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TRANSCENDENCY OF VARIANTS OF MILLS’ CONSTANT
KOTA SAITO

ABSTRACT. Let |z denote the integer part of x. For every sequence (Cy)x>1 of positive
integers, we define £(Cy) as the smallest real number ¢ such that [£€* | is a prime number
for every positive integer k. The number £(3%) is called Mills’ constant. Recently, the
author showed that £(3%) is irrational, but the transcendency of this number is still open.
In this paper, we give sufficient conditions on (C)i>1 to determine the transcendency
of £(Cy). For example, we obtain the following three results:

(A) £(|b*]) is irrational for every real number b > 1 + v/2;

(B) £((1++2)* + (1 —+/2)F) is transcendental;

(C) &(r3k — 1) is transcendental for every integer r > 4.003 x 10'4.
Furthermore, assuming the Riemann hypothesis, £(3% — 1) is transcendental. However,
we still do not know whether Mills’ constant is transcendental.

1. INTRODUCTION

Let N be the set of all positive integers. For all real numbers z, we define [z] as the
greatest integer less than or equal to z. In 1947, Mills [Mil47] constructed a real number
A > 1 such that

(1.1) | A% | is a prime number for all k € N.

After that, mathematicians started to study variants and generalisations of Mills’ result.
For example, Wright [Wri51] found a real number p > 1 such that all of

124), [2¥], 2%,

are prime numbers. We refer the readers to [Dud69] which is a good survey for quickly
reviewing early works on prime-representing functions.

The smallest real number A satisfying (1.1) exists, and it is called Mills’ constant (see
[Fin03]). Let us prove the existence in Lemma 4.1. Assuming the Riemann hypothesis (for
short RH), Caldwell and Cheng [CCO05] gave a decimal approximation to Mills’ constant
as follows:

1.30637 78838 63080 69046 86144 92602 - - - .

Proving the irrationality of this number turned out to elude some previous efforts by Alka-
uskas and Dubickas [AD04] and by the author and Takeda [ST22]. However, the author
[Sai2bb, Theorem 1.2] recently resolved that Mills’ constant is irrational. Furthermore,
the author [Sai25b, Proposition 5.2] proved that Mills’ constant is transcendental if there
exists a real number 0 € (0,1/2) such that for every sufficiently large real number z, we
find a prime number p satisfying 2 < p < x + 2. Under the RH, Carneiro, Milinovich,
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and Soundararajan [CMS19, Theorem 1.5] showed that for all real numbers x > 4, there
exists a prime number p such that

22
pE x,x+%\/510gx .

Therefore, even if the RH is true, we still do not know whether Mills’ constant is tran-
scendental. Alternatively, we succeed in proving the transcendency of a shifted analogue
of Mills’ constant as follows.

Theorem 1.1. There exists a real number A > 1 such that LA?’k_lJ s always a prime
number for every k € N. The smallest real number of such A exists, say &. If the Riemann
hypothesis is true, then & is transcendental.

This theorem is just one of the representative examples in this paper. To state more
general results, we now prepare several notations. Let (Cy)r>1 be a positive real sequence.
We always write ¢; = C; and ¢y1 = Cyy1/Cy for all k € N. Therefore, we have

Cr = cicy - ¢,
for all £ € N. We define
W(Cr) = W((Ci)rs1) = {A > 1: A% is a prime number for all k € N}.

For simplicity, we usually use the notation W(C}) instead of W((Cy)g>1), and so we
remark that WW(Cy) is independent of k. For instance, if (Cy)g>1 = (3%)x>1, then

W(3H) = {A > 1: 4% is a prime number for every k € N}.

By [Sai25b, Lemma 3.1], if W(C}) is non-empty, then the smallest element of W(Cy)
exists, say £(C).

Essentially by Matomiiki [Mat10, Theorem 3]', we have sufficient conditions that W(Cy)
is non-empty (i.e. £(Cy) exists) as follows.

Theorem 1.2. Let (Cy)g>1 be a positive real sequence satisfying
(1) ¢1 > 0;
(2) cgr1 > 2 for all k € N.

Then, W(Cy) is non-empty and &(Cy,) exists.

Is £(C) irrational? If the answer is “YES”, is it transcendental? A Pisot number plays
a key role in answering the question. We say that a real algebraic integer 5 > 1 is a Pisot
number if all conjugates of 5 over Q lie in the open unit disk of C except for itself. If the
degree of 3 is 2 or 3, then [ is called quadratic or cubic, respectively. For example, the
golden ratio is a quadratic Pisot number. The unique real root of X® — X — 1 is a cubic
Pisot number. In [Sai25b, Theorem 1.5], the author proved the following result.

Theorem 1.3. Let (Cy)i>1 be a positive real sequence satisfying (1), (2) in Theorem 1.2,
and ¢, € N for all k € N. Then, the smallest real number of W(Cy) ezists, say . If
lim supy,_, ck+1 > 4, then & s transcendental. If limsup,_, . cx11 = 3, then either £ s
transcendental, or there exists m € N such that £ is a cubic Pisot number.

T Actually, Matoméki showed that W(C},) is uncountable, nowhere dense, and has Lebesgue measure
0 if a sequence (Ck)k21 of real numbers satisfies ¢; > 2 and (2). There is no essential difference between
the initial conditions ¢; > 0 and ¢; > 2 (see [ST22, Remark 3.4]).
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This theorem implies that £(3%) is irrational, that is, Mills’ constant is irrational. In
addition, £(c*) is transcendental for all integers ¢ > 4. However, we still cannot de-
termine whether £(3%) is transcendental or whether £(2%) is irrational. We summarise
the arithmetic properties of £(Cy) in Table 1, where (Cy)r>1 satisfies the conditions in
Theorem 1.3.

limsupy, ,Crt1 2|3 |45
[rrationality TV VIV
Transcendency || 7| 7 [V |V

TABLE 1. Arithmetic properties of £(Cy)

We may find briers for the irrationality and the transcendency from Table 1. In this
paper, we aim to extend the condition ¢; € N to ¢, € QN (0, 00), and we find a specific
sequence (Cy)g>1 braking these briers.

Theorem 1.4. The following properties are true:

(A) &([B*]) is irrational for every fived real number b > 1+ /2;
(B) £((1+V2)* + (1 — /2)*) is transcendetal;
(C) &(r3%F — 1) is transcendental for every fized integer r > 4.003 x 10

Furthermore, we assume the Riemann hypothesis. Then, (C) is true for every integer
r > 1.

It is clear that Theorem 1.4 implies Theorem 1.1. We obtain more general results than
Theorem 1.4, which we will discuss in the next section.

Remark 1.5. Alkauskas and Dubickas [AD04] constructed a specific transcendental number
in W(CY%) if a sequence (ci)k>1 of rational numbers satisfies ¢; = 1, ¢x41 > 2.1053 (k =
1,2,3,...), limsup,_, cry1 = o0, and Cy = ¢;---¢x € N. Thus, they have already
discussed the case ¢, € Q.

Notation 1.6. Let P be the set of all prime numbers. For all z € R, {z} denotes the
fractional part of z i.e. {} = x — [x]. For all finite sets A, #A denotes the number of
elements in A.

2. Types A,B,C AND PROOF OF THEOREM 1.4

In this section, we exhibit three types of results which correspond to (A), (B), (C) in
Theorem 1.4, say Type A, Type B, and Type C. These names are symbolic and therefore
have no deeper meaning.

2.1. Type A.

Theorem 2.1. Suppose that (Ck>k21 s a real sequence satisfying
(A2) cpye1 > 2 forall k € N;
(A3) limsupy,_,, cxr1 > 40/19;
(Ad) Cpy=c1- ¢t €N forall k € N.
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Then, & = &(Cy) exists. Furthermore, either & is transcendental, or there exists m € N
such that €™ is a Pisot number of degree { satisfying

19 -
(2.1) 1<i<1+ (Elimsup Cht1 — 1) .

k—00

In particular, £ s irrational.

We will prove Theorem 2.1 in Section 7. A feature of Type A is that it does not
assume algebraic conditions on (Cy)g>1 such as divisibility and congruence conditions.
This theorem implies the irrationality of £(|ab*]), although the algebraic properties of
|ab® | are highly unclear for given specific real numbers b and «.

Corollary 2.2. Let b and « be real numbers with b > 40/19 = 2.10526--- and a >

max(ﬁ,%). Then, € = &(|ab®]) exists. Furthermore, either £ is transcendental, or

there exists k € N such that §W’kJ s a Pisot number of degree { satisfying

In particular, £ s irrational.

Proof. Let C), = |ab¥] for every k € N. We recall that ¢; = C, and cpy1 = Chy1/Ch
for every k € N. Then, it is clear that (cg)r>1 satisfies (A3) and (A4) in Theorem 2.1
since limy_,o0 ¢y = b > 40/19 and Cp = |ab*| € N for all k¥ € N. Furthermore, by
a> max(ﬁ, 1), we have

¢ =Cy = [ab] = [(1/b) -b] =1,

C abktl abttt —1 1 1
Cht1 = Ck,::LLakaJZ bk Zb—@Zb—b(b_bQ):2
for all & € N. Thus, (cx)r>1 satisfies (Al) and (A2). Therefore, Theorem 2.1 implies
Corollary 2.2. O
Proof of (A) in Theorem 1.4. For all real numbers b > 2, we observe that
121)(%2) = P -2-120 < b>1+V2
Applying Corollary 2.2 with a = 1 and b > 1 + /2, we obtain (A). O

2.2. Type B.

Theorem 2.3. Suppose that (cx)r>1 is a real sequence satisfying

(B2) cxyq1 > 2 for all k € N;

(B3) limsupy_, ., cx+1 > 40/19;

(B4) Cy =c1---c, €N for all k € N.
Let € be a sufficiently small positive real number such that I == {k € N: cx1; > 40/19+ €}
is infinite. We suppose that

(B5) for all m € N there exists k € I with k > m such that C,, | C.
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Then, & = &(Cy) exists. Furthermore, either § is transcendental, or there exists g € N
such that &9 is a Pisot number of degree { with

19 . !
3<i<1+ Ehmsupckﬂ—l ,

k—o0
and for every sufficiently large k € I, we have g | Cy. In addition, we suppose that
(B6) for allm € N and L € N there ezists k € I with k > m such that

C, =C,, mod LC,,.
Then, & is transcendental.

Remark 2.4. This theorem implies Theorem 1.3. Therefore, Theorem 2.3 is an extension
of Theorem 1.3 that is the previous main result in [Sai25b].

We will prove Theorem 2.3 in Section 8. We note that (B1) to (B4) are coincedent
with (A1) to (A4). Thus, by adding the algebraic conditions (B5) and (B6), we can find
stronger arithmetic properties of £(Cy). A certain class of linear recurrence sequences
satisfies (B1) to (B6).

Corollary 2.5. Let d be an integer greater than or equal to 2. Let ay,...,aq_1 be integers,
and let ag € {—1,1}. Let (Ry)i>1 be a sequence of positive integers satisfying

(B2") Ryy1/Ri > 2 for all k € N;

(B3") liminfy o Ryi1/Ry > 40/19;

(B4 ) Rk—f—d = ad_le+d_1 -+ ad_gR]H_d_Q + 4 aleH -+ aoRk fO’f’ all k € N.
Then, the number {(Ry) exists, and it is transcendental.

We will prove Corollary 2.5 in Section 8.
Proof of (B) in Theorem 1.4. Let Ry, = (1 ++/2)¥ + (1 — v/2)* for all £ € N. Then, by

basic calculation, we have Ry = 2, Ry = 4, and

Riyo = 2Ry 1 + Ry,
for all £ € N. Therefore, (Rj)r>1 satisfies (B1’) to (B4’). By applying Corollary 2.5,
E(Ry) = £((14+V2)% + (1 — v/2)F) is transcendental. O

2.3. Type C. For all integers ay, as, . .., ag, we define ged(ay, ... ax) as the gratest pos-
itive integers d such that d | ay, d | ag, ..., d | ai. For all infinite sequences (ay)g>1 of
integers, ged(aq, as, ..., ax) is decreasing for k = 1,2, ..., and hence we define

ged(ag, as,...) = klim ged(ag, as, ..., ax),
—00
which is well-defined. We also see that ged(am,, ami1, .- .) is increasing for m = 1,2,.. .,
and so we define the asymptotic greatest common divisor of (ax)k>1 by

lim ged(am, amy1,--.) € NU{oco}

m—r00

and it is denoted by aged((ax)k>1) = aged(ay).

Theorem 2.6. Let ¢ be a real number grater than or equal to 3. Assume that there exists
xo > 1 such that for all real numbers x > x,

(2.2) POz, x+ ™) £ 0.

Suppose that (c)g>1 is a sequence of real numbers satisfying
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1) o
(C2) ckﬂ > ¢ for all k € N;

(C3) Cr=cy-- ckeNforallkeN

(C4) for allm € N there ezists k € N such that C,, | C;

(C5) aged(Cy) < oo.

Then, & = £(Cy) exists. Furthermore, either £ is transcendental or there ezists g € N
such that g | aged(Cy) and €9 is a cubic Pisot number less than or equal to

(2ag/* 4 1)9/1.
In the case ¢ = 3, by applying [MTY24, Theorem 1.1] and [CH23, Section 4], Moss-
inghoff, Trudgian, and Yang [MTY24, Section 2] showed that (2.2) is true for all
x > exp(3exp(32.76)),

which implies the following corollary.

Corollary 2.7. The number £(r3F — 1) exsits and it is transcedental for all integers
r > 400296054181892 ~ 4.003 x 10,

It is natural to expect that (2.2) with ¢ = 3 is true for all x > 1. As a partial result,
Cully-Hugill [CH23] proved that (2.2) with ¢ = 155 is true for all x > 1. If the expectation
were true, then we could replace 4.003 x 10* with 1.

Corollary 2.8. Assume that (2.2) with ¢ = 3 is true for all real numbers x > 1. Then,
for every fized integer r > 1, the number £(r3% — 1) ewists and it is transcendental.

We will prove Corollaries 2.7 and 2.8 in Section 9.

Proof of (C) in Theorem 1.4. By Corollary 2.8, it suffices to show that the RH implies
that o = 1. As we mentioned in Section 1, assuming the RH, [CMS19, Theorem 1.5]
implies that for all real numbers x > 4, there exists a prime number p such that

22
p€ |z, x4+ —vrlogz| .
25
Therefore, by simple calculation, we obtain (2.2) for all real numbers = > 1. O

3. A GENERAL RESULT

In this section, we provide a key proposition which implies Theorems 2.1, 2.3, and 2.6.
Before claiming, let Tr(3) be the trace of  over Q for every algebraic number 3, that is,
Tr(B) = 1 + - -+ + Be, where fy, ..., 5y denote all the conjugates of § over Q.

We consider a positive real number 6 satisfying the following condition:

(1) There are d > 0 and zy > 0 such that for every x > z, we have

da®
(PN [z, x+2%]) > s
Theorem 3.1. The number 21/40 satisfies (7).
Proof. 1t follows from [BHPO1] by Baker, Harman, and Pintz. O

Proposition 3.2. Let 0 be a real number in [1/2,1) satisfying (). Suppose that (cx)r>1
is a sequence of real numbers satisfying

(G1) ¢ > 1;

(G2) cpy1 > 2 forall k € N;
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(G3) limsupy,_, 1 > 1/(1 —0);
(G4) Cr, =c1--- ¢ €N for every sufficiently large k € N.

Then, & = &(Cy,) exists. We further suppose that for every m € N, we have

(3.1) £ ¢ N,
and we suppose that & is algebraic. Let € be a fixed small real number with
(3.2) 0 <e<limsupcgr —1/(1 —0).

k—00

Let I ={k € N: ¢y11 > 1/(1 — 0) + €}. Then, the following properties are true:

(i) We have

2

c

{€9) < Cprt €0 | T=0erri—1

for every sufficiently large k € I,
(ii) There ezists g € N such that £9 = 5 is a Pisot number of degree ¢ with

-1
2</0<1+ ((1 —0) limsup cx41 — 1)
k—o0
and we have g | Cy for every sufficiently large k € I;
(iil) If £ = 2, then &9 = B = (1 4+ /5)/2 and Cy/g is an odd prime number for every
sufficiently large k € I;
(iv) We have Tr(BC+/9) = |£ | for every sufficiently large k € 1.

The rest of the paper is organised as follows. In Section 4, we quickly review the proof
of Theorem 1.2. In Section 5, we prepare auxiliary results for proving Proposition 3.2.
In Section 6, we complete the proof of Proposition 3.2. In Sections 7, 8, and 9, we prove
Theorems 2.1, 2.3, and 2.6, respectively.

4. PROOF OF THEOREM 1.2

Lemma 4.1 ([ST22, Lemma 4.1] and [Sai25b, Lemma 3.1]). Let (Cy)x>1 be a sequence of
positive real numbers. If W(Cy) is non-empty, then the smallest element of W(Cy) exists.

Proof. Since W(CY) is non-empty and lower bounded, its infimum exists, say ¢. Let k be a
fixed positive integer. By the definition of the infimum, we find a sequence A; > Ay > - - -
of W(Cy) satistying lim; .., A; = (. By the right-hand side continuity of |-|, we obtain

(] = | lim AF*| = |AF*] € P.
J—00
Therefore, ¢ is the smallest element of W(Cy). O

Lemma 4.2. Let (ey)g>2 be a real sequence with e, > 2 for all k > 2. Let € be a
sufficiently small positive real number. Then, there exist real numbers X, = Xq(eg) > 0
and dy > 0 such that for all real numbers X and n satisfying X > X7 and n € [1/2,1—¢),
if we have
dy X"
X, X+X"NP) > ——=
XX+ X10P) 2 2,
then we can find a sequence (qi)k>1 of prime numbers such that X < ¢ < X + X" and
for all k € N, we have

4 < g < (g + 1) — 1
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Proof. This lemma is deduced from [ST22, Lemma 3.2] with X = X and YV = X + X".
We note that it essentially follows from Matoméki’s results [Mat10, Lemma 9] and [Mat07,
Lemma 1.2]. O

Proof of Theorem 1.2. Let €y be a positive real number, and let n € [1/2,1 — ¢]. Let
X; = Xi(€) be as in Lemma 4.2. Let Yj be a sufficiently large real number with Yy > X7,
and we take Y > Y,. By the prime number theorem, we have

Y
#[.20)NP) 2 g

since Y > Y and Yj is sufficiently large. By decomposing [Y,2Y) into at least 2Y1~7
intervals with length Y/2; there exist an interval [X, X + X"] C [Y,2Y") and a constant
ds > 0 such that

dz X"
X. X+ X" >
#([X, X + ]“P)—logx’

Since X > Y > Y, > Xj, by applying Lemma 4.2 with (eg)r>2 == (cx)p>2, there exists a
sequence (pg)r>1 of prime numbers such that for every k € N, we have

(4.1) Pt < pen < (o + D) - 1L
Therefore, since Cy, = ¢y - - - ¢, for every k € N, by (4.1) we have

c
P/ < < (e + YO < (e )Y,
By substituting k£ = 1,2, ..., we deduce that
(42) p}/cl < pé/CQ < p;’/cg’ << (p3 + 1)1/03 < <p2 4 1)1/02 < <p1 + 1)1/01.

Thus, both limy,_, pi/ “ and limy,_, o0 (pi + 1)/ C* exist, say A and A’, respectively. Then,
we have A < A’ by (4.2). Furthermore, by (4.2), we conclude that

pe < APF < ASE < pp 1,
which implies that p, = | A% | for every k € N. Therefore, we obtain A € W(C}). Since
W(CY%) is non-empty, the number £(Cy) exists by Lemma 4.1. O
5. AUXILIARY RESULTS

5.1. A key dichotomy. For all real numbers z, we define ||z| as the length between x
and the nearest integer of x.

Lemma 5.1. For all real numbers x > 1 and ¢ > 1, if
ol > 1/(clz]*),
then we have |z |° < |z¢| < (|z| +1)°—1.
Proof. We observe that
[2]" > [2°] = =] > 2" — {2}
= 1>a°— |z
By the mean value theorem, there exists a real number y € [[z], 2] such that
¢ — 2] = c(z — |2])y* ™" = e{a}z) > cllall[2],
and hence

(5.1) 2] > 2] = |lall < 1/(cl=]*).



TRANSCENDENCY OF MILLS-TYPE FUNCTION 9

In addition, we have
2] > (2] + 1) =1 = 1> ([z] + 1) = [2°]
= 1> (lz] +1)°—2"

By applying the mean value theorem again, there exists a real number z € [z, |x] + 1]
such that

(le] + 1) =2 =c(lz] + 1 —2)2"" > e(1 = {2})2"" > cf|z||[z]*"

and hence
(5.2) [2°) = (lz] +1)° =1 = =] < 1/(clz]*).
Combining (5.1) and (5.2), we conclude Lemma 5.1. O

Let € be a real number in [1/2, 1) satisfying (). Throughtout this subsection, let (C)x>1
be a sequence of real numbers satisfying (G1), (G2), and (G3). Theorem 1.2 implies that
W(Cy) is non-empty and £(Cy) exists. Let & = £(Cy), and let p, = [£9% | for every k € N.

Lemma 5.2. Suppose that for every k € N we have (3.1). Let € and I be as in Proposi-
tion 3.2. Then, the following (I) or (II) is true:
(I) for infinitely many integers k, we have
1
Cryr [k R

(I) there exists ko > 0 such that for every k € I N [ko, 00), we have

le | <

Cl41 <

Pt < <Pt 4p

Proof. Assume that both (I) and (II) are false. Since (I) is false, there exists a positive
integer k; such that for every k > k; we have

Ocy 11
k .

1
Cop1 [0 om0
Then, by Lemma 5.1 with z := % and ¢ := ¢4, for all k£ > k; we obtain
€080 < (€% ] < ([ + 1y — 1,
which implies that for all £ > k;

1%+ >

(53) leﬁLl S pk+1 < (pk + 1)ck+1 _ 1
Since (II) is false, there are infinitely many integers k € I such that
(5.4) Dt ¢ [kaﬂ’kaH _i_chkH].

Then, we set § = min{¢“* —p, | k =1,2,..., ki }. By (3.1), for every integer k < ki, we
have p = | £ | < £, and hence § > 0 holds.

Let ¢¢ = 1 — 6, and let X; = Xj(&) be as in Lemma 4.2. Take a sufficiently large
integer m € I N [k, 00) satisfying (5.4), and

(55) pf7;71+1 > X17
(5.6) § > (27 YCmg)Fr=Cm,
We note that I = {k € N: ¢p41 > 1/(1 — 6) + €} is an infinite set by (G3) and (3.2).

Then, by (5.3) and (5.4), we have
(5.7) Pt > P+ Dl
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Let ¢, = pm. Since 0 satisfies (1) and m is sufficiently large, there exists an absolute
constant d > 0 such that

#([qcm+1 qcm+1 +q00m+1] ﬂP) > dquM-H .
m »am m — lOg qfnm-H

Therefore, by (5.5) and Lemma 4.2 with (eg,e3,...) = (Cni2, Cmas,--.), €0 = 1 — 0,
X =¢ir+ Jand n=0 € [1/2,1 — ¢, there exists a sequence (qx)r>m of prime numbers
such that

(5.8) Gt < Gy < @Cm 4 gl
(5.9) 0 < o < (g +1)% =1

for every integer k > m + 1. We recall that ¢,,; > 1/(1 — 6) + € by the choice of m, and
hence (5.8) implies that (5.9) also holds for & = m.

Let qx = py for every 1 < k < m — 1. Then (5.3) implies that (5.9) is true for every
integer k > k;. Therefore, in a similar manner with (4.2), we obtain

1/C 1/C
0™ S QT S < (@ + )Y < (g + )Y

k

which implies that ¢ = limg_, q;/ “ exist. Furthermore, similary with the proof of

Theorem 1.2, we obtain

(5.10) (] =aqeP
for every integer k > k;. We note that
(5.11) ¢<¢

holds since [(“m*1 | = g1 < Pmy1 = [£9m+1 | by (5.7) and (5.8).
Let us show that (5.10) is true for every k € N. Since [(“"| = ¢, = pp = [ ], we
have

(5.12) L > [0 — (O] = |00/ G — (OREm/Cr| = (£C)Cm/Cn — ((C)Cm/Ch

for every 1 < k < ki, where the last equation follows from (5.11). The mean value
theorem yields that

(ka)Cm/Ck _ (Cck)cm/ck > (ng . Cck)ccmfck’
and hence
(513) fC’f — Cck — |£Clc _ <0k| < CC’k—C’m < CCkl_Cm

for every 1 < k < k;. Since (5.12) leads to (¢ > £ —1 > £¢%n /2 we have ¢ > 271/COn¢.
Therefore, by (5.13), we obtain

(5.14) £ — (gfl/Cmg)Cklme < 0% _ (Cr=Cm < (Ci
By the definition of 4, for every 1 < k < k;, we have

(5.6)
Q= pr < E9F — 5, <% — (2—1/Cm€)0k1—0m

(5.14)

and hence (5.10) is true for all £ € N. We conclude that ¢ € W(C},), a contradiction to
the minimality of &. 0
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Lemma 5.3. Suppose that for every k € N we have (3.1). Let € and I be as in Proposi-
tion 3.2. If (1) is false, then for every sufficiently large k € I, we have

2
Ch
(5'15) {£ } = Crt1 LSCkJU*@)CkH*l'

Proof. Assume that (I) is false. By Lemma 5.2, there exists kg > 0 such that for every
k€ INlky,o0), we obtain (IT). Then, for every sufficiently large k € I, we have

(5.16) pr =[] < €5,
Furthermore, by (II), for every sufficiently large k € I, we have
€0 < prar + 1 S PPt ™ 41
which implies that
0% < (pp + ot 4 1)/
< L+ 20

(5.17)
< pe+ 2
> Pk e 1
Ck-i—lp]gl Dot
Therefore, by (5.16) and (5.17), we conclude (5.15). O

5.2. Results from Diophantine approximation.

Theorem 5.4. Let a > 1 be an algebraic number, and q be a positive integer. Suppose
that 0 < s1 < s9 < -+ 1is a sequence of positive integers. Then, either for some m > 0 the
number o™ is a Pisot number or for each € > 0 there exists a positive integer ko = ko(€)
such that

€S

lga*|[ > e”
for every k > k.

Proof. See [Dub22, Lemma 6] which is given by Dubickas. This theorem essentially follows
from the result [CZ04] by Corvaja and Zannier. O

By Lemmas 5.2 and 5.3, both cases (I) and (II) imply that

lim sup ||€%% ||V < 1.
k—o0
By combining this inequality and Theorem 5.4 with ¢ = 1 and s, = CY%, either £ is
transcendental or there exists m € N such that £ is a Pisot number.
In the latter case, we apply Baker’s theorem. We say that the height of an algebraic
number is the maximum of the absolute values of the relatively prime integer coefficients
in its minimal polynomial.

Theorem 5.5 (Baker’s theorem [Bak75, Theorem 3.1]). Let oy, ..., a, be non-zero alge-
braic numbers with degrees at most d and heights at most A. Further, let By, b1, ..., Bn be
algebraic numbers with degrees at most d and heights at most B(> 2). Let

A= pBy+ prlogag + -+ -+ B, log au,.

Then either A = 0 or |A| > B=Y, where C is an effectively computable number depending
only onn, d, A and the original determinations of the logarithms.
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5.3. Lemmas for Pisot numbers.

Lemma 5.6. Let 31 be a Pisot number of degree 2, and let By be the conjugate of By over

Q. If By + Py = 1, then we have B = # and By = _1—2\/5_

Proof. Let N = —f,3, € Z\{0}. Then, we have (z— 8;)(z — 32) = #* —x— N. Therefore,

by solving 22 — x — N = 0, we obtain

1++V1+4N 1—-+vV1+4N
R B

By |52| < 1, we conclude that N = 1. O

Lemma 5.7 ([Dub02, Lemma 3]). Let ¢ € N, and let 8 be a Pisot number of degree (.
For all m € N, ™ is a Pisot number of degree (.

Proof. Let By = B, Pa, ..., B¢ be all the conjugates of 5. Let

4

(5.18) Q(X) =[x -5y € Z[x],

J=1

and let P € Z[X]| be the minimum polynomial of ™. Since ™ is an algebraic integer, we
may assume that P is a monic polynomial. It is clear that deg(5™) < ¢, and so we now
suppose that deg(f™) < ¢. By this supposition, there exists a non-constant polynomial
R € Z[X] such that Q(X) = P(X)R(X). By (5.18), R(X) = [[;c5(X — B]") for some
non-empty set S C {2,3,...,¢}. We note that R(0) is an integer, but

O<Hmﬂ<1

jes
since 3 is a Pisot number, a contradiction. O

Lemma 5.8. Let B be a Pisot number of degree £, and let By = B, 0a,...,0¢ be the
conjugates of B over Q. Then, there exists sy = so(B) > 0 such that for all integers

s > so, if {B°} < 1/2, then Tr(8°%) = 5 +---+ 55 = | 5°].

Proof. 1t is clear that Tr(5*) = {4 - - -+ 7 from Lemma 5.7. Since § is a Pisot number,
we have |3;| < 1 for all j =2,3,..., (. Therefore, there exists sy = so(8) > 0 such that
for all integers s > sy we have |85 + -+ -+ 7| < 1/4. We now take an arbitrary integer s
with s > sq. Suppose that {8°} < 1/2.

Since ] + - - -+ [ is a non-zero integer from the theory of fields and

P=0=08+ 48—+ +5),

we see that

(g (BB s <0
1—(B5+---+p5;) otherwise.

The latter case naver happens since {#°} < 1/2 and |85 + --- + 57| < 1/4, and hence
{6°} = —=(B5+---+5;). Therefore, we conclude that |3°| = p*—{p*} = g5 +---+5;. O

Lemma 5.9 ([BD08, Lemma 8]). Let o be a real number greater than 1. Let n and m be
positive integers. If o™ and o™ are Pisot numbers, then a4™™) is q Pisot number.
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Proof. We may assume that ged(n, m) = 1 by replacing n/ ged(n, m) and m/ ged(n, m)
with n and m, respectively. Since o™ is an algebraic integer, « is so.

Suppose that « is not a Pisot number. Then, we may take a conjugate [ of « satisfying
|G| > 1 and 8 # «. Thus, we have ™ = a™ since 8" is also a conjugate of o™ and o™ is a
Pisot number. Therefore, 8 = ae?™*/" for some k € {1,2,...,n — 1}. Similarly, we have
£™ = a™, and hence

&me27rikm/n _ ﬁm — o™

This implies exp(2mikm/n) = 1, a contradiction since ged(n, m) = 1. O
Lemma 5.10. Let 8 be a Pisot number of degree { > 2 with conjugates 5y = 3, Ba, ..., Be.
For every k with By, ¢ R, if By = |Be|e™ for some ¢ € R, then ¢ is irrataional.

Proof. Fix any k with (5, ¢ R, and let 8;, = |B|e*™® for some ¢ € R. Then, ¢ ¢ Z. Then,
there exists &' € [1,/] with k # k' such that By = B = |Bele >™®. Suppose that ¢ is
rational and let ¢ = a/b for some a € Z and b € N. Then, by Lemma 5.7, 52,..., 3% are
pairwise distinct. However, we have

ﬁ]l; — ‘6k|b€27ria — |ﬁk|b — ‘6k|b€f27m’a — ﬁ]g/’
a contradiction. U
Remark 5.11. This lemma follows from Mignotte’s result [Mig84], which states that for
Ny,...,Ny € Zif g ... 8N =1 holds, then Ny = --- = N, = 0.
Lemma 5.12 ([Smy75]). Let 3 be a Pisot number of degree { > 2 with conjugates 3, =
B, B2, Be. Fori# j, if |Bi| = |B], then B; = B;.
Proof. Let
(5.19) fX) = II &x-88).

1<i<;<t

Then, it is clear that f(X) € Z[X] since f(X) is symmetric and 3 is an algebraic integer.
Assume that |3;| = |8, but 3; # B; for some i # j. Then, both (X —3;3;) and (X — ;)
appear in the product (5.19). Therefore, (X — ¢)? devides f(X), where ¢ == 3,8, = (,5;.
Since ¢ is an algebraic integer, the product of all the conjugates of ¢ is a non-zero integer.
In addition, |¢| = |3;]* < 1 since B is a Pisot number. Therefore, we find one of the
conjugates ¢’ of ¢ such that |¢'| > 1. Then, (X — ¢')? devides f(X). However, a root of

f(X) with absolute value strictly greater than one forms as §3; for some 1 < j < (. All
of such roots are distinct, a contradiction. O

Lemma 5.13 ([Dub22, Lemma 8]). Let 8 be a Pisot number of degree £ > 2 with conju-
gates 81 = 3, Ba, ..., B¢ labelled so that 51 > 1 > |Ba| > -+ > |Be|. Then, there is a real
number X > 0 depending only on [ such that

185 + -+ 87 = |Bo|"n
for each sufficiently large integer n.
Proof. We may assume that ¢ > 3. If |35 > |S3], then the lemma is trivial since
1By 4+ -+ By | = |G| — 35" > |Ba]"/2

for every sufficiently large n. If B3] = |B3|, then Lemma 5.12 yields that g3 = [y and
|B2| > |B4]. Especially, 5 is not real. Then, we obtain

|ﬁg 4.4 Bﬂ > ‘ﬁ2|n(|1 + (ﬁ3/ﬁ2)n‘ — e(‘ﬁ4‘/|ﬁ2|>n)
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We now define log 2 = logr + 2mitp if z = re?™™ (r > 0, 1 € (0,1)). Let By = |Ba]e?™
for some ¢ € (0,1). For every n € N, we have

114 (B3/B2)"] = |1 + €™"¢| = 2| cos(2mne)| = 2|sin(r/2 — 27ng)| > 4|1/2 — 2ng||.
For every n € N, we take k = k(n) € Z such that
11/2 = 2ng|| = [1/2 4+ k — 2n¢|.

By Lemma 5.10, 27mi¢ and i are linearly independent over Q. Since 2mwi¢ = log(52/|B2]|)
and log(—1) = i, Theorem 5.5 implies that there are constants C, Cy > 0 such that for
every n, we obtain

27(1/2 + k — 2n¢| = |(k + 1) log(~1) — 2nlog(B2/|B|)| = Cin™ .
Therefore, there exists A > 0 such that for every sufficiently large n, we have

185 + -+ B7| = B " .

In [Dub22|, Dubickas proved the transcendency of certain constants deduced from
some recurrent sequences by applying [Dub22, Lemma 6] and [Dub22, Lemma 8] (Theo-
rem 5.4 and Lemma 5.13). This is an improvement on the result regarding irrationality
by Wagner and Ziegler [WZ21]. A basic idea of the proof comes from these works and
[BDO08] by Bugeaud and Dubickas which is a study on the set of limit points of ||a”||'/"
(n=1,2,3,...).

6. PROOF OF PROPOSITION 3.2

Lemma 6.1. Let a > 1 be an algebraic number, and let 0 < s1 < s < --- be a sequence
of positive real numbers satisfying that s, € N for sufficiently large k. Let (t)r>1 be
a sequence of positive real numbers with liminf,_, ¢, > 0. Suppose that there exists a
constant K > 0 such that for every sufficiently large k € N

(6.1) o] < Ka~st.

Then, there exists g € N such that o9 is a Pisot number of degree € with

-1
1< <1+ (hmsuptk)

k—00

and for every sufficiently large k, we have g | sx. Furthermore, if we have

-1
=1+ (limsuptk) ,

k—o0

then o9 is a unit Pisot number.

Proof. Let t = limsup,_,, t; and ¢ = liminf, .o #x. By (6.1) and Theorem 5.4 with
e = (t/2)loga and ¢ = 1, there exists a positive integer m such that o®m is a Pisot
number. Let g be the smallest positive integer such that o is a Pisot number.

Let us show that g | s; for every sufficiently large k. If not, there are infinitely many
positive integers ny < ng < ng < --- such that ¢ { s,,,. Then, by (6.1) and Theorem 5.4
with s, = s,,, € = (t/2)loga and ¢ = 1, there exists r € N such that o is a Pisot
number. By Lemma 5.9 and the choice of g, we obtain ¢ | s,,, a contradiction.
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Let § = a9, and let (1, fs, ..., 3¢ be the conjugates over Q of g labeled so that § =
f1>1>|Ps| = -+ >|B|. Therefore, (6.1) and Lemma 5.13 with n := s,/g € N imply
that for every sufficiently large £ € N we have

Ka= % > ||a*|| = ||6°/9|
= (| 85K 4 BN > 1B 50/ 9)

for some constant A = A(3) > 0. Thus, by taking the logarithm on both sides and taking
lim sup,,_,.,, we obtain

61—5/9 — ot > |62|1/9’

which yields that 8;7 > |8s]. Since 8, --- 8, € Z \ {0}, we obtain

1< By Byl < B0,
and hence 1 < ¢ < 1+1/t. Furthermore, if ¢ = 141/t is true, then 1 < |-+ 34| < B =1,
which means that 3 is a Pisot unit. O

Lemma 6.2. Let (cx)r>1 be a sequence of real numbers satisfying (G1) to (G4). We
further suppose that for every k € N we have (3.1). If (I) in Lemma 5.2 is true, then
£(Cy) is transcendental.

Proof. Let £ = £(C},), and we assume that ¢ is algebraic. We furthermore assume that (I)
is true, and so

J = {nEN: 1€5|| < ! }

Cnt1 Lgan ent1-1

is infinite. Let J = {ny,ns,...}, where ny < ny < ---. By Lemma 6.1 with a = ¢,
s = O, , and t = c,,+1 — 1, there exists g € N such that £ = 8 is a Pisot number of
degree ¢ with

-1
(6.2) 1<i<1+ (lim SUD Cpyi1 — 1)

k—o00

and g | C, for every sufficiently large n € J. By (G2) and (6.2), we obtain ¢ € {1,2}.
Suppose that ¢ = 1, which means that § is an integer. In this case, for sufficiently large
n € J, we see that 3°"/9 is a composite number, but

B9 = O = ||

is a prime number, a contradiction.
Suppose that ¢ = 2. Then, by (G2) and (6.2), we have

-1
(=1+ (lim SUp Cpyt1 — 1) )

k—00

By Lemma 6.1 and ¢ = 2, ( is a quadratic Pisot unit, and hence ||5"|| = 7" for all n € N.
Therefore, by (G2), for every sufficiently large n € J, we obtain

1 1
< Y
Cnp [§n Jent1t T 2[€Cn |

a contradiction. O

£ = g8 = |57 = €] <
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Proof of Proposition 3.2. Let 6 be a real number in [1/2, 1) satisfying (). Let (cx)r>1 be a
sequence of real numbers satisfying (G1) to (G4). By (G1) and (G2), Theorem 1.2 yields
that W(C%) is non-empty and £ = £(C},) exists.

We suppose that for every m € N, we have (3.1), and we further suppose that ¢ is
algebraic. Let € be a real number with (3.2), and let [ = {k € N: ¢x; > 1/(1 —0) + €}.

Proof of (i): By Lemma 5.2, we obtain (I) or (II). Furthermore, Lemma 6.2 implies that
(I) is false since ¢ is algebraic. Therefore, by Lemma 5.3, we have (5.15) for sufficiently
large k € I, and hence we obtain (i).

Proof of (ii): Let ¢ = limsup,_, cxy1- Let I = {ny,ne,...}, where 0 < ny <mng < ---.
By the definition of I, we have

limsupe,, 1 =¢>1/(1—-0) +e

k—o00
By ||z|| < {z} and (i), for sufficiently large k& € N, we have

2
| €0 | (= 0engs1—1"

I€ || < {€5} <
an-i-l

and hence by Lemma 6.1 with a := &, s, .= C,,, and t;, == (1 — 6)c,, 11 — 1, there exists
g € N such that &9 is a Pisot number of degree ¢ with

—1
1§£§1+<(1—9)5—1) ,

and for sufficiently large k € N, we have g | C,, .
Let g =¢&9. If £ = 1, then (8 is an integer. Thus, for sufficiently large k € [ we have
¢ = BO/9 is an integer, a contradiction to (3.1). Thus, ¢ # 1. Therefore, we obtain (ii).

Proof of (iv): By (i) and (ii), for sufficiently large k € I, we obtain ¢ | C} and
{87y = {7} < 1/2,
and hence Lemma 5.8 implies (iv).

Proof of (iii): Suppose that ¢ = 2. Since 3,0, € Z\{0} and 5, € R, we have §; € R\ {0}.
By (ii) and (iv), for every sufficiently large k € I, we obtain

B3t = B0 = BT = {577} <0,

which yields that 5, < 0, and C/g is odd. Choose a sufficiently large £ € N. Let r and
s be positive odd numbers with Cy/g = rs. Then, we have

(€6 | = [B79) = BEW9 + BH7 = i+ B0
= (p] + ﬁg)wi’(s—l) _ ﬁ;(s—z)ﬁg 4o Bfﬁ;(sfz) X ﬁ;(571)).
By choosing 7 = 1 and s = C},/g, we have 3; + B2 = 1 since [£°*] is a prime number and
LB By b — BuBST R4 857!

is an integer greater than or equal to 610’“/971(2 2). Therefore, Lemma 5.6 implies that
B1 = (1 ++/5)/2. In addition, if Cy/g is a composite number, then we may choose r and
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s as odd numbers > 3. By 5 = —0.618- - -, we observe that
Br+ 65 > B+ 65 =4,
BT = BTEB = BB T 2 BT 2 B > 4,

and hence |9 | is a composite number, a contradiction. Therefore, we conclude (iii). [

7. TYPE A: PROOF OF THEOREM 2.1

Suppose that a sequence (cx)r>1 satisfies (A1) to (A4) in Theorem 2.1. Theorem 3.1
yields that 6 = 21/40 satisfies (f). Therefore, (cx)g>1 satisfies (G1) to (G4) in Proposi-
tion 3.2, and so the constant £ = £(C},) exists.

If there exists m € N such that £ € N, then we have (2.1) for £ = 1 since a positive
integer is a Pisot number of degree 1. Thus, £ is an algebraic integer. In particular, if £
is rational, then £ must be a rational integer. This is a contradiction to

£ = 1% € P.

for every k € N. Therefore, ¢ is irrational.

We may assume that £ ¢ N for all m € N. Suppose that ¢ is algebraic. Then, by
applying (ii) in Proposition 3.2, there exists g € N such that § = &9 is a Pisot number of
degree ¢ > 2 with (2.1), and for every sufficiently large k € I, we have g | Cy. Therefore,
by applying Lemma 5.7, there exists m € N such that g | C,, and £ = ¢9¢m/9 is a Pisot
number of degree ¢. In particular, £ is irrational since the degree of £ is greater than
or equal to 2.

8. TYPE B: PROOF OF THEOREM 2.3 AND COROLLARY 2.5
For all integers a and ¢ # 0, there uniquly exists a pair (r, s) of integers such that
a=rq+s, 0<s<]|q|
Then we define a mod ¢ = s.

Lemma 8.1 ([Dub02, Lemma 2| and [Sai25a, Lemma 2.1]). Let (by)r>1 be a sequence of
integers satisfying that there exist integers aq_1, . . ., ag such that for every k € N we have

(8.1) bitd = @g—1bryd—1 + ag—2bria—2 + -+ aoby

Let q be an integer. If ay and q are coprime, then (b, mod q)r>1 is purely periodic i.e.
there exists L € N such that for all k € N we have by = by, mod q.

Proof. If ¢ = 1, then it is trivial. Thus, we assume ¢ # 1. Since
(bpra—1 mod ¢, bprq—s mod q, ..., by mod ¢q) € {0,1,...,q— 1}
for all k =1,2,..., there are integers r and s with r > s such that
(by1q-1 mod ¢, b,1q—o mod g, ..., b, mod q)
= (bsyq—1 mod ¢, bsr4 > mod q,...,bs mod q).

Let L = r —s. Then, by (8.1) with £ = r and k = s, we obtain b, 4 = bs14 mod ¢. Again
applying (8.1) with £ =7+ 1 and k = s+ 1, we have b, 4.1 = bsy 41 mod ¢. By iterating
this argument, we have by = by, mod ¢ for all £ > s. In addition, since ag and ¢ are
coprime, there exists u € {1,2,...,q — 1} such that apu = 1 mod ¢. By (8.1), we obtain

(8.2) b = ubgyg — uag_1bpyq1 — uag_obpyg o — -+ —uarbgr;  mod g
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for all £ € N. Since b, = by mod ¢ for all s < k < s+d, (8.2) with k = s—1 implies that
bs_1 = bsy 1. By iterating this argument, we conclude that by = by, for all k € N. [

Proof of Theorem 2.3. Suppose that a sequence (c)r>1 satisfies (B1) to (B5) in Theo-
rem 2.3. By choosing 6 = 21/40, (cg)r>1 satisfies (G1) to (G4) in Proposition 3.2 and the
constant £ = £(C) exists.

Suppose that £ € N for some m € N. Then by (B5), there exists k¥ € I with k > m
such that C,, | Ck, and hence

fck _ (é:Cm)Ck/Cm

is a composite number, but ¢ = [£9%] is a prime number, a contradiction. Therefore,
we have £ ¢ N for every m € N.

Assume that ¢ is algebraic. Then, we obtain (i), (ii), (iii), and (iv) in Proposition 3.2.
Especially, by (ii), there exists ¢ € N such that £ = ( is a Pisot number of degree ¢ with

19 -
2<(<1+ Ehmsupckﬂ—l ,

k—o0
and for sufficiently large k € I, we have g | Cy.

Suppose that ¢ = 2. By (iii), we have 49 = (1 + /5)/2 and C}/g is an odd prime
number for sufficiently large k. Then, we take a sufficiently large m € I with g | C,,. By
(B5), there exists k € I with k& > m such that C,, | Cx. Therefore, C,,/g is a divisor of
Ck/g, a contradiction.

In addition, we now suppose (B6) and let us show that £ is transcendental. Let
b1, B, ..., B¢ be all the conjugates over Q of 5 labeled so that

E=0=0>1>|0]> >|B
Cm/g f’m/g

Take a sufficiently large integer m € I such that g | C,,. Let oy = ;™7 ..., =
By Lemma 5.7, a7 is a Pisot number of degree ¢. For every n € N, we define

S(n)=Tr(a")=af + -+ ay.

Since « is an algebraic integer of degree ¢, there exist integers eq, ey, . .., e, such that for
all 7 € {1,2,...,¢}, we have
ozf = eg_lozf_l + eg_gozf_Q <-4 e,
where ey = +a; - - - ap. Thus, for all non-negative integers n and for all j € {1,2,...,¢}
Q?H _ eg_la;h%—l + eg_Qa?H_z e egal

By taking summation over j € {1,2,...,¢} on the both sides, we obtain
Sn+10) =e1S(n+Ll—1)+e2Sn+0—2)+---+eyS(n).
Since [ is a Pisot number and m is sufficiently large, we have
Cmn Cm Cm Cm
S(1) =6 /g+"‘+ﬁz 9> A /g“‘ﬁz /g| = |ay - ay| = |eo].

We note that S(1) is a prime number since S(1) = Tr(8°"/9) = |¢“m | by (iv), and hence
S(1) and ey are coprime. Therefore, Lemma 8.1 with (bg)g>1 == (S(n))n>1 and ¢ == S(1)
implies that (S(n) mod S(1)),>1 has period L for some L € N. By (B6), there exists
k € I with k > m such that C), = C,,, mod LC,,. Therefore, there exists n € N such that

Cy = LC,n+ C,, = (Ln+1)C,,
and hence
Lfckj = Tr(ﬁc’“/g) = Tr(ozc’“/c*”) = S(Cx/Cy) = S(In+1) = S(1) =0 mod S(1).
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This is a contradiction since [£%| > [£9"] = S(1) and £ ] is a prime number. O

Proof of Corollary 2.5. Suppose that (Ry)g>1 is a sequence of positive integers satisfying
(B1’) to (B4’). Let ¢; = Ry and cgxyq1 = Rgy1/Ry for all k € N. Then, it is clear that
(ck)r>1 satisfies (B1) to (B4) in Theorem 2.3. We note that (B5) follows from (B6).
Therefore, we shall show (B6).

Let L and m be arbitrary positive integers. By (B4’), we have

Rivqg = ag-1Riyqa—1 + ag—oRpyg—o+ -+ a1 Rpp1 +ao Ry

for all £ € N, where ay = +1. Therefore, since ay and LR,, are coprime, Lemma 8.1 with
(bk)k>1 = (Rk)r>1 and ¢ = LR, yields that (R mod LR,,);>1 is purely periodic with
period U for some U € N, and hence choosing k = m + U,

Ry =R,.v = R,, mod LR,,.

Thus, (B6) is true. Therefore, Theorem 2.3 implies that (Ry) exists and it is transcen-
dental. O

9. TYyPE C: PROOF OF THEOREM 2.6 AND COROLLARIES 2.7 AND 2.8

Lemma 9.1. Let ¢ be a real number greater than or equal to 2. Suppose that there exists
xo > 1 such that for all real numbers x > xy we have (2.2). Let (cx)k>1 be a sequence of
real numbers satisfies

e c; >0;

® ¢y > c forall k € N.

Then, for all prime numbers p > :c(l]/c2, there exists A € W(Cy) such that p = | A®].

Proof. Let p; be an arbitrary prime number with p; > :1:(1)/ “. Then, by applying (2.2)

with = p{* > xy, there exists p; € P such that

(0-1) P < pe < pfE 4 TV < eopp

Let f(x) = z®. Then by the Taylor expansion of f(x) around x = p;, there exists
n € (p1,p1 + 1) such that f(py +1) = f(p1) + f'(p1) + f"(n)/2, and hence
(9-2) (pr+ 1) = pi* + cp? "+ ealea = ™™ > pP +eap? ™ + 1.

Combining (9.1) and (9.2), we have pi*> < py < (p1+1)® —1. Let m be an integer greater
than or equal to 2. By iterating this argument, we construct a sequence of prime numbers
(pk)k>1 such that

Pt < pryr < (pr 4 1)+ — 1

Similarly with the proof of Theorem 1.2, the limit limy_, p,lg/ e exists, say A. In addition,
we have A € W(Cy) and |A“"| = p;. O

Proof of Theorem 2.6. Suppose that a sequence (ci)r>1 satisfies (C1) to (C5). Then,
(ck)r>1 satisfies (B1) to (B5). Thus, by Theorem 2.3, the number & = £(C}) exists, and
either ¢ is transcendental or there exists g such that £9 = [ is a Pisot number of degree
¢ with

19 -1 57 -1 40
3<i<1+ (=21 1) <14 (ZE-1) =14+4=<«4
<6< 1+ (40 lirf;jpckﬂ ) s 1+ (40 ) +17<
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and for every sufficiently large k € I we have g | C. Therefore, ¢ = 3. We note that (C3)
leads to I = {k € N: ¢x1 > 40/19 + ¢} = N, and hence g | aged(Cy) since g | Cy for
every sufficiently large k£ € N.

By Bertrand’s postulate (or Bertrand-Chebyshev theorem), we find a prime number

p1E [a:(l)/ 2 23:(1)/ “]. Therefore, by applying Lemma 9.1, there exists A € W(C},) such that
| A1 ] = p;. Since ¢ is the smallest real number of W(C},), we obtain

E<AL (p+ DY < (2 + 1)V
Therefore, £€9 = 3 is a cubic Pisot number less than or equal to

(225 4 1)9/1. O

Lemma 9.2. There are exactly 20 cubic Pisot numbers less than or equal to 3. Let
Qai,...,Qo be such Pisot numbers labeled so that 1 < aq < --+ < a9y < 3. Then, we
obtain the list of o; (j =1,2,...,20) as Table 2.

Proof. Let M be a given positive integer. If « is a cubic Pisot number with 1 < a < M,
then the minimal polynomial f(X) of « over Q forms as

f(X)=X? —a,X? — a1 X —ag, (ag,a1,a0 €Z, ag # 0).

Let o and o be the conjugates of a. Then, we have |o/| < 1 and || < 1 since « is a
Pisot number. Therefore, the relation between roots and coefficients implies that

aa=a+d +a" e (-1,M +2),
lai| = |ad’ + /" + ad”| < 2M + 1,
0 < |ao| = Jac/a"| < M.
By substituting M = 3, we have ay € [0,4], |a1| < 6, and 1 < |ag| < 2. Thus, there are
5-13 -4 = 260 candidates of polynomials whose roots contain a cubic Pisot number. By

Akiyama’s result [Aki0O, Lemma 1], f(X) is the minimal polynomial of some cubic Pisot
number if and only if

(9.3) lap — 1| < ags+ag and af —a; < sgn(ag)(1 + azap),

where sgn(z) = 1 if x > 0; sgn(z) = —1 if < 0. Using Mathematica, for all as € [0, 4],
la;| < 6, and 1 < |ag| < 2, we check whether (ag, a1, as) satisfies (9.3). After that, we
examine whether all real roots of f(X) are less than or equal to 3, and obtain Table 2.
In the appendix, we give a program using Mathematica to find cubic Pisot numbers up
to a given positive real number. O

Proof of Corollary 2.7 . Fix an arbitrary integer » > 1. Let C}, = r3* —1 for every k € N.
Then, (C1) and (C3) are clearly valid. Let us verify (C2), (C4), and (C5) in Theorem 2.6.
We also obtain (C2) since for every k € N

Crpr = r3Ftt — 1 =3(r3F — 1) +2 > 3C,.
For (C4), it follows that ged(r, Cp,) = 1 for every m € N since C,,, = r3™ — 1. Thus,
3™ =7~ mod O,

where r~! denotes the inverse of r in Z/C,,Z. Let ¢(n) be the number of positive integers
up to n which is coprime to n. Euler’s theorem implies that

p3meCm)tm _ 1 — g (3m)pCm)tl _ 1 = .71 — 1 =0 mod C,,.
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J Q; Minimal polynomial of «;
1 11.32471795724474602596 - - - X3 -X-1

2 | 1.46557123187676802665 - - - X3 -X?2-1

3 | 1.75487766624669276004 - - - X3 —2X?2+X -1
4 |1.83928675521416113255 - - - X3 -X?2-X -1
5 | 2.14789903570478735402 - - - X3 —-X?-2X —1
6 | 2.20556943040059031170 - - - X3 -2X?2 -1

7 12.24697960371746706105 - - - X3 —-2X?2 X +1
8 | 2.26953084208114277085 - - - X3 - X?2-2X -2
9 |2.32471795724474602596 - - - X3 —-3X%2+2X —1
10 | 2.35930408597177642073 - - - X3 —-2X2 -2

11 | 2.51154714169453198401 - - - X3 - X?2 -3X -2
12| 2.52137970680456756960 - - - X3 —3X%2+2X -2
13 | 2.54681827688408207913 - - - X3 —-2X?2-X -1
14 | 2.65896708191699407934 - - - X3 -2X2 - X -2
15 | 2.76929235423863141524 - - - X3 -3X2+X -1
16 | 2.83117720720833690413 - - - X3 -2X?2 -2X —1
17| 2.83928675521416113255 - - - X3 —4X%+4X -2
18 | 2.87938524157181676810 - - - X3 —-3X%2+1

19 | 2.89328919630449778890 - - - X3 -3X2+X -2
20 | 2.91963956583941814511 - - - X3 —-2X?2-2X -2

TABLE 2. All cubic Pisot numbers < 3

Therefore, we have C,, | Cy, for k = me(C,,) + m, which is (C4).
For (C5), it suffices to show that

2 if r is odd,

(9.4) aged(Cy) = 1

if r is even.

We now take an arbitrary prime factor p of C,, = r3™ — 1. Then, 3™ = r~! mod p since
ged(r, p) = 1. Therefore, we have

(9.5) Crg1 =73 —1=7r(3")-3-1=3-1=2mod p.

If r is even, then we have ged(C,,, Cyi1) = 1 for every m € N, and hence aged(Cy) = 1.
Suppose that 7 is odd. Then, by (9.5), it is clear that the prime factor of ged(C,,, Cpni1)
is only 2. Furthermore, if » = 1 mod 4, then

Coppr = r3# 1 — 1= (1) — 1= -2 0 mod 4
for all £ € N. If »r = 3 mod 4, then
Cor =7r3% —1=3(-1)* —1=2%# 0 mod 4

for all k£ € N. Therefore, ged(C,y,, Cpri1) = 2 for all m € N, and hence we have (9.4) and
(C5).
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By applying Theorem 2.6, £ = £(r3% — 1) exists, and either £ is transcendental or there
exists g € {1,2} such that &7 is a cubic Pisot number satisfying

€9 < (22 + 1) < (22 4 1)Y O D),

Let x be the unique real root of X3 — X — 1, which is approximately equal to 1.324717- - -.
Then by Siegel’s result [Sied4],  is the smallest Pisot number. Therefore, if we have

B 2log(22y* +1) 1
9 1/3 1)2/Gr=1) < 0 - <
(2" +1) " 3log K + 3~ "

then ¢ is transcendental. Choosing zo = exp(3exp(32.76)) by [MTY24, Section 2] and
using Mathematica, we obtain

2log(224% + 1)
3logk

1
+ 3= 400296054181891.5 - - - . U

Proof of Corollary 2.8. Assume that (2.2) is true for o = 1. Similarly with the proof of
Corollary 2.7, either £ = £(r3F — 1) is transcendental or there exists g € {1,2} such that
&9 is a cubic Pisot number satisfying

B =& < (20" 4 1) = 30/,
where g € {1,2}. Assume that ¢ is algebraic. Then, in the case r > 3, we have
B < 3¥Gr=1 < 34 <1320 < 1.3247 < &,

a contradiction since x is the smallest Pisot number. Therefore, £ = £(r3% — 1) is tran-
scendental for all r > 3.
In the case r = 2, we have g = 1 by (9.4). Therefore, we obtain

B < 3YB270) — 315 — 1 2457 ... < 1.3247 < &,

a contradiction.
In the case r =1 and g = 1, we see that

B=¢9(=¢) <3V D =3/2-1732... < 1.754 < as.

This yileds that £ € {1, as}. By the definition of £, both Lf?’l*lj and L§32*1J are prime
numbers, but we observe that

Y =1, [af 7Y =21,

a contradiction.
In the case r =1 and g = 2, we see that

B=¢(=¢) <3 =3,

and hence ¢ € {o&/Q, . a%Q}. Since L(a;/2)31’1j = 1forall j € {1,2,3,4}, we have

§ € {ozé/z, ozé/z, . ,a%Q}. Let us recall that [£3°~!] is a prime number for every k € N,
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but we observe that

(a3 =21=3-7, [(al/?)P=1] = 29226 = 2- 3 - 4871,
[(a7/*) 1] =25 = 52, (a1 = 26 = 2 13,
[(ag/®)* 1) =2.3-43. 1750616861141,  [(a}}?)* '] =30=2-3-5,
(o ")* 1] =39 =313, (a1 =40 = 2° .5,
()71 =42=2-37, (@21 = 49 = 72,
[(e1f?)¥ 1] =58 =229, [(aM2)P1] = 64 = 25,
[(a12%)¥ 7] = 64 = 25, (@)1 = 68 = 22 .17,
L(aié2)3271J —70=2.5. 7’ L( 562)3271J — 79 — 23 . 32
All of them are composite numbers, a contradiction. 0

APPENDIX A. CUBIC PISOT NUMBERS UP TO A GIVEN POSITIVE INTEGER

In this appendix, we give a program using Mathematica to obtain a list of all cubic
Pisot numbers up to a given positive real number M. We apply it to describe Table 2. It
is based on the proof of Lemma 9.2.

(*Input M as a positive real numberx*)
M = Input["Enter a positive real number"];

(#¥Fix a range of coefficients (a0,al,a2)*)
ceilM = Ceiling[M];
coeffs =
Flatten[Table[{a0, al, a2}, {a0, -ceilM + 1,
ceilM - 1}, {al, -2*ceilM, 2*ceilM}, {a2, 0, ceilM + 1}], 2];
coeffs = DeleteCases[coeffs, {0, _, _}]1;

(*Select polynomials f(x)=x"3-a2*x"2-al*x-a0 of which all real roots are
less than or equal to M, and make a list of {alpha, a0, al, a2},

where alpha is the maxmum real root of f(x) (it should be a Pisot number)*)
list = {};

max = Length[pisotcoeffs];

For[j = 1, j <= max, j++,

a0 = pisotcoeffs[[j, 11]1;
al = pisotcoeffs[[j, 2]1];
a2 = pisotcoeffs[[j, 31];

poly = x°3 - a2%x"2 - al*x - a0;

realroots = x /. NSolve[poly == 0, x, Reals, WorkingPrecision -> 50];
If [Select[realroots, # > M &] == {7},
list = Join[list, {{Max[realroots], a0, al, a2}}] 1;
1;

(¥Sort the list*)
list = SortBy[list, First];



24 K. SAITO

max = Length[list];

(*Printx*)
Print [StringForm[

"The number of cubic Pisot numbers less than or equal to ‘¢ is
exactly ‘‘, and the list is as follows:\n

a cubic Pisot number, its minimal polynomial", M, max]];

For[j = 1, j <= max, j++,

alpha = list[[j, 11]1;

a0 = list[[j, 2]11; al = list[[j, 31]; a2 = list[[j, 4]1]1;

poly = x"3 - a2%x"2 - al*x - a0;

Print [StringForm[" alpha_‘‘ = ‘¢ , “‘", j, NumberForm[alpha, 25],
TraditionalForm[poly]]]

]
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