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Inspired

One day I came accross this formula of  Ramanujan (notebooks)
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You see the pattern here ?,  𝑒గ௡ 𝑒ଶగ௡ 𝑒ସగ௡
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And some exotic ones like 

෍
𝑛ଷ

𝑒ଶగ௡ ଻⁄ − 1

ஶ

௡ୀଵ

= 10.000000000000000190161767888663 …

෍
𝑛ଷ

𝑒ଶగ௡ ଵଷ⁄ − 1

ஶ

௡ୀଵ
≅ 119.0000000000000000000000000000000959374585 …
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More formulas
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But why 691 ?
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Anyhow, we have this approximation of  691…
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Where are the Euler numbers coming from ?

ଶ ସ ସ

ଶ ସ ସ

More generally, can we find all trigonometric expressions 
that would lead to approximations of  primes with ௞ ?

Could it be possible to get all the primes with these intriguing
expressions with ௞
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But, how the expression of  is found ?

௡! ଼೙

௡஠೙

ଵ

(ସାଶ ଶ)

1) 
ୱ୧୬ ௫ ାୡ  (ଷ௫)

ୡ୭ୱ (ସ௫)
into a series

2) Collect coefficients of  the e.g.f (with n!)
3) Compute the ratio of  
4) Compute first differences
5) Identify the constant : 2.546479089470325372302… 

6) The constant is
଼

గ

7) Retro engineer the expression to a(n).

8) is found in 
୻(௡)଼೙

஠೙
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Building one by one each prime from this idea.

ସ ଷ

ହ ଵସ

ସȉ ଵ଴!

ହ஠భబ

ସȉ଼!
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଺

ହ
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Who Year Comment Efficiency How many primes

Eratosthenes -276 to -194 Sieve Practical Computable infinity

Mersenne 1536 Primes of the form
2௣-1

Practical, exact 51

Fermat 1640 Fermat’s little
theorem

Weak Probable 
primes

Computable infinity

Euler 1772 Second degree
polynomial

Practical 40

Mills and Wright 1947 and 1951 Double exponential Practical Less than 5 known
exactly

Wilson Circa 1780 Uses p! Theoretical Very few primes

Jones, Sato, Wada, 
Wiens

1976 25th degree
polynomial with 26 
variables

Theoretical Very few primes

John H. Conway 1987 FRACTRAN Theoretical Very few primes

Dress, Landreau 2010 6th degree
polynomial

Practical 58

Benoit Perichon and 
al.

2010 26 primes in 
arithmetic
progression

Practical 26

Tomas Oliveira e 
Silva et al.

2019 Sieve optimized,
fastest known
prime gererating
program

Practical Computable infinity

Fridman et al. 2019 Prime generating
constant

Practical, limited to 
precision

Computable infinity

A064648 2019 Engel expansion of 
0.705230171…

Practical, limited to 
precision

Computable infinity

Simon Plouffe 2019 Efficient Mills-

Wright-like formula
Practical, limited to 
precision

Computable infinity
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𝑝௡ ~ 𝑛 ln 𝑛 + ln ln 𝑛 − 1 +
ln ln 𝑛 − 2

ln 𝑛
−

ln ln 𝑛 ଶ − 6 l𝑛(ln 𝑛 ) + 11

2 ln 𝑛 ଶ
+ ⋯

𝑊଴ 𝑛  ≈  𝐿ଵ − 𝐿ଶ +
𝐿ଶ

𝐿ଵ
+

𝐿ଶ −2 + 𝐿ଶ

2𝐿ଵ
ଶ +

𝐿ଶ 6 − 9𝐿ଶ + 2𝐿ଶ
ଶ

6𝐿ଵ
ଷ +

𝐿ଶ −12 + 36𝐿ଶ − 22𝐿ଶ
ଶ + 36𝐿ଶ

ଷ

12𝐿ଵ
ସ + ⋯

Here 𝐿ଵ = ln 𝑛 𝑎𝑛𝑑  𝐿ଶ = ln(ln 𝑛 ).
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k*ln(k)*(1+(ln(ln(k))-1)/ln(k)+(ln(ln(k))-2)/ln(k)^2+(-1/2*
ln(ln(k))^2+3*ln(ln(k))-11/2)/ln(k)^3+(1/3*ln(ln(k))^3-7/2*
ln(ln(k))^2+14*ln(ln(k))-131/6)/ln(k)^4+(-1/4*ln(ln(k))^4+
23/6*ln(ln(k))^3-49/2*ln(ln(k))^2+159/2*ln(ln(k))-1333/12)/
ln(k)^5+(1/5*ln(ln(k))^5-49/12*ln(ln(k))^4+73/2*ln(ln(k))^3
-367/2*ln(ln(k))^2+3143/6*ln(ln(k))-13589/20)/ln(k)^6+(-1/6
*ln(ln(k))^6+257/60*ln(ln(k))^5-1193/24*ln(ln(k))^4+1027/3*
ln(ln(k))^3-17917/12*ln(ln(k))^2+47053/12*ln(ln(k))-193223/
40)/ln(k)^7+(1/7*ln(ln(k))^7-89/20*ln(ln(k))^6+959/15*ln(ln
(k))^5-13517/24*ln(ln(k))^4+6657/2*ln(ln(k))^3-39769/3*ln(
ln(k))^2+493568/15*ln(ln(k))-32832199/840)/ln(k)^8+(-1/8*ln
(ln(k))^8+643/140*ln(ln(k))^7-14227/180*ln(ln(k))^6+34097/
40*ln(ln(k))^5-76657/12*ln(ln(k))^4+616679/18*ln(ln(k))^3-\
642111/5*ln(ln(k))^2+36780743/120*ln(ln(k))-893591051/2520)
/ln(k)^9+(1/9*ln(ln(k))^9-1321/280*ln(ln(k))^8+119603/1260*
ln(ln(k))^7-218809/180*ln(ln(k))^6+1328803/120*ln(ln(k))^5-\
2696687/36*ln(ln(k))^4+33904723/90*ln(ln(k))^3-40633409/30*
ln(ln(k))^2+7921124011/2520*ln(ln(k))-2995314311/840)/ln(k)
^10)

For the info, here is the 10th term of the Cipolla-Salvy
expansion. 
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𝑝ଵ଴ళ

10଻ = −𝑊ିଵ

−𝑒

10଻ −
1

𝑊଴ 10଻ +
1

𝑊ଶଶ 10଻ +
1

𝑊଻଺ଷ 10଻ +
1

𝑊ହଷଶଷହସ଺ 10଻ − ⋯

𝜋(10଻)

10଻
=

1

𝑊଴(10଻)
−

1

𝑊ଶଶ 10଻
+

1

𝑊଺ସ଴ 10଻
+

1

𝑊ଶଵ଻ସସ଺ଷ 10଻
− ⋯
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In false color : 
The bits were colorized to
enhance the contrast.
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The data


 80594098476893








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Errors found…



 http://www.lmfdb.org/zeros/zeta/ do contains errors 

when the decimal expansion finishes by 00. 11 errors where found.
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Thank you for your attention

Merci de votre attention
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