(1—x) 8(3—4x) 8x
87 = - -
i k;( 64) {12|<+1+ k+2 " 12k+3  12k+5

4(1 — 4x) 4x +3—4x+2(1—x)+ X
12k + 6 12k +7  12k+9  12k+10 12k+11

Proof Letting f (x, 2) stand for the expression

f(x,2) = 32x+ 32(1 — X)z+ 8(3 — 4X)Z — 8xZ + 4(1 — 4X)2> — 4xZ°
+ B 402 +2(1—x2 + xz°,

we have the relation

1 f(X,Z) 1 212
/0—1—1-212/64 :/0 Z( )f(xz)dz

= 1\ 32x +32(1—x)+8(3—4x) 8x
. 64) |12k+1 = 12k+2 ' 12k+3 12k+5

+4(1—4x)_ 4x +3_4X+2(1_X)+ X } 1)

12k + 6 12k+7  12k+9  12k+10 12k +11
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Setting g(2) = (2 + 2z+ 22)(4 + 4z + 272 + 222 + 7*), we can proceed as follows:

b f(x2 L{Ax+4(1 —3%z+ (12x—5)Z + 2(1 — 30 Z + x2'}9(2)
—————dz=064
o 14+72/64 0 (2—2z+22) (4 —4z+ 22 — 228 + 2)Q(2)
YAX4+4(1 - 30z+ (12x — 572 4+ 2(1 — 32 + x2
=64
0 2—-22+22)(4—42+22 -2 +7)

1 1 2x—1)2—-4z+ )
_32/0 {2—22+22+4—4z+222—223+z4} dz

dz

2z
=32 {arctan(z — 1)+ (2x — 1) arctan }
z-2],

= 8.

Then, Theorem 1 is obtained by combining (2.1) with (2.2).

COROLLARY 2 (X = 0 in Theorem 1)

B 1k4+3+1/2+3/8+1/4
= 64) |12k+2 ' 12k+3 ' 12k+6  12k+9  12k+10]"

[e0]

k=0

CoROLLARY 3 (X =1 in Theorem 1)

_i I\ 4 1 1 3/2 1/2
"7 N\Tea) |1kt 1 1k+3 12k+5 12kt6 1okt 7
8 18
12k+9  12k+11)°

COROLLARY 4 (X = 3 in Theorem 1)

i < 1 >"{ 3 1 3/4 1 3/8
T = Z - + — — —
—\ 64) |12k+1 12k+2 12k+5 12k+6 12k+7
1/16 3/32
12k+10 12k +11)°

THEOREM 5 For a complex number X, there holds the BBP-type formula for 7 :

33 | &g |1kl | 12kt2 | 12k+4 12k 1 5

(13v5—29x  47-21V5 369 —165v5 (89v5 - 199)x}

2(1+X) _i 1 {(ﬁ—l)x 9-3v5 7-3/5 (55— 11)x

12k + 7 12k +8 12k + 10 12k + 11
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Proof Letting u(x, z) stand for the expression

ux, 2) = (v/5 — Dx+ (9 — 3v5)z+ (7 — 3v5)Z — (5v/5 — 11)x¢*
+ (135 — 29)x2 — (47 — 21/5)Z" — (369 — 165+/5)2 — (89v/5 — 199)xz°,

it is not difficult to show

Loux 2) 12k
/01—(2/4))120'2‘/0 (_) H(x2) 0z

2\ 12
=Z/O ($> u(x, z) dz
k=0

_ii!(ﬁ—l)x 9-3/56 7-3/5 (5/5-11)x
- Lk

12k + 1 12k+2 ' 12k+4  12k+5

(135 —29)x 47 —21/5 369 — 1655 (89+/5 — 199)x
12k + 7 12k + 8 12k + 10 12k + 11

(23)

Setting v(z) = 1 — Z*, the integral can be calculated as follows:

/1 u(x, 2) dz—Z/W (X+3z+ 2 + 32 + xP)v(2) iz
o L-—@2 T A+Z+ 2

_2/1/4’x+32+z3+325+xzf5dZ
o 1+2+7

Vo 1458 Ye3z4+ 2 +32
:2x/ —dz+2/ szt z +32
o 14724+ o 1+Z2+2B

_2X[1/¢ 147 /1/‘7’23+z+322
ST 1 0

dz

V4 — 0z
+2+7 1+2+27

1/¢ 1 1 d
=X Z
/0 {l+z+22+1—z+22}

1/¢? 1 2
dz
+/0 {1+z+22+1—z+22}

2X 2z+1 —1)v¢
= —— jarctan ——— + arctan

NG V3 W}o

+ 2 {arctan 2z+1 + 2arctan == . }1/¢2
V3 V3 V3 o
21+ x)

3V3

Then, we get Theorem 5 by substituting (2.3) into (2.4). |

(2.4)
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COROLLARY 6 (X — oo in Theorem 5)

T i 1 ot ¢
3ﬁ_k:0¢6k 6k+1 6k+5]"
COROLLARY 7 (X = 0 in Theorem 5)

i 1 [9-3/6 7-3/5 47-21J5 369-165\5
3[ < ¢t | Bk +1 6k +2 6k +4 6k+5 '

3. Some BBP-typeformulasfor = without free parameters

ProrosiTioN 8 (A BBP-type formula for )
f+1 Z( ) < 3 )k
k+1\4+v7/) "

Proof Firstly, we have the relation

19434-— f)z2 /1 1+ (4 —7)/3)7 d
= Z
0 9+ (23— 8\/_)24 0 1+ (23-8V7)/92

1 (8v7-23,\" 4-7
=/OZ<TZ4) <1+ 3 zz}dz

(A
2

8ﬁ—23> : 1 (4—f7)/3}
9 +

>
I

o
e

4k +1 4k + 3

RS VRNVY O T St N SN TICE )
=D <4+ﬁ) k1 ak+3

> —1® 3 k
-3 % <4+«/7)' G

Secondly, we can proceed as follows:

1 94+304— V2
0 9+ (23 -8V

3 1 1 1
= — d
2/0 {3+<¢2 —ﬁ)z+(4—ﬁ)zz+3—<¢21—J§)z+(4—ﬁ)z2} ‘

= \/§ arctan M -+ arctan M
V7-1 V3 V3
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3
V3 arctan /3

VA
_ VT
= 3.2
673 " 32
Then, Proposition 8 is achieved by combining (3.1) with (3.2). |
ProrosiTioN 9 (A BBP-type formula for )
V3+45 —Z( ) ( 1 )k
12 2k+1 \44+.15)
Proof On one hand, it is not difficult to show
L1+ @ - V157 /1 ad
dz= 8v/15 — 31)Z {1 + (4 — V15)7A} d
[ s [ 2 AL+ (4 - V) iz
© 1
- Z/ {(8V15 — 31 + (4 — V15)Z} dz
o 70
4- 15
_kX_:(s‘/_ 30 {4|<+1Jr 2K+3 }
—i(—l>k< 1 )”‘ 1, Y@+VI5)
i 4415) |4k+1 4k +3
> (—1® < 1 )k
= . 3.3
Z:: 2k+1 \4+ .15 (3.3)

On the other hand, the integral can be evaluated as follows:

/1 1+ (4 — J/15)Z iz
o 1+ (31—8V15)7

1 [t 1 1
= — d
2/0 {1+(\/§—«/§)z+(4—«/15)22 + 1—(\/5—\/§)z+(4—«/15)22} z

1
- ﬁ {arctan(x/g —V3+1) +arctan(v/5 — V3 — 1)}
arctan
f 3+ f
= —m. 4
o " 34)
Then, we gain Proposition 9 by substituting (3.3) into (3.4). |

ProrosiTioN 10 (A BBP-type formula for )

1 J13—3 10913 — 393 }

Z(G49+180\/—)k 6k+1 6k+5
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Proof Firstly, we have the relation

/1 (119 + 33y/13) — 27 1 (119 4+ 33V/13)/2 - 2
dz = dz
0 2— (1298 — 3604/13)2 0 1— (649 — 180/13)2

1 o0
2/ Z{(649—180x/ﬁ)26}k{w —z“} dz
0 k=0

© a1
= Z/ {(649 — 180v/13)2°} {119+_33JE - z“} dz
k=070 2

= B ] 119+33V13)2 1
= g(mg 1804/13) { o1 T

> 1 (119 4 33/13)/2 1
= Z { } .

£ (649 + 180+/13)* 6k +1  6k+5
(3.5)
Secondly, we can proceed as follows:
/1 (119 4 33/13) — 27 i
0 2— (1298 — 360/13)2
~ 119+433V13 /1 2+ (11 -3J13)7 :
2 0 24 (11 —3V13)2 + (119 — 33/13)7#
~ 119+433V13 /1 1 i
a 2 0 2+ (V13 —3)z+ (11 — 3,/13)2
N 119 + 3313 /1 1 i
2 0 2—(v/13=3)z+ (11 — 3V/13)2
393 4 1094/13 7++/13 1-413
= ——— Jarctan ——— + arctan ————
23 3v3++/39 3v3 4+ /39
_393+100v13 1
23 V3
393 + 1094/13
— +—\/_n. (3.6)
12./3
Then, Proposition 10 is obtained by combining (3.5) with (3.6). |

ProposiTiON 11 (A BBP-type formula for )

K

™ B 1 23+5v21 2
192187

«(55+12y/21)k | 6k+1  6k+5]

P
I
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Proof On one hand, it is not difficult to show

/1 (23 +5+/21) — 27 i 123 +5v21/2 -2 i

— (110 — 2420)8 ~ Jo 1— (55— 12421)2
= / Z{(Ss —124/21) )¢ {ﬂ — z“} dz
0 k=0

>t 23+ 5421
_ _ k _
= E_:/O {((55 — 12+/21)7°} { 5 z“} dz

> (23 + 5v21)/2 1
;55_12‘/—){ 6k + 1 _6k+5}

i (23 4+ 5v/21)/2 1 57)
— (55+12J_)k 6k + 1 6k+5["
On the other hand, the integral can be calculated as follows:
/1 (23 4+ 5v21) — 27 23+5¢ﬁ/1 24+ (5 -+2D)7
dz= z
0 2— (110 — 24/21)5 0 24 (5—+2D)Z + (23 - 5V/21)Z
_ 2345V21 /1 1 i
0 24+ (VT—3z+ (- V2D)Z
LB+ 521 /1 1 i
2— (VT-+3z+ (5 - V212
29f+19«/_ arctan 443+ V1 + arctan 4=V3- T
o 2v3 ++/21 3++21
293+ 197
= ————arctanl
2V3
2 1
_2V3HI19VT 39)
8V3
Then, we get Proposition 11 by substituting (3.7) into (3.8). [ |

ProrosiTION 12 (A BBP-type formula for )

- 1 81v/13-81 63-9v13 31-7+v13 19v13-61
36v3r =) - + - :
— (77 4 20V/13)k 6k +1 6k +2 6k +4 6k +5

Proof  Firstly, we have the relation

/1 81(v/13 — 1) — 9(7 — V/13)z+ (31 — 7/13) — (19413 — 61)Z i
1—2/(77 + 204/13)

/o = 0(77+20J_>k{81<m_1)_9<7_*/E)Z

+ (31 - NE) 2 - (19@— 61) z“} dz
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zzfol<wéc;om>k{81(\/1_3—1)—9(7—~/1_3)z

k=0

+ (31 - NE) z- (19@— 61) 24} dz

_i 1 81VI3-81 63—9vI3  31—7JI3 10/I3—61
T 7742013k | 6k+1 6k + 2 6k + 4 6k+5

(3.9)
Secondly, we can proceed as follows:

/1 81(v/13 — 1) — 9(7 — V/13)z+ (31 — 7/13)2 — (1913 — 61)7 i
0 1— /(77 + 20/13)
2/(14+/13) 3_z4+72-37
/0 —ios  *®
_ 162/«2/(1+«/E) 374372 ,
0 1+24+ 272

2/(1++/13) 2 1
= 162 / { + } dz
0

=162

14+z4+2 1—z4+2

324 V1342 J13 -4
= ﬁ 2 arctan ——— -+ arctan — arctan

3v3 3v3 V3 }
= 36+/37. (3.10)

Then Proposition 12 is achieved by combining (3.9) with (3.10). |

ProrosiTiON 13 (A BBP-type formula for )

7+5f i 4432 2-V2 3J/2-4 2-2
(17+12f)k 8k+1 8k +3 8k +5 8k+7 |

Proof On one hand, it is not difficult to show

1(4+3ﬁ>+(z—ﬁ)z2—<3ﬁ—4)z4—<2—ﬁ)26dz
1—2/(17 + 124/2)

/o (17+12f> (4 +3V2) + 2~ V27 - V2 - 47 — 2~ V2P}dz

17 + 1242

- 4+3ﬁ+2—ﬁ 3W2—-4 2-42
k:0(17+12\/')k 8k+1  8k+3 8k+5 8k+7

=Z/( z ) ({(4+3VD)+ 2 -V —(BV2 -7 — (2—-V2)P}dz
o /0

(3.11)
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On the other hand, the integral can be evaluated as follows:

1(4+3ﬁ)+<2—ﬁ)ﬁ—(sﬁ-@z‘*—(z-ﬁ)z"‘dz

0 1-8/17+12/2)
11432 (1 _
_ 1+ﬁ/ 1-){4+3v2) +i(1 —;ﬁ)zz+(4+3ﬁ)z4} &
0 —

_ﬁ 1/14v2 (4+3ﬁ)+4(1+ﬁ)22+(4+3ﬁ)z4d
=yi+ /0 1+2+2+ 75 ‘

V14 +10v/2 IR A ! ! d
B " fo {1+22+ﬁ(l+ﬁz+22)+ﬁ(1—ﬁz+zz)} ‘

/ 1 valt 2 2 VA 2—4/2
=+/14 + 10v/2 {arctan ——— 4 arctan ﬂ — arctan #}

V1+42 1+V2 1+v2
7+ 52
_ ‘/+—*/—n. (3.12)
2
Then, we gain Proposition 13 by substituting (3.11) into (3.12). [ |
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