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Abstract

Finite sums involving reciprocals of binomial coefficients have long intrigued mathemati-
cians, owing to their elegant structure and unexpected identities. In this work, we present a
comprehensive general formula that unifies and extends several results previously studied
in the literature. To demonstrate the breadth and utility of our approach, we also investigate
a variety of significant special cases, shedding light on deeper patterns and connections.
This unified perspective aims to appeal to researchers interested in combinatorics, number
theory, and special functions.

Keywords: finite binomial sums; parameterized sum; harmonic sum; Bernoulli numbers;
gamma function; polygamma function

1. Introduction and Preliminaries
The binomial coefficient (}) is defined for z € C and k € Z( by

z\ _ z(z—1)---(z—k+1) I'(z+1)
<k> N k! CT(z—k+1)T(k+1)

1)

where I'(z) denotes the classical gamma function. In particular, when z = n € Z, the
binomial coefficient reduces to the familiar form

with the convention 0! := 1. For a historical overview of the binomial coefficients and a

(71, ke Z;O),

detailed treatment of related fundamental identities, such as

z+1 z z z+1(z z+1
(=@ (S e 5a@=6) e
see Jordan [1] (§§22-23).
Using a known identity along with mathematical induction, Sun [2] established the
following formula:
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Throughout this work, we use C, Z, and N to denote the sets of complex numbers,
integers, and positive integers, respectively. Also, for a given ¢ € Z, we use Z (or Z~y
and Zy (or Zy)) to denote the sets of integers greater than or equal to (or strictly greater
than) ¢, and less than or equal to (or strictly less than) ¢, respectively. As illustrated by (3),
finite or infinite sums involving reciprocals of binomial coefficients have attracted consid-
erable interest due to their rich structure and surprising properties (see, for example, [3]
(Equations (2.1)—(2.26), (4.1)-(4.30) and (5.1) and (5.2))).

Gould [3] (Equation (2.12)) presented an infinite analogue of identity (3):

ki . (,Lk) —(@)-HY, (neN), @
=1 k

where {(s) denotes the classical Riemann zeta function, defined by
=1
() =Y (R()>1),

and H,Sz) is the second-order harmonic number. The generalized harmonic number of order
« is defined as

HY =Y ;{17 (a €C, neN). )

By convention, H(()“) :=0,and whena = 1, H,(ql) = H,, denotes the nth harmonic number.
Combining (3) with the identity given in [3] (Equation (5.1)) yields the following result
forn € N:

ad 1 _ 2n L@ L 1 _ 2n > 1
& oy (n)<“2) i Ew%) ()X o

-(%) (az) vz -nP 4y O )an+k),

k=1

where identities (4) and (6) are applied in the second and third equalities, respectively.

Batir and Sofo [4] presented several finite sum identities involving the reciprocals
of binomial and central binomial coefficients, along with harmonic numbers, Fibonacci
numbers, and Lucas numbers.

Sprugnoli [5] investigated combinatorial sums involving reciprocals of central bi-
nomial coefficients, deriving several infinite and finite sum results—some involving the
golden ratio—using generating functions and the method of coefficients.

Batir and Chen [6] established a general combinatorial formula involving reciprocals
of binomial coefficients and partial sums of arbitrary sequences, from which they derived
numerous identities—some previously known and others new—featuring reciprocals of
binomial and central binomial coefficients and harmonic numbers.

Apéry [7] used the rapidly converging alternating series

o 1\k—1
(@=2y 0

= BeY

involving reciprocals of central binomial coefficients to prove the irrationality of (3).
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Guillera [8] derived a remarkably fast-converging series for the Catalan constant G,
involving reciprocals of central binomial coefficients:

o v (FDFBk+2)2%¢
S @1y’

a value classically defined by the alternating series

B © (_1)k
C= kgo (2k+1)?

= 0.915965594177219015.. . ..
For other similar fast-converging series, see [9].

Sofo and Batir [10] presented an alternative expression for the left-hand side of iden-
tity (3). Forn € N,

I x5
e e (6)
= kz(n-‘rk) ~ H,
It follows from (3) and (6) that
noo1 HP -H2 1 (—1)
kgl kZ(Zkk) - 3 - g ];1 k Hn+k (7’1 € N)
Batir and Choi [11] investigated the following sums:
m Gk m ka
and (7)
k:zl kp(n;gk> kg kp n+k

where m,n € N,e € {—1,1},and p € {0,1}.

In this paper, we derive an explicit formula for a broad class of generalized sums of

the form .

o

= kP (r+7;+k)
where p € N,n € Nyandr € C\ Z<_1. Here, I'y := 91 + 72+ -+ - + vu, with {7k }ren
denoting an arbitrary sequence of complex numbers. Notably, this general expression
reduces to known identities under specific parameter choices; for instance, the first sum
in (7) becomes (3) whenr =0,p =2,91 =1,and ¢, =0foralln € Z>,.

In Section 2, we present the main identity (Theorem 1) and its derivation. Section 3 is
devoted to examining the three particular cases p = 1, 2, 3, as detailed in Corollaries 1-3. In
particular, Corollary 1 offers an alternative explicit formula for the case p = 1, accompanied
by a direct proof.

Section 4 investigates further concrete examples of the identity by selecting specific
sequences for {7;}cn, thereby illustrating the flexibility of our general framework.

In Section 5, we differentiate the results from Corollaries 1-3 with respect to the
parameter r, leading to new identities involving sums of reciprocals of binomial coefficients.
These are formalized in Propositions 1-3, and are complemented by several interesting
special cases.

Finally, Section 6 concludes the paper by highlighting the depth and adaptability of
the central identity presented in Theorem 1.

For completeness, we also introduce several auxiliary functions, including extensions

(a)

of the classical harmonic numbers H,, and generalized harmonic numbers Hy, *, as discussed
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in [12,13] (Section 1.3). The psi (or digamma) function, denoted by 1, is defined as the
logarithmic derivative of the gamma function I'(z):

¥(z) = (z € C\ Zo). ®)

The harmonic number H;, is expressed in term of the digamma function as follows:
H,=y(n+1)+9 (neN),

where v = limy, ;o (H, —logn) = 0.57721... is the Euler-Mascheroni constant (see,
for example, [13] (Section 1.2) and [14], and the references therein). Since the psi function
§(z) is defined on C \ Z<p, the harmonic number H, admits the following extension to the
complex domain:

Hy=¢pu+1)+7 (p€C\Zg). )

For non-integer values of the order 7, such as a complex number i € C, the generalized

)

harmonic number H}(,m+1 can be defined in terms of the polygamma function

(n) arn dn+1
P(z) = @4’(2) = Wlogr(z), (n € Zx),

where I'(z) is the gamma function and ¢(z) is the digamma function. This definition gives

H"™Y = g(m+1) + <_ﬂi,)m P (u+ 1), (10)

form € Nand u € C\ Z<_4, where {(z) denotes the Riemann zeta function. In the special
(1)

case when m = 0, (10) reduces to Hy1 = H,, where H, is the extended harmonic number
of order y in (9).

This method of extending harmonic and generalized harmonic numbers, pioneered
by Sofo and Srivastava [12], has proven to be remarkably fruitful. It not only deepens
our understanding of these classical objects but also opens the door to a wealth of elegant
identities, particularly those related to classical Euler sums.

By applying the logarithmic derivative and invoking identity (8), we obtain the fol-

lowing formula:

i(z—;{—a)l = <Z_;<_a)1(1p(z+a—k+1)—1p(z—|—a+1))

L (11)
z+a
= < k ) (Hz+u7k - Hz+a)/
where (9) is employed for the second equality.

We remark that Pascal’s Triangle exhibits symmetry about its central vertical axis. This
property arises from the fundamental combinatorial identity

(Z) N (nik)

which asserts that, in the nth row, the kth entry from the left equals the (n — k)th entry
from the right. As a result, each row forms a palindromic sequence, reading identically in
both directions.

That is, in row 7, the kth entry from the left is equal to the (n — k)th entry from the
right. Consequently, each row of Pascal’s Triangle is palindromic, reading identically
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from left to right and right to left. The identities and results developed in this paper are
deeply connected to this underlying combinatorial symmetry. Many of the recurrence rela-
tions and binomial identities we derive inherently reflect this structural balance. Notably,
Equation (11) itself exhibits a form of symmetry: differentiating its left-hand side with
respect to the parameter a yields a result that mirrors the differentiation on the right-hand
side, reinforcing the symmetrical behavior of the underlying functions.

This alignment between structural symmetry in binomial coefficients and the analytic
properties of the identities we explore highlights this paper’s thematic relevance to the
broader concept of symmetry in mathematical analysis and combinatorics.

2. Main Result

This section starts with an identity which links reciprocal of binomial coefficients,
weighted sums, and arbitrary sequences. We need the following lemma.

Lemma 1. Let x € C\ {0} be fixed, and let a € C\ {0, x}. Forany { € Z=y, the following
partial fraction decomposition holds:

/ ;4 1 (71)£
xl (x +a) Z xé ptl az(x—i-a)’

(12)

By convention, an empty sum is taken to be zero.

Proof. The identity can be established by mathematical induction on ¢. The proof is
straightforward and thus omitted. O

Theorem 1. Let {7;};en be an arbitrary complex sequence, and define the partial sums denoted by
In=m+7+ -+ gnforeachn € N. Also, let p € Nandr € C\ Z<_1. Then, foralln € N,
the following identity holds:

n -2 p —
k[: kp n+r+k ; ; k+r Z ]p y Y+k+] 1)
n rk >
. (13)
k:zl k + 7’ p 1 < 1’+k+] 1) k(1’+2]i<—1>

We define
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Then

k+1 rj k r].

Ot =% =), — e — L o
]P( +7]+‘]+1) 4 ]P( +;+])

= =
e I 1 1 Tt

) __ . -
= ]P (k+r?]+1) (k+;+]) (k+ 1)p(2k]i:f2)

Applying (2), we find that

1 1 j

(k-‘r?’—]i'-]'-i-l) (k+}’+]') (k+ 7 +]+ 1)(k+]7’+]) :

Then, we have

£ 1"]- Teiq

Q1 = =—) - : —+
]; P k4D k)P

- T ( k 1"4
] (14)
; k+r+1) ,ler’—ﬂ(”]k.*f) (k+r+1 ; ]+k+r+1)(’+’;+f)
T
(k+1)r (22

where the identity (12) is used for the second equality.
Using the second identity in (2), we get

rrki\ r+k+j+1>
k 1 1 .
ki (") =g (T

Applying this formula, we find that

k+1 rj 1
(T+k+])'

k I*].

o1 (r+k+j+1)(

k .
Z k =)
r+k+] pt ] + 1) (1’+]jrr{+1) pucl

Since I'y is an empty sum and is regarded as zero, with the aid of I';_1 = I'; — 7, we derive

e S R V(A B = ()

ki ki
a ](r+j+]) = ](r+j+])
o Lit1

= k+1

_ i
- ]; JC) X% i) * (k+1)(F2Yy
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Substituting this final identity in (14), we obtain

p—2 (-1 k
Qg1 =N = 1;1 (k+r —|— 1)k Z r+k+])
- - ]

I G L Tt
Tl ( 5 JC) <k+1><fﬁf1>>

Tt
(k+1) (r+2k+2>

Summing both sides from k = 0 to k = n — 1, the left-hand side telescopes to
Qn— Qo =Qy,

since ()9 is an empty sum. Thus, we arrive at

p=2 n

L (k+r)H ]; ]'P—V(’J“]kjfj_l)

u=1k=1

n p 1 k v Fk
+ ( ]‘_ a N )
kZ:l k_|_r)p 1 ]Zl ].(r+k—]i'_] l) k(i’-‘rZ]i{ 1)

+ i L
= k(R

This completes the proof. [

3. Particular Cases

This section explores the three specific cases of the main identity (13), corresponding
top =1, 2, 3, as presented in the following corollaries.

Corollary 1. Let {7k }ren be an arbitrary complex sequence, and define the partial sums denoted
byTy = y1+ 72+ -+ foreachn € N. Suppose r € C\ Z<_q. Then, forall n € N,
the following identities hold:

n n T n T}
]; k(n+r+k Z Z r+k+] 1 Z It Z : (15)

) = k(r+2}i< 1) = k(ﬂ;{Zk)
s Iy < Yk Ty
y_ ey _— . (16)
= k(rJri]iJrk) — k(r+n4krk 1) (n + 1)(27111:-{)

Proof. The identity (15) immediately follows by setting p = 1 in the main identity (13).
The proof of (16) is as follows: We set
n
Ty
Pi=)
k()
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Then,
n+1 T n T
P _p = k - k
n+l n ; k(r+anrk+1) 2 k(”’ﬁk)
- rk rn-i—l
-3 -y v
= k r+n+k+1> = k(r+]1:+k) (n + 1)(r+nzf1+2)
k
-y L) T
- k(H—?]é—l—k) (r—l—n—;c—k—l—l) (1’1 + 1) (rJran;»Z)
By (2) we have
r+n+k\ k r+n+k+1
k=1 ) r+n+k+1 k ’
so that

" T T,iq
P P, = + nt .
n+1 — I'm 2 r—|—n—|—k—|—1)(r+n+k) (Tl—f—l)(rtqufd)

Applying (2) again, a reindexing argument gives

n+1 T r
k—1 n+1

Pyyq — Py = —
n+ n k—Z:2 k(r+n+k) (Tl + 1)(r+2n+2)

=, n+1
_ i Ty Tt B Ty
= kR i D) 1))
_ Z Iy — 'Yk L L'y

- k(r+n+k (n + 1)(r+2n+2) o (n + 1)(r+2n+1)'

n+1 n+1

Thus, we obtain

n
Yk Lt Lo
Pn+1 = 2 + -
= k(r+;§+k) (n+ D)2 (DT
~ k r+n+k (n + 1) (7’-’1;12—:1;!‘2) (11 + 1) (h;zj:fl)
Applying (2), we get
n+1
Yk rnJrl
Py = 2 - ’
SR ()

Finally, replacing n with n — 1 in the last identity, we prove the desired identity (16).

O

Corollary 2. Let {7} ;en be an arbitrary complex sequence, and define the partial sums denoted
byTy = y1+72+ -+ nforeachn € N. Suppose r € C\ Z<_4. Then, for alln € N,

the following identity holds:

1 | o - Ty
k:Zl k2(n+]:+k) Z 1’+k Z r+k+] 1) Z k( +k)(r+2k 1)
n
Ty
+ ) —
(77

k=1

(17)
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Proof. The identity (17) immediately follows by setting p = 2 in the main identity (13). O

Corollary 3. Let {7} en be an arbitrary complex sequence, and define the partial sums denoted
byTy = y1+ 72+ -+ v foreachn € N. Suppose r € C\ Z<_q. Then, forall n € N,
the following identity holds:

- 1—‘k 1"] n
JEW_ Zk+r; (k+r+] 1) Z k+r22 k+r+] 1)
’ j (18)

IS N S
=R R =T ()
Proof. The identity (18) immediately follows by setting p = 3 in the main identity (13). O

4. Further Particular Cases

This section explores further specific cases of the identities presented in Section 3 with
concrete examples of the identity by selecting specific sequences for {7} cn, as outlined in
the following corollaries.
4.1. Choice of the Sequence: vy = 1 and y; = 0 for All j € Z>

Setting 71 = 1 and y; = O for all j € Z>; in the results in Corollaries 1-3, we obtain
the following identities, as stated in Corollaries 4—6.

Corollary 4. Let r € C\ Z<_q. Then, for all n € N, the following identities hold:

» DI . S g 19
= — — + .
= k n+r+k = r+k = k(r+2]i< 1) = k(rJ%Zk)
1 1 1 1
) = — ) (20)
Sk ot (1))
In particular,
1 1 1 1 1
2 :Hn—Z—:f—i. (21)
=k iSRG (1))

Proof. Setting r = 0 in (19) and (20) yields the first and second equalities of (21), respec-
tively. O

Corollary 5. Let r € C\ Z<_4. Then, for all n € N, the following identity holds:

n 1 n n 1 n 1

— = + . (22)
k:zl kz<n+;+k 21 1’+k)2 Zl k( +k) (r+2k 1) k:zl kZ(rJGCZk)
Also,
-1 -1 (2)
n =3 - H}’l s (23)
e T hed

which agrees with Sun’s identity (3).

Proof. Setting r = 0 in (22) leads to (23). O
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Corollary 6. Let r € C\ Z<_y. Then, for all n € N, the following identities hold:

n n 1 k—1 1 n 1
Z n+r+k - k—zl k+r ; ]'Z(k‘*'r'*jf—l) + k—zl (k+r)3
- - = j - (24)
w 1 ! 1
+) - —
SRR Sk k2R
In particular,
n 1 3) no1 k—1 1 n 1
D L) DD DSy @)
Pl SIS kSR 3 RE
Also,
i i 1 i i 1 ’<213j2+3rj+r2
= n+r+k k:1k+r] 1 (r+75)? k—l—r]. 1 2(r+)2 (r+21) 6
I D e
- —~ :
SR Sk )2
In particular,
2) k=1 n
w 1 " H; U 1 1
) =Y & 3 il LA @7)
P ST B B Pl ]2(2]]) P )
Proof. Particularly, setting r = 0 in (24) yields (25).
A proof of (26) is provided: We define
k
1
= ]3(r+j+])
Then,
kil 1 i 1
Gk+1 - Gk - . T — — ; T
= TG W= PTGt
& 1 1 N 1
SLRCTEE) RO kD3
k+j k+j
5 (- 1 o8
A PCTHCEI T k1)
Using (2), we find
<r+k—|—j)_(r—|—k+j+1):_ j <r+k+j+1>
j j r+k+j+1 j !
which is applied to Equation (28) to yield
k
1 1
Gri1 — G = (29)

,1]2<r+k+]+1><’*"+f> (k+1)3(H%3)’
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An elementary computation gives

1 1 1

Pr+k+j+1) (r+k+1D)2 (r+k+1)%
1

Lyl

Using this identity in (29), we find that

1
Z +
r+k+1 iz ]2 f+§<+]) (k+1)3(74;(2f]+2)

Gip1— G =

(30)

k
1 1 1
+ oy 1
G | 5T B e |

Employing the second identity given in (2), we see that

k+1

1 e D 1k =) 5 lk
. N . 1
1 (r+k+1+1)(” BN =NV G = TG )

o

/ (31)

_ 1 _ 1
Z ”f*/ T e T e
Substituting (31) into (30), we obtain

1 k 1 1

Gk 1— Gk - — - +
—+ r+k+1 ]; jz(r+;<+]) (k + 1)3(r+2k+2)

k+1
1 1

+ - :
(r+k+1°  (k+1)(r+k+1)2("2)

(32)

Applying Corollary 5 to the summation in (32), we get

G G L i ! —l—i L
k+1 — Yk = —
L ¥ = = ([ iy
1 LI | 1
+ — +
r+k+1 ]; (r+i?  (k+ 1)3(r+]<2+’<1+2)
1 1

+ - .
(r+k+1°  (k+1)(r+k+1)2(F%

Summing both sides of this identity from k = 0 to k = n — 1, and letting k + 1 = k’ and
dropping the prime on k, and using Gy = 0, we get

i 1= i 1 = 1
Gp = — - :
ot k = ]2(ﬂ;2]) ot k = i(r +])<r+2j] 1)
1 & 1 " 1
+ .
kgl r+k ]; (T +])2 kzl k3(7‘-‘;{2k)
1

(Sk(r+Kk)2(Y

(r—i—Zj—l) _rtj (r—i—Zj)
j o2\ g

Finally, using the identity
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to unify the first two summations, we derive the desired result (26). Particularly, setting
r = 01in (26) yields (27). O

4.2. Generalized Harmonic Numbers

Setting v = ]% forall j € N and some « € C in Corollaries 1, 2, and 3, we obtain the
following identities, as stated in Corollaries 7, 8, and 9, respectively.

Corollary 7. Let a € C. Suppose r € C\ Z<_1. Then, for all n € N, the following identity holds:

(#) ()
" H L 1 H
k n
Y ——=) — — . (33)
SR S e (e )G
In particular,
n ) n ()
1 Hy,
Z 2 - . (34)
= SR TED (DAY

Proof. Setting r = 0in (33) leads to (34). O

Corollary 8. Let « € C. Suppose r € C\ Z<_1. Then, for all n € N, the following identity holds:

5 Y 5 1 i 1
SR Srtk= ]'1+“(r+k;-r]_l) (35)
() (a)
n H " H
k k
+y —FE ——+ :
kgl k(i’ + k)(r-‘rZIic—l) kzzl kz(r—i;gk)
In particular,
(a) k n (@)
Yk =YYy 43) (36)
P ST (R k= ]’””‘(Hfl) ) SIGH)

Proof. Setting r = 0 in (35) yields (36). O

Corollary 9. Let a € C. Suppose r € C\ Z<_1. Then, for all n € N, the following identity holds:

n H(“) k—1 H(“) n 1
Zl k3(n+r+k - Z k +7r Z (k+7’+] 1 ; k + 7’ 2 2 1+Ix(k+7‘+] 1)
- B / (37)
n H(”‘) n H(D‘)
o Z : T T : 2ky
S k(2D &SR
In particular,
(@) 1 ygW (@)
n H n 1 ] n 1 n Hk
K _ - + . (38)
21k3< iy~ ; k ; (7 kzlkz ]21 e "*; Y k:zlk%%l‘)

Proof. Setting r = 0in (37) yields (38). O

4.3. Bernoulli Numbers

The Bernoulli numbers B, := B, (0) are are defined by the generating function (see [13]
(Section 1.7)):

= Bn% (2] < 271). (39)
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Using the well-known facts:
1
B = *E and an+1 =0 (1’1 S N),
the right-hand side of Equation (39) can be rewritten as:
) 2j
z z z
=1-= By — 271).
1 2t LBy oy Al <27)
j=1
The first few of the Bernoulli numbers are listed:
By=1, Bl:_%/ BZZ%r By=— 30/ Bg = 42/ BSZ_%/ BlO:%/
Bip =55, Bu=2%, Bie=—-%7, Big=%55%, Byp=-7321,
B 854513  p _ _ 236364091 p _ 8553103
22 = T138 24 — 2730 26 — 6
Recall the following identity (see [15] (p. 1, Entry 0.121)): For any 4 € Nand n € N,
n nd+1 nd 1 q
1 — = = By 9~V = F(n,q,B 40
];1] q+1+ 2 +[_212€(2€_1) 2[” (n’q’ er)/ ( )

where By, are Bernoulli numbers, and the last term involves either 1 or n?> depending on g.
The first three specific cases of (40) are

f]’= Ln;l); (41)
j=1
ijz _ n(n+1)(2n+1); @)
= 6
n 2
2],3: (n(nz—i—l)) ‘ 3)
j=1

By assigning ; = j7 for all j € N and some fixed g € N,

Corollaries 1, 2, and 3 yield the results stated in Corollaries 10, 11, and 12, respectively.
Each corollary includes the specific case when r = 0, within which the particular identities
(41)—(43) are also utilized.

Corollary 10. Let g € N. v € C\ Z<_1. Then, for all n € N, the following identity holds:

i F(k,q,Ber) i 1 _ _F(n,q,Ber)
= r+n+k) = K14 (r+nzrk71) (n + 1)(2nn+--1r)
In particular,
i F(k,q,Ber) i 1 F(n,q,Ber)
= O B IO M RV )
Furthermore,
i(k—i—l)(Zk—kl): i k _(n+1)(2n+1)‘
a0 =N G
n k+ 1 n k2 n(n + 1)2
Z n+k =4 Z ntk—1y 2n ’
= (") = () )
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Corollary 11. Let q € N. Suppose r € C\ Z<_1. Then, for all n € N, the following identity holds:

§ FkgBer) 9o 1 ¢ 1
= A = = ()

]

" F(k,q,Ber) " F(k,q,Ber)
Y e L e
= k( + k) (r+2k 1) ] k2<r-‘;(2k)
In particular,
", F(k,q,Ber) 11 1 ", F(k,q,Ber)
—_ _ . _|_ _—
5 e Eﬁéwwvw 5 ed
Furthermore,
nok+1 n1ko k41
=2y -y _ -~ 43y -
Lo Ek;&TH & ke
n(k+1)(2k+1) LIS LI "(k+1)(2k+1)
AL D 43 ;
5« ") % ]; (7 = k()

Corollary 12. Let g € N. Supposer € C\ Z<_1. Then, forall n € N, the following identity holds:

F(k,q, Ber) i 1 k—i F(j,q,Ber) 1 & 1
ey — i T 2 - -
3(n+]7<‘+k) = k+7r = ]2 (k+r4jr/ 1) (k + 1’)2 = ]1,q (k+rir] 1)

k=1

k=1 k
! F(k,q,Ber) " F(k,q,Ber)

s )

Skk+r2(EY S B

In particular,

" F(k,q,Ber) " 1k F(j,g,Ber) &1 & 1 (k, g, Ber)
Y ==Y oty oL =
= k3 (n+k) = k = ]2(k+; 1) = k2 A ]17q(k+; l) — k3 (Zkk)
Furthermore,
"ok4+1 L | 1ol 1 k41
YoowE T Tt T T2 m b T ;
P 21| ki ](k+;- DI =t (k+§ b &= ke

i(k+1)(2k+1):_iﬁi(]+1)(2]+1)+6ili ] _i(k+1)(2k+1);

P Y TGP0 o e R

i (k+1)*
= k n+k

4.4. Arithmetic Progression

Recall the arithmetic progression identity: For some fixed 4, d € C and each n € N,

f(ﬁ(;’—l)d) - g[za+(n—1)d}. (44)
j=1
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The particular case of (44) whena = 1 and d = 2 gives

n

Y (2j—1) =n? (45)

j=1

By setting ; = a + (j — 1)d for all j € N and fixed parameters a, d € C, Corollaries 1,
2, and 3 lead to the results given in Corollaries 13, 14, and 15, respectively. Each corollary
includes the special case ¥ = 0, wherein the identity (45) is also applied.

Corollary 13. Leta, d € C. Suppose r € C\ Z<_1. Then, for all n € N, the following identities hold:
" 20+ (k—1)d no ket (j—-1)d —1)d & 2a+ (k—1)d
) (") =2}, Z (TR Z r+2k D +3 2k :

k=1 (k)

i 2a+ (k—1)d _Zi a+(k—1)d n[2a+ (n—1)d]
- (r+rlz+k) = k(r+njktkfl) (1’1 + 1)(211;1:-1;')
In particular,

n n k _ n
ZZLH—’Eik 222a+ki] 11 Z 1)d;
k=1 ( k ) k= i k=1 k)

i2a+(k i —1d 22+ (n-1)d

= (n—li-k) - n+k 1) (2’;1)

Furthermore,

n k 2] 1 n k n k
ZZ»kﬂ'—l =) ntk +ZT’
=1j=1jC"5 ) =1 (") = (%)

"ok noo2k—1 n

Y =) e .

Pl G W B T G N G

ok n 1 n 1 n
=2 - -
Lo T EeE BT @)

Corollary 14. Leta, d € C. Suppose r € C\ Z<_1. Then, for all n € N, the following identities hold:

" 2a 4 (k— n —1)d
Y R =2 Z
= k(n+lf<’+k) = r+ k r+k+] 1)
" 2a 1)d 2a+ (k—1)d
+ 3 Wl) +y TR
kfl k=1 k
In particular,
" Ll&a+(-1d & 20+ (k—1)d
r 23yt oy 2ol
k=1 ”Ik) o k4 k+§ h P B 169

Furthermore,

i :_Z ik—o—]l il

= k= j( ) k71%.
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Corollary 15. Leta, d € C. Supposer € C\ Z<_1. Then, for all n € N, the following identities hold:

Loa4 (k—1)d &1 K 2at(j-1)d " a+(j—1)d
]; k2(”+]:+k) __l;k+r]; ]-(k+r4jrj71) +2 k:Z‘i k+ 2 Z k+r+] 1)
"2+ (k—1)d 2a+ (k—1)d
_k; (k+r)2(r+2,f71) +k:21 kz(H;(Zk)
In particular,
" —1)d to1h 204 (j—-1)d 1 Eat(j-1)d
ks —- Y ERSay gy D
= n?(»k) k:lkj:1 ](lﬁL; 1) ] k2 = ](kJr;' 1)
L 2a+ (k—1)d
L 6]
Furthermore,
o] nopkloq L 2j—1 oo
E k:_Z’ k‘—1+272.k'—1_2 2k
= k() =k 3 +§ = +;~ ) k=1 k(%)

5. Further Results

By differentiating the identities established in Corollaries 1-3 with respect to r, we
derive several identities involving sums of reciprocals of binomial coefficients, as stated in
Propositions 1-3. We further explore notable special cases arising from these results.

Proposition 1. Let {y }xew be an arbitrary complex sequence, and define the partial sums denoted
byTy = y1+ 72+ -+ foreachn € N. Suppose r € C\ Z<_1. Then, forall n € N,
the following identity holds:

i Hr+n Hr+n+k> _ i Tk
r+n+k> - k(r+n+k71)

k=1 k k
FH(HZHJrr — Hn+r—1)

(n+1)(3L)

(Hr—',-n—l - Hr+n+k—1)

(46)

In particular,

n H n
Z —”*") =Y b (Hut = Hypi 1)

) S k(Y
rn(HZn - Hn 1)

(n+1)(2)

Proof. We used (9) and (11). Identity (47) is the special case of (46) whenr = 0. O

(47)

Proposition 2. Let {7;}cn be an arbitrary complex sequence, and define the partial sums denoted
byTy = y1+72+ -+ nforeachn € N. Suppose r € C\ Z<_q. Then, for alln € N,
the following identity holds:

i Hn+r Hn+r+k)
= K2 n+]7c’+k)

= Z r+k Z ,+k+] T ( rkj—1 _Hr+k71>

" " (48)
rk(Hr+2k 1~ Hrk1) Y Ty (Hypx — Hrgor)

P k( +k><’“" 1) PR T

n n rk

+ E r+k 2 Z V+k+] 1) Zl k(r+k)2(7+211(—1).

1
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In particular,
Tl —Hug) _ g1 i 7]
) =) 72 i1 \Hivjo1 — Hea
= kz(n-i-k) ] k fas ](k-&-; 1) ( ] ) (49)
" Ty (Hy —Hy) o ¢ Tk L& 7
—oyn T B o Dyt
o kRCH Ry ar =1 ](k+; D)

Proof. We used (9) and (11). Identity (49) is the special case of (48) whenr = 0. O

Proposition 3. Let {7;};cn be an arbitrary complex sequence, and define the partial sums denoted
byTy = v1+72+ -+ ynforeachn € N. Suppose r € C\ Z<_q. Then, for alln € N,
the following identity holds:

i rk(Hn+r_Hn+r+k) _ i Z . i 1 Z Hk—I—r 1= Hk+r+j—1)
=1 k3(n+lz+k) = l k+r = k+r—]&-] 1 = k+r = <k+r—ji-] 1)

- Vi Hk+r 1= Hk+r+j71)
_ZZ:l k+r32 k+r+] 1 ; k—i—TZ; k+r-]&-] 1) (50)

n

Tt (Hryk1 — Hyyor 1) " Tk (Hyrk — Hryox)
Z k(k+7) (r+2]f—1) k—Z:1 k (k +7)2 (r+2]i<—1) k:Z:1 kg(r-iECZk)

In particular,

i Ty (Hn — Hpyk) _ i 1 sl Tj(Hg—1 — Hitj1)
= =GO B = =T (R
L& 1 & 7(Hy1 — Hiyj1)
2 G mTntrul e (51)
==y D= E it "
Ty * Ti(Hi—1 — Hy—1) & Tk (Hi — Hox)
+ZZ 4 2k _22 3 2k +Z 32k
= k() = k(%) = )

By setting v; = % for all j € N in the identities in Propositions 1-3, we obtain the
corresponding identities, as given in the following corollary.

Corollary 16. Let r € C\ Z<_1. Then, for all n € N, the following identities hold:

in(Hnw Hyrik) i 1 i rk+j—1 — Hrpr1
r+kiH

k k
I ) = (f+ 7
v He(Hppok1 — Hrqe1) Z Hyyx — Hyyop)
S kR = kz ("

Hy N i 1 i 1
k(}’ + k) (r+2}§71) (i’ + k)Z = jz (H»k#j»jfl) ’

I
I M:

A Hy (Hox — Hy)
=3 A P 169

H, LI . 1
+Y 5 Y ——

k 2 i kti—
SR =R I * D)
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i Hk(Hr+n - Hr+n+k)
k=1

L

k
k(r+1]i+ )

_ i r+n 1 Hr+n+k—1> o Hn<Hn+r—l — H2n+r) .

=1 K2 r+n—;{-k 1) (n_’_l)(Znn_ﬁr) 4

i n n+k> _ f Hn—l - Hn+k—1 o Hn<Hn 1— H2n) .
=Y = G (n+1)(,71)
Hn+r Hn+r+k) . L 1 H & 1 K1 Hk+r 1 Hk+r+j—1)
K3 n+lz+k) kz‘i (k+7) 2 Z k+r+] l Z k+r Z (k+r+] 1)
j - ]

- Hk+ 1= Hiprpja
_22 k+r32 k+r+J h kz k+r22 > k+r+] 17]

l

)

(k + 7,)3(}’—!-2]5—1) = k (k + 1,) (Y—i-ZIi(—l) = k3 (r-i;{Zk)

Hy 2 ( rrk—1— Hr+2k—1) 2 Hk(Hr+k - Hr+2k) ]

7

H k) i 1 i 1, 1K Hj(Hyq — Hiy )
x 2 k 1 k-1
k3(1’l7{- P = +; ) P k = ]2( +§ )

. Hyi_1 — Hiyj
_ZZkBZ k+]1 Zkzle)]
]

18 H,
_|_7
2](:21k42k

) i Hy Z Hy (Hy—1 — Hyr 1)
ke = B

6. Concluding Remarks

In this work, we have explored a variety of special cases stemming from our main
result, illustrating the richness and flexibility of the underlying identities. Thanks to the
generality of Theorem 1, many further instances can be generated. In particular, whenever
a closed-form expression for the partial sums of a sequence is available, our framework
enables the derivation of explicit identities, as evidenced by the corollaries presented.

Moreover, the identities in these corollaries admit further refinement, leading to even
more concrete formulas. As an example, Formula (40) reproduces the classical identity

Z] ——n n+1)(2n+1)(3n2+3n—1) (n € N). (52)

Similarly, by applying Equation (52), one can derive additional identities that extend the
special cases discussed in Corollaries 10-12.

We hope that this line of investigation not only contributes to a deeper understanding
of summation identities involving reciprocals of binomial coefficients but also lays a foun-
dation for discovering new analytic results with potential applications in number theory,
combinatorics, and mathematical analysis.
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