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Abstract

We define two quotients of theta-functions depending on two positive real parameters. We then
show how they are connected with two parameters of Dedekind eta-function and the Ramanujan—
Weber class invariants. Explicit formulas for determining values of the theta-function is derived,
and several examples will be given and using them, we give some complete explicit results for the
complete ellipic integral of the first kind and the Gauasi hypergeometric function. Also several
new modular equations for the theta-function are derived.

0 2004 Elsevier Inc. All rights reserved.

1. Introduction

We begin this section by introducing the standard notion

(a;q)o:=1, (1.1)
n—1

(a; q)n ::H(l—aqk) forn=12,..., (1.2
k=0

(@: @)oo= [(1—agq") forig|<1. (1.3)
n=0
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Furthermore, for any integer, we set
(@; @)oo
(aq™; 9)oo
Itis tacitly assumed in the sequel that < 1 always. We now give Ramanujan’s definition

of his general theta-function. Farb| < 1, define

(a;q)n = , gl <1

00
f(a,b):: Z an(n+l)/2bn(n—1)/2‘ (14)

n=—oo

We introduce two theta-functions that play central roles. In [1, Entry 22, p. 36], they are
defined by, fory = e?7i%,

oo

0@):=fa.9= ) q

n=—oo

2 (=0:4900(@% 4D
(459900 (—4%: 4% 0

=:63(0, 27) (1.5)
and

o
[ =f(=q,—g) =) (D"¢"* V2= (g;9)oo=:a""*(2), (L6)
n=—oo
where Int > 0, n(z) denotes the Dedekind eta-function, afydis the classical theta-
function [3, p. 36]. The Jacobi triple produdigntity [1, Entry 19, p. 35] is used to obtain
the third equality of Eq. (1.6).
In this paper, we introduce two parameterizatibpg andhj{)n of the theta-functiorp
for any positive real numbersandk. We then show how they are connected with two pa-
rameters of the Dedekind eta-function [12] and the Ramanujan—Weber class invariants.
Explicit formulas for determining values of the theta-function are derived, and several
examples will be given and using them, we give some complete explicit results for the
complete elliptic integal of the first kind and the Gaussian hypergeometric function. Also,
several new modular equations for the theta-function are derived.
Ramanujan derived 23 beautiful thetattion identities [2p. 192, pp. 204—237], which
are certain types of modular equations. We found more than 70 of certain types of modular
equations, and some of them are given in [10,11]. There are many definitions of a modular
equation in the literature. We now give the aéfon of a modular equation that Ramanujan
employed and the one that we shall use in the sequel. First, the complete elliptic integral
of the first kindK (k) is defined by

/2 00
d 1/2)? 11
k= [ = =25 )2nk2"=zzF1<—,—;l;k2)
/ V1—k2sirtg 2 (nh) 2 22
T _ ’
=§<p2(e KK, (1.7)

wheres F1 denotes the ordinary or Gaussian hypergeometric functienkO< 1, K’ =
K ('), wherek’ := v/1 — k2, and

(@), =a(@+1)...(x+n-1)
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for each nonnegative integer The numbek is called the modulus ok, andk’ is called
the complementary modulus.

Definition 1.1. Let K, K/, L, andL’ denote complete elliptic integrals of the first kind
associated with the moduli &', I, and!’, respectively, where & k, [ < 1. Suppose that

L' K’

—=n— (1.8)

L K
holds for some positive integer A relation betweert and! induced by(1.8) is called a
modular equation of degree

If we set

K’ L
=expl —-r— ) and ¢ =expl —7— |,
s=en(ni) and o/ =en(r7)

we see that (1.8) is equivalent to the relatygh= ¢’. Thus, a modular equation can be
viewed as an identity involving theta-functions at the argumgatsdg”. LetK’/K = /m
andK = K[+/m]. Then onceX is known for any givem: it is comparatively simple to find
K for n\/m, wheren is a positive integer, using the modular equation of degrdedeed

K [n/m] = algebraic numbex K[,/m]. Hence the value of whenm is square-free is
of interest.

Itis well known that forn = 1, 3, and 4, we may expre&sin terms of/"-functions, and
the results are given explicitly in [8]. The result far= 2 is given explicitly in [6]. Selberg
and Chowla [5] gave an explicit result féf in terms of I"'-functions whem:(—m) = 1,
whereh(—A) is the number of classes of the binary quadratic fanf + bxy + cy2 =
(a, b, ¢) of negative fundamental discriminant

—A=b%—dac

with a, b, ¢, x, y allintegers. They then calculaié explicitly for m = 7. They further show
how to evaluatek for whenh(—4m) = 2 and thus findk for m = 5. Finally they prove
that K is expressible in terms df -functions for all rationaln but do not give a complete
explicit result. Zucker [13] gave the explicit results far=1, 2, ..., 13, 15, and 16. From
(1.7), if we know the value of(e~"v") for some number, we can derive the explicit
result of K [n] andk will be evaluated in a simple fashion for certain

We introduce the gamma-functidn(x). For all complex numbers #0, -1, -2, ...,
the gamma-functio (x) is defined by

1px—1

Pe=lim =5

Next we introduce the Ramanujan—-Weber class invariantsg Eoe~"v", wheren is
a positive real number, define the two class invarightsaindg, by

G, =247V () and g, =274 Yy (—q), (1.9)

where
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X(@) = (=45 ¢¥)oc. (1.10)

The term “class invariant” is due to Weber. In the notation of Weber {9),:=

2714 f(/=n) andg, :=27V4 f1(/=n). If Q(w) is the algebraic number field generated

by the complex quadratic integer, such that{1, } is a basis for the algebraic integral
domain, which is also called the maximal order@€w), then the absolute class field of
Q(w) is generated by the modular invarigiito), which Weber calls a class invariant. Itis
well known thatg, andG, are algebraic and frequently units [3, p. 184], [4, p. 214]. Ra-
manujan calculated a total of 116 class invariants [3, pp. 189—-204], and the table at the end
of Weber’s book [9, pp. 721-726] contains the values of 105 class invariants. Weber pri-
marily was motivated to calculate class invariants so that he could construct Hilbert class
fields. Ramanujan apparently had no knaidge of class field theory and independently
calculated class invariants for different reasons. We now introduce the definitiopg of
andry , from [12]. For all positive real numbersandk, definery , by

f(=9) nivn/k)

T = (AT gy ) (1.12)
whereg = e~2"v/k, and define; , by
1+i/n/k)/2

r = - ’
ko UAqk=D/24f (gky [ 1/ap (1 + in/nk)/2)

whereq = e~™Vn/k We found more than 800 valuesf, andr,g,n in [12] by using eta-
function identities and the properties of the two parameterizations. Using them, we derived
some new values fa%,, andg, in [12].

In Section 2, we introduce two parametgys, andh;{)n involving theta-functions(q)
for any positive real numbe¥ksandn. We establish some properties of these parameters.

In Section 3, we establish relations amdnyg,, hj()n, Trns r,i’n and the class invariants.

In Section 4, we give some new theta-function identities. In addition, we establish some
formulas forhy , and h}(’n by using those theta-function identities. Particular values of
theta-functions are determined.

In Section 5, we offer explicit formulas fgr(—e™"") andg(e~""") for any positive real
numbers:. We give some examples.

2. Two parameterizations hy,, and h;cn for the theta-function ¢ and some
propertiesof them

In this section, we introduce two useful parameterizatibpg and h}(’n of theta-
function for all positive real numbeksandr. We then establish some of their properties.

Definition 2.1. For any positive real numbeksandn, definehy ,, by

. gD(efi'f«/”/ik) . 03(0,i/n/k)
. _ (2.1)
KL/Ag(e—mVmk Y~ kL/495(0, i v/nk )
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and definey; , by

,_g(=eZVE)  93(0, 14 2i/n]k)
T A (—e—2nik ) k1/405(0, 1+ 2i/nk)

(2.2)

For the proofs of the following theoremsgewecall the transformation formula far
[1, Entry 27(i), p. 43]. Ifa, b > 0 with ab = 7, then

Vag(e ™) = Vbo(e ™). (2.3)
In particular, ifa? = //n, then, from (1.1),
p(e V) =nt (e, (2.4)

Theorem 2.2. For all positive real numbersk and n,

() ha1=1,
(D) rajn=hi,
(”l) hk,n :hn,k'

Proof. By using the definition of , and (2.4), we find that

—n/Jk
PP G NPY
ki/4(em V)
By using the definition ot , and replacing: in (2.4) byk/n andnk, respectively, we
find that
p(e™VITR) (e VK
hk,nhk,l/n = =1
kY4 (e=mVnk ) [ 1/Ap(e=mvk/n)
Using again the definition dfy , and (2.4) withn replaced by /n, we find that

hk,n (p(e—n»,/n/k) nl/4(p(e—nM) B

Rk - kl/4(p(efnm) (p(efn«/k/n)
So we complete the proof.0

Remark 2.3. By using the definitions op(¢) andhy , we notice thaty , decreases as
increases wheh > 1. From (i) of Theorem 2, hy , <1foralln > 1if k > 1.
Lemma 2.4. For all positive real numbers k, m, and n,

-1
hk,n/m = hmk,nhnk’m~

Proof. By using the definition of_,, we find that
gD(e—zr»,/n/mk) (nk)1/4(p(e—n\/nmk)

(mk)l/4(p(efn«/nmk) (p(efn\/m/nk)

Using (ii) and (iii) of Theorem 2.2, we complete the proofa

-1
hmk,nhnk)m =

= hm/n,l/k~
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Theorem 2.5. For all positivereal numbersa, b, ¢, and d,
had,bc
hac,bd .

ha/b,c/d =

Proof. By using Theorem 2.2(iii) in Lemma 2.4, we deduce that, for all positive real num-
bersa, b, andn,

ha/b,n Zha,bnh_l (25)

b,an*
By using (2.5), Lemma 2.4, and Theorem 2.2(iii), we find that
_ had,bc
hac,bd.

_ - —1 -1
hap,cra = ha-,bc/dhb,ic/d = (had!bchablc,d) (hbdsachablc,d)
So we complete the proof.0

Corollary 2.6. For all positive real numbersk and n,

hy2 , = i nkchicon ) k-

Proof. Lettinga=k,b=1/k,c=n, andd =1 in Theorem 2.5, we deduce that
_ hinyk

T Mk

By using (ii) and (iii) of Theorem 2.2, we complete the proofa

th

Corollary 2.7. For all positive real numbersa and b,
() hasbasb = hophg qp2s
(D) haahgp2ia =hobhy g2

(iii) ha,ahb)azb Zhb,bha,abz'

Proof. Leta andb be any positive real numbers. By using Theorems 2.5 and 2.2(ii), we
find that

Rasb.asb = ha/b.1/(bja) = hb,bh;iz/a = hbphg qp2- (2.6)
Thus we prove (i). Similarly, we find that
hb/a,b/a = ha,ah;’iz/lf (27)

From (2.6), (2.7), and Theorem 2.2(ii), we derive (ii). By using (i) and Lemma 2.4, we find
that

hab,asb = hb,bha,a/bZ = hb,bhabz,ah(jzl)bz- (2.8)
Similarly, we find that

hbjabja = ha.ahy pja2 = ha,ahbangh;}’az. (2.9)
From (2.8), (2.9), and Theorems 2.2(ii) and (iii), we complete the proof of (ii).
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Theorem 2.8. For all positive real numbersk, a, b, ¢, and d, with ab = cd,
ha bhke.kd = Nk kbhe,d-

Proof. From the definition ofi; ,, we find that, for all positive real numbetsa, b, c,
andd,

—n+/ab
-1 _ pe™ )
hka’kbha’b B kl/4(p(e—7rkx/a_b) (2.10)
and
. (e_”“/a)
hkc,kdhcj =7 (2.11)

o k1/4(p(e—nk«/a) ’
The result follows from (2.10), (2.11), and the hypothesis=cd. O

Corollary 2.9. For all positive real numbers» and p, we have

h”P;”P = hn,npzhl’;l"

Proof. The result follows immediately from Theorems 2.2(i), (iii), and 2.8 witk p2,
b=1l,c=d=p,andk=n. O

Theorem 2.10. For any positive real number n, we have

pe™ /4

Proof. Using the definition ofi; , with n = 1, we find that the result is true far= 1.
Suppose that it is true for = k; then we have

) _ ka4
. (e_zkj,) l_[ hy p2i-1 (2.12)

Using the definition ot , and (2.12), we deduce that

p(e™™) (p(e
—2+1r ( k/4l_[h2 22i-1 ) © _zan) ( k/4l_[h2 2i )21/4}12)22“1

w(e

k+1
= 2(k+l)/4 1_[ ]’l2’22i—l.
i=1

So we complete the proof.0
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3. Relationsamong hg, ., h T andry

’
ky,ny’

In this section, we state relations among,, hj{l ny Thons andr,i .- We then can deter-
mine the values of; , andh;_, by using known values of , andr; , in [12].

Theorem 3.1. Let k and n be any positive real numbers. Then

2
. (en)
(l) hk,n = - s
Tk,n
.. r2,2n/k
(i)  hy,= Tkon-
r2,2nk

Proof. (i) Let g =e~"V"/k From [1, Entry 24(iii), p. 39], we have

9(q) = x(@) f(q)- 3.1)
Using (3.1) and the definitions &, andr; ,, we find that

gy = ¢(q) _ x(q) f(q) _ x(q) q(kfl)/24r/
"y kYA @h @b T x@h) o
Using the definition of5,, in (1.9) and Theorem 3.1 in [12], we deduce that
Gn/k r (rl;,n)z

hyp = 2k, . 3.2
" Guk o Tk,n ( )

So we complete the proof of (i).
(ii) Similarly, let g = e=27v"/k Using (3.1) and the definitions &f ,, ¢, andg,, we
find that

o o— 99 xCofe) | x(=q) g kD724,
o = WAty ~ R (g F~aF) (4P !
= Mrk,na (33)
84nk

which, upon using Theorem 3.3(i) in [12], proves (i))a

Corollary 3.2. For every positive real number &, we have
;o T2.2/k
ST

Proof. The result follows directly from Theorem 3.1(ii) with= 1 and the value; 1 =1,
for any positive real numbér. O

The following corollaries show the relations among the parameters and the class invari-
antsG,, andg,. Ramanujan recorded several simplenfiatas relating these invariants, and
we state below, one of them that is needed in our proofsuFe0, [3, Entry 2.1, p. 187]

84n = 21/4gn Gy. (34)
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Corollary 3.3. For all positive real numbersk and n, we have

, Gn/k
) hgn= G—nk 12,,,,

i) =55
8nk

Proof. Part (i) follows directly from (3.2). Using (3.4) and Theorem 3.1 of [12] in (3.3),

we find that
gn/an/k 8n/k
hy ,=""—"rkn= T -
ko &nkGnk " 8nk ko

So we complete the proof (ii). O

Corollary 3.4. For every positive real number n, we have

. 'n,n
(l) hn,n - G—z,
n2
1/8
iy =2
( ) n,n — .
2,202

Proof. (i) With k =n in Theorem 3.1(i), we find that

/N2
hn,n - (rn,n) .
n,n
By using Corollary 3.2 in [12], we complete the proof.
(ii) Letting k = n in Theorem 3.1(ii) and using the valug, = 2%/8 from Theorem 5.2(i)
in [12], we complete the proof of (ii). O

4. Theta-function identitiesand values of hy , and h;{ n

This section is devoted to stating and proving certain modular equattengmodular
equations, which we will use in the sequel. Ramanujan discoveréd-ZBmodular equa-
tions [2, p. 192, pp. 204-237]. We have found about 70 ®ev® modular equations by
using Garvan’s Maple-series package. We state some of them below, providing proofs
for the new ones.

See Definition 1.1 in Section 1 féhe definition of modular equation.

Definition 4.1. The multiplierm for a modular equation of degrees defined by
K  2F1(1/2,1/2;1;a)  z1

L oR(1/2,12LB8) oz

where

2 = 92(q").
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We prove some new identities for the theta-functioiVe then use them for evaluating

some values ol , andh) ,,.

Theorem 4.2. Let

o(q) 9(q?
P = - .
¢(q?) o @(g%
Then
2 _¢Q
PO+ E =P + 2.

Proof. From Entries 10(i), (iv), and (v) in [1, p. 122], we deduce that
v*(qh = %m(1+ (1—a)4)?
= %12,1(1 +Vi-a)+ %zl(l — o)t/
= JalHVI—@) +al+ A -0 - 2
= %wz(qz) +o@pgh) - %wz(q)-
Dividing (4.1) bye(q)¢ (g% and multiplying by 2, we complete the proofo

Theorem 4.3. Let

_ 9@ szm%
9(q®) 9(q%’
Then
3 (0
PQ+E—(F) +3.

Proof. From Entry 1(iii) in Chapter 20 of [1, p. 345], we deduce that

0@ _ %@, 0%@)  ,e@
9*q%  ¢34@%  92@®  e@®’
Multiplying both sides of (4.2) by?(¢°)/¢%(q), we complete the proof. O

Theorem 4.4. Let
P w(qg))
v(g®)
Then

_ 9@
P(q1d)’

Q

o () ~(8)'+o2) +o2) (2) )

(4.1)

(4.2)

P3
o)
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Proof. We set
z3z5 \ 72
= < ) or m' = mtz,
21215
wherem = z1/z3 andm’ = z5/z15. From [1, Eq. (11.17), p. 389],
9 ®+5° 454 5245 —1
m2d 15 '
Multiplying both sides by?, we find that

m2+

9 5 5 1

2.2 3 2
t —— =t 5t 5 ——+ = — —.
m +m2t2 + + t+t2 3

Using Entry 10(i) of Chapter 17 in [1, p. 122], we complete the proaf.
Theorem 4.5[2, Entry 67, p. 235]Let

_ 9@ 0 )
9(q®) 9>’
Then

ro-fg=(8)8)+5)- ()

Theorem 4.6. We have

1 h2.4
\/§<h2 ho an + ) == 42
e hZ,nh2,4n hZ,n

for any positive real number .

Proof. The theorem follows directly from Theorem 4.2 and the definitionof.

Theorem 4.7. We have

(i) ho2= #eln) =\y2v2-2,

DY B ey pe™? V241
(i) 242 = 21785 =y = >

—V2r
i) hoa=—2C"") i1Vt

o 21/4(p(872«/—2n)

ple ™2V 1421

21/4p(e~/N2) V2 7
- 242

W) hpg= e ) Y2EVE

2/4p(e=4m) Y241

(p(efﬂ/4) B 271/44_ 1

h21/8 = = .
/8= 2u 4p(e=7/?) 1+4/2

(iv) hz14=

(Vi)

3901



392 J.Yi /3. Math. Anal. Appl. 292 (2004) 381-400

Proof. For (i) and (ii), setting: = 1/2 in Theorem 4.6 and recalling thiat 1/, = 1/ h »
from Theorem 2.2(ii), we find that

2\/5 = h%)z + 27

which (i) follows immediately by using the fact thag > > 0. Using the identityi 1,2 =
hgé, we complete the proof of (ii).

For (iii) and (iv), settingz = 1 in Theorem 4.6 and recalling the vallig, = 1 from
Theorem 2.2(i), we find that

V2(haa+h33) =haa+2. (4.3)
Multiplying both sides of (4.3) byi2 4, we deduce that
(V2 —Dh3 4~ 2ho4+2=0.

Solving for ko 4 and using the fact from Remark 2.3 thiat4 < 1, we prove (iii). Using
the identityho 1/4 = hii, we complete the proof of (iv).
For (v) and (vi), letting: = 2 in Theorem 4.6, we find that

\/§<h2,2h2,8 +

) _h28 o (4.4)

h22

h22h2 8

Multiplying both sides of (4.4) by 2h2 g, rearranging terms, using (i), and multiplying
both sides by/2 + 1, we deduce that

(V2-Dh5g—2\/2+2vV2h28+2+v2=0.
Solving forhz g and using the fact from Remark 2/, s < 1, we deduce that
V2+2v2-V2+v2 V242054 -1 V242
V2-1 B V2-1 R

Thus we have proved (v). Using the identity 1/ = hz_,é' we complete the proof of (vi).
O

hog=

By using above results and propertigs, in Section 2, we obtain the following result.

Corollary 4.8. We have

(p(€77T) 23/4
h4,4 = = .
V2p(e=4m)y  J2+1

Proof. From Corollary 2.6, we find that

haa=hoghs 3. (4.5)

Using Theorems 4.7(i) and (v), we complete the proafi
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Theorem 4.9. For any positive real number n, we have

. 1 h3.on 2
0 ﬁ(hg,nh3,9n+ ):( : )+3,
h3,nh3,9n

h3,n

) 1 hég 2
() \/§< é,n é,9n+h/ h ):(hé:) 3

3,n'°3,9n

Proof. Part (i) follows directly from Theorem 4.3 and the definition/gf,. Replacingy
by —¢q in Theorem 4.3 and using the definitionlq)fn, we complete the proof of (ii). O

Theorem 4.10. We have
-7 1/8_ / -1
g™ — (2\/§_ 3)1/4: i

W hss= 3177, S

pe ™) _(2f3+3)1/4 VV3+1

(i) hzi13=

3/Ap(e—m) 3 = 91/431/8
3
(i) hyo=—2C ) _ 2 (1 Y2+ 94,

31/4¢ (e—3V3) /3

pe™3) 142
WAp(em/V3) V3

(iv) h319=

Proof. For (i) and (ii), lettingn = 1/3 in Theorem 4.9(i) and using the identity 1/3 =
h3 3 from Theorem 2.2(ii) witht = n = 3, we find that

2v/3=h3;+3.
Sinceh3 3 has a positive real value,

31/8(\/:_)) _ 1)1/2

h3z=(2v3-3)"*=3"%2 - V3)"* = 2174

So we complete the proof of (i). Using (i) and the identity, ;3 = h;é again, we prove (ii).
For proofs of (iii) and (iv), letting: = 1 in Theorem 4.9(i) and using the valiag; =1
from Theorem 2.2(i), we find that

V3(h3o+hzg) =h5e+3 (4.6)
Multiplying both sides of (4.6) by:z g and rearranging terms, we deduce that
hg’g - \/éhg!g + 3]13)9 - \/é = O

Sincehsz g has a real valuejz o = (1/v/3)(1 — J2 + «3/71). So we complete the proof
of (iii). Using (iii) and the factiz 1/9 = h;é, we prove (iv). O
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Theorem 4.11. We have
_p—21/V3
r_ p(—e ) _o—1/4
Ms1= e =2 VY31
3 %p(—e )

Proof. Using Corollary 3.2 withk = 3, we find that

,T22/3
31= .
r2,6

(4.7)

Using the factrp 2/3 = rz_é/z, r2.3/2= g3 = (1++/3)1/4/27/24 andry 6 = g10 = 224 x
(+/3+ 1)1/4 from [12], we complete the proof. O

Theorem 4.12. For any positive real number n, we have

(i) 3{(hanhs250)%+ (h3nh325) %)
h3,25, 3 325\ > h3.25\° h3,25, -2
h3,n h3,n h3,n h3,n
+5{<h3,25n) B <h3,25n>1}
h3,n h3,n ’
(”) 3{(h§3,nh§3,25n)2 + (h/3,nh§3,25n)_2}
[ (Ps2m 3 (h3a5,\ 72 5 h325\% | (M325\ 2
AN A + h. T\
3.n 3.n 3.n 3.n
5 h3 25, M35, \ "t
+ n, )\ '
3.n 3.n

Proof. Part (i) follows directly from Theorem 4.4 and the definition/gf,. Replacingy
by —¢q in Theorem 4.4 and using the definitionlq)fn, we complete the proof of (ii). O

Theorem 4.13. We have
ple V5V B-1

) h3s= _ ’
(1) h3s 31/4p (e—v/15r) Nz
i) hagee 2T VA1
,1/5 31/4()0(6_\/3”/\/175) \/E s
L Cltiit WO et b
() hz2s= 31/4gp(e=5v3m) 51/3 .
(iv) h p(e/%V3) 51/6 4 \/51/3 _ 2273
31/25= — .

34 e—V31/5) o 21/3
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Proof. From Theorem 3.1(i), we find that

(ry 5)°
356= .
r3,5
Using
1+ v/5)%° . (1+/B\YE
r3s = 2 and }’3!5: T

from [12], we deduce that

V2 Va/5-1
h3s= = .
Va/B+1 NG
Thus we complete the proof of (i). To prove (i), use the idenkity; s = hgé in Theo-
rem 2.2(ii).
For the proof of (jii), lettingn = 1 in Theorem 4.12(i), using the valug 1 = 1, and
SettingA = h3 55 + 3 55, We find that

BA=(A+1)VA-2+5A+5VA -2 (4.8)
Rearranging (4.8), we have
(A+6)vA—2=-2A. (4.9

Squaring both sides of (4.9) and rearranging terms, we deduce that
A%+ 6424124 - 72=0.

SinceA has a real valueh%25 + hgés = A =2(10Y2 - 1). Soh3 25+ hgéS =JA+2=
V2. 10Y6 = 22/351/6_Solving the equation

h3 55— 2%/35Y%n3 5+ 1=0
for h3 25 and using the fact from Remark 2.3 thatos < 1, we complete the proof of (iii).
To prove (iv), use the identitys 1,25 = hg%s in Theorem 2.2(ii). O

Theorem 4.14. For any positive real number n, we have

. 1
() \/§<h5,nh5,9n + 7)
h5,nh5,9n

B <h5_,9,,>2_ (h5,9n>_2 N 3{ (hs,gn) N (hs,gn)—l}
h5,n h5,n h5,n h5,n '

) 1
(ii) \/§<h/5’nh%’gn + héi)

7
,nh5,9n

h,5,9n 2 h/5,9n -2 h/5,9n h/5,9n -t
“\n. ) T\ n B\ ) T\ '
5.n 5.n 5n 5n
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Proof. Part (i) follows directly from Theorem 4.5 and the definition/gf,. Replacingg
by —g in Theorem 4.5 and using the definition/gf ,, we complete the proof of (ii). O

Theorem 4.15. We have
i) oo p(e3/V5 /341
> 51/4¢(ef3\/§n) ﬁ+ \/37

pe ™35 /345
51/4()0(67«/571/3) B \/§+1 ’

(it) hs19=

Proof. To prove (i) and (ii), letting: = 1 in Theorem 4.14(i), using the valiig 1 = 1, and
settingA = hs.9 + hs‘)g, we find that

VBA=AVA2—443A.
Rearranging terms, squaring both sides, mairanging terms again, we deduce that
A?(A? - (18— 6V5)) =0.

SinceA has a positive real value,

A=4/18—6/5=+/3/6—2/5=+3(+/5-1).

So we find thatZ , — (v/15— +/3)hs,9 + 1= 0. Solving forks g and using the fact from
Remark 2.3/159 < 1, we complete the proof of (i). Using the identitg 1/9 = hsg in
Theorem 2.2(ii), we prove (ii). O

Theorem 4.16. We have
: p(—e 2V (JBr1-V2)¥2

51~ 51/4()0(—672“/5”) o (v/5—1)l/4

Proof. Using Corollary 3.2 withk = 5, we find that

,_T22/5
51= .
2,10

(4.10)

Using the values

1+/2)Y4 1 1/4
rz’s/zz(\/\/g—i- +V2Mt r2,10=(§(1+\/§)(\/\/§+1+\/§))

21/4

and the fact that »/5 = rz_)é/z from [12], we complete the proof.O

Using known values of; , andr; , and their relations witth; , andh;_, in Section 3,
we can find further values @, , andn) .
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5. Explicit formulasfor ¢(e™"") and @ (—e™"™)

We prove explicit formulas for the theta-functiop& —"") andgp(—e~"") for any pos-
itive real numbem: and then give some examples. From each given valuﬂ@f”ﬁ),
one can derive the explicit result &f[n] andk will be evaluated in a simple fashion for
certainn.

Lemma5.1. Let
711/4
“TTrem
Then

(i) @) =a,
(i) @(—e)=a27Y8

For a proof of Lemma 5.1, see Entries 1(i) and (iv) in Chapter 35 of [3, p. 325].
Next is the main theorem of this section.

Theorem 5.2. For every positive real number n,
a aGiz

i —nmwy _ — ,

a ar2’2n2
21/8n1/4h;1’n nl/421/4rn,n

(i) @(—e ")

Proof. Using the definitions of, , andh,, ,, Lemma 5.1, and Corollary 3.4, we complete
the proofs of (i) and (ii). O

Corollary 5.3. For every positive real number r,

2
anl/? an1/4Gn2

() ™M= :
hn,n n,n
1/4,.
. —2n/ny _ an 2,2/,,2
1] — = —
(i) p(-e I = ot

Proof. From Corollary 2.7(i) and Theorem 2.2(i), (iii), we have
hl/n,l/n = ]’ln,nl’ll)]_/n2 = hn,nhl/nZ,l = hn,n'

Using the relation$, , = h1/n,1/ns Tnn = r1yn,1/n N [12], and Gy, = G, [7, p. 23] in
Theorem 5.2, we immediely obtain the results. O

First, we give some values @&f, , andh,, ,, and then we use these values to determine
some values of theta-functions.
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Theorem 5.4. We have
(i) hy1=1,

(i) hap=y2v2-2,

3831
- 1/4 _
(i) haz=(V3-3)V4= Tz
) 23/4
(V)  has=—=——,
4.4 \4/§+1

(V) hss=1/5-2V5,
2%43Y8(vV2 - )(V/3-1))*°
(—4+3v2+ 354+ 243334+ 2/2. 33/4)1/3
Proof. Part (i) follows directly from Theorem 2.2(i). For part (ii), use Theorem 4.7(i). For

parts (iii) and (iv), use Theorems 4.10(i) and 4.8, respectively.
To prove (v), using

5++4/5 , 5—4/5
V5,5= 2 and }’5)5: T

from Theorems 6.4(ii) and 6.7(iv) of [12] in Theorem 3.1, we find that
hee—_2-¥5 _ VE(6-D  SAWE-17
RN N A NN 2972
Since((v/5 — 1)/2)% = /5 — 2, we complete the proof of (v).
To prove (vi), using

3Y8V1+V3(1+v3+ 233413

766 = 213/24

(Vi) hee=

and
211/1631/8(\/5_ 1)1/12(\/§+ 1)1/6
6,6 = 1/4 | 23/4\1/3
(2—3V2+3.3Y4 4 33/4Y
from Theorems 6.4(iii) and 6.7(v) of [12] in Theorem 3.1, we prove (vij

Using the values of Theorem 5.4 in Theorem 5.2(i), we find the following results.

Theorem 5.5. Let a = w4/ 1" (3/4). Then we have

O ™) =a,

(i) @l )=a2"YV2+2,
(i) @ %) =a27V437%/8\//3+1,
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(V) @ ¥)=a27 124+ 1),

V) @) =a5"%4/5+ 2.5,
a(—4+3v2+3%4 4233442239413
2-3%8((v2 - 1)(v/3-1)V6 '

See [3, p. 325] for another proof of (i), (ii), and (iv).

Vi) @)=

Theorem 5.6. We have
(i) hpp=1,
(i) hh,=2Y1%2- 114,
21/331/8(\/@_ 1)1/6

iii ho o= ,

R WU WUV X I TE
21/4

(V) hy,

47 (161 1592+ 1202 + 99/28)1/8’

V) hgg= %((‘fs— 1)y/5++/5,

21/4831/8(, /2 _ 1)1/12(\/3 4 1)1/6(—1 — /B4 /2. 33/4)1/3
(234243544 39413 '

Proof. We give proofs of (i) and (ii) only, becae the other values follow by the same
argument as in the proof of Theorem 5.4, by using values in Section 5, Theorems 5.15(i)
and 6.4 in [12].
Part (i) follows directly by using the values 1 = 1 andr » = 21/8 from [12] in Corol-
lary 3.4(ii).
For the proof of (ii), using.» = 21/8 andr; g = 2%/18(1 + +/2)1/4 from [12] in Corol-
lary 3.4(ii), we find that
o ol/4
2,2 23/16(\/5 + 1)1/4
Thus we complete the proof of (ii).O

=282 -4

Using values of Theorem 5.6 in Theorem 5.2(ii), we find the following results.

Theorem 5.7. We have
(i) @(-e?)=a27"?,

(i)  p(—e¥)=a27"16/24 1)V/4,
a(l+ V34 V2V33)13
211/2433/8(,/3 — 1)1/6
(V) @(—e8) =a2 /8164 1592 + 122 4 9v/23)1/8,

(i) @(—e )=

’
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V) p(—e 10Ty = a2 :
(¥5-1)v/5V5+5
i) g(—e 12 a2 13702~ 3y2+ 3+ FHIE
p(—e =

(ﬁ _ 1)1/12(\/:—),_,_ 1)1/6(_1 _ \/§+ ﬁ 33/4)1/3'
See [3, p. 325] for another proof of (i) and (ii).
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